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To my Family



Preface

Quantum computing sounds fancy but also scary. Is it possible to
learn quantum computing rigorously without years of training in
mathematics, physics, and computer science? This book tries to
address this question. For any serious learner who has some basic
training in science or engineering at the junior level, they should find
this textbook useful to prepare themselves to start a serious
quantum computing journey within a few months.

This book is based on an introduction to quantum computing
class I teach at San José State University. The target audiences are
senior and master’s students who do not have a strong background
in linear algebra and physics. [ designed the course materials by
working backward from the final goal, namely being able to
understand the nuts and bolts, derive the equation, and perform
numerical substitution in common algorithms such as the Quantum
Phase Estimation algorithm and Shors algorithm. The materials are
derived until some basic matrix and vector operations.

This book is suitable for self-study or as a textbook for a one-
semester or one-quarter introduction class at senior or master’s
level. After spending 60-90 hours of reading, students are expected
to be able to understand the critical concepts of quantum computing,
construct and run quantum computing circuits, and interpret the
results. For self-study students, it is recommended to read the book
and do the exercise for 3-4 hours per week for about 20 weeks
(about 1-2 chapters per week).

There are two parts in this book. Part I teaches linear algebra
with an emphasis on quantum computing applications. Part Il
teaches quantum computing gates and algorithms. If the readers
have not been exposed to quantum computing and do not have a
very strong background in linear algebra, it is recommended to read
from the first chapter to the final chapter in sequence. Part I is
entangled with Part II. Many important quantum computing
concepts are introduced in Part L. It is not recommended to start
with Part Il even if the readers already have some background in
linear algebra. Part I of this book can also be used to enhance the
students understanding of linear algebra as standalone teaching
material.



A few didactic approaches are used throughout the book. First,
fundamental concepts are repeated when it is used. Such an
immersion approach helps emphasize the critical aspects of the
concepts. For example, the concept of basis, which is the main source
of confusion in most calculations, is repeated throughout the book to
remind the readers about the importance of knowing which basis is
being used in the calculations. Second, background knowledge is
introduced only when it is really needed. For example, the Bloch
sphere and the general unitary gate are only introduced right before
the quantum phase estimation, almost at the end of the book. Third,
numerical examples are used throughout the book and the
calculations are explained clearly to avoid ambiguities. For readers
who are not well trained in abstract linear algebra, numerical
substitution is the best way to make sure they understand the
meaning of each equation. Fourth, real quantum computers (IBM-Q)
are used to implement some of the algorithms, and students are
encouraged to write their own simple simulator using Google Co-lab.
Fifth, [ try to use many analogies to help the readers understand
better the absurd concepts in quantum computing. Finally, do not get
scared by the lengthy equation blocks. Most equation blocks can be
written in just one or two lines, but I deliberately show the tiny steps to
help the reader to follow the flow.

For schools that do not have the resources to create materials to
start an introduction to quantum computing class, teaching material
can be created by following the flow of this textbook.

Finally, [ need to acknowledge the students in my EE225 class in
Spring 2020 and Fall 2021 for taking my class seriously.

For any comments, please send an email to intro.qc.wong@gmail.
com.

Hiu Yung Wong
San José, CA, USA
January 2022
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1. The Most Important Step to
Understand Quantum Computing

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

1.1 Learning Outcomes
Know when to believe and when to question.

1.2 How to Learn Quantum Computing

From the moment you started reading this book, I trust that you
want to learn quantum computing and you are interested in
quantum computing. I would not waste your time by spending even a
paragraph to depict the rosy picture of quantum computing.

This book is for people who are interested in learning quantum
computing to the level that they can describe some algorithms by
showing on paper how each quantum qubit evolves. Of course, if one
can show that on paper, one can also program it. And if one can do
so, one is ready to have a better appreciation of the power of
quantum computing and its limitations and, needless to say, the
important concepts in quantum computing such as superposition,
entanglement, quantum parallelism, quantum supremacy, etc.

This book does not require any solid knowledge in quantum
mechanics or linear algebra.

But “no pain, no gain.” While I try to write it in a way to guide you
step by step to achieve the final goal—being able to describe how
each qubit evolves in quantum algorithms, you are expected to
follow the flow of the book closely and seriously.

The most difficult part of learning quantum mechanics is due to
the fact that we do not have firsthand experience. Have you ever
questioned why 1 + 1 = 2?7 If you have not, probably this is because
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you had firsthand experience. You do get two apples if each of your
parents gives you one apple. What if you did not have such an
experience and you are a very serious learner? I believe you will
spend days and nights thinking about the philosophy behind 1 +1 =
2. But very often, in our learning experience, we do not question
what we are taught and we just believe it. I did not question the
methodology of performing division when my primary school
teacher taught us. I learned it and believed it, and indeed it is useful
for the rest of my life. If I had spent days and nights questioning it
when [ was only 7 years old, I probably would have got lost and given
up my study. Do you agree? And now I do understand the division
methodology after many more years of training and I agree the
methodology is correct. So, one important element of learning is to
believe. To be successful in reading this book, I want you to believe
what I say.

[ am not a cult leader. I only need you to believe me when you are
reading this book. I hope you can challenge and question me once
you have finished the book. To avoid being “brainwashed” and to
retain your curiosity, [ would like you to note down everything that
you cannot accept easily. The document may start with:

Today I started learning quantum computing. The following is
a list of concepts and methodologies I don’t really understand.
The book might be incomplete, inaccurate, or even wrong. For
now, [ use them as tools. But I need to use them very carefully.

Are you ready? Let us move one step forward.
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2. First Impression

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Qubit - Superposition - Entanglement - Classical
computer - State — Orthogonal - Basis vectors - Basis states —
Collapse - Polarization - Linear combination - Dirac Bra-Ket
notation - Reversible computing - Unitary - Noise - Measurement -
No cloning theory — Quantum teleportation — Quantum parallelism

2.1 Learning Outcomes

Have an idea of how quantum computing is different from classical
computing; Gain first impressions of the keywords in quantum
computing.

2.2 What Is Quantum Computing?

Qubit, Superposition, and Entanglement: In a classical computer, a
bit is represented by a physical quantity with two states to represent
0 and 1. It can be the voltage in a circuit (e.g. 5 V for 1 and 0 V for 0).
It can be the magnetization direction in a magnetic drive (e.g. up for
1 and down for 0). It can be the charge density in the charge storage
layer in the flash memory (e.g. low for 1 and high for 0).In a
quantum computer, the information is represented by qubits. Like
the classical bit, each qubit still has two distinct states and we say
that they are orthogonal to each other because they cannot exist
with 100% certainty at the same time. We also call them the basis
vectors and I will call them basis states most of the time. We can
still label them as “0” and “1.” In addition to the two distinct states, a
qubit may also have many other states which are the superposition
of the two distinct states (or the basis states). This is what is
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fundamentally different from the classical bit. In these states, the two
distinct (orthogonal) basis states are allowed to exist at the same
time with <100% certainty.

To illustrate the meaning of superposition, we can use an
interesting analogy. Try to physically and classically spin a coin on
the table (not to be confused with electron spin). The coin has a head
(to represent 0) and a tail (to represent 1) and they are the two
orthogonal states. When it is spinning, we cannot tell whether it is
head or tail (both have <100% certainty). We can say the coin is in a
state of the superposition of head and tail. When it stops spinning, it
will be either head or tail (with 100% certainty). We say the
superposition state collapses to either the head state or the tail
state. This, of course, is not a real qubit and you cannot build a
quantum computer out of many spinning coins. So do not work too
hard to understand. On the other hand, after finishing this book, I
hope you will be able to appreciate why this is a good analogy and
how it is different from a real quantum qubit. Later, I will tell you
another analogy that is more romantic.

Superposition is one of the fundamental operation principles in
quantum computing. Superposition allows us to perform a
calculation on multiple basis states at the same time, which is not
possible in classical computing. However, it is not a stranger to us.
We learned superposition in wave theory in which two wavelets can
superimpose on each other. In electromagnetism, light can be
polarized in any direction. Any linear polarization is just a linear
combination of horizontal and vertical polarization. If we represent
the horizontal polarization as a horizontal vector and the vertical
polarization as a vertical vector, any linear polarization, y/, is just a

linear combination of the two vectors. I can write
Final Polarization =  this much Horizontal Polarization—+ (2.1)
that much Vertical Polarization '

or more succinctly
V =aV, + 3V, (2.2)

where a and [ are just some numbers (coefficients) and VZE and Vy

are the horizontal and vertical polarization unit vectors (which are
basis vectors in this case), respectively. Do not be scared by these
notations. They are just notations. You just need to accept it and then
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you will not be afraid of it. \ZL, and Vy are the orthogonal states in the

system. There is a genius called Dirac and he decided to write in this
way

VY =a|Vi)+B|Vy) (2.3)
or we can also write in this way

|Final Polarization) = this much |Horizontal Polarization) +
that much |Vertical Polarization) (24)

This is called the Dirac bra-ket notation. The power of the Dirac
bra-ket notation will be discussed later. However, I would like you to
appreciate that there is no difference between these 4 ways of
writing the superposition and they contain the same amount of
information.

Another fundamental principle in quantum computing is the use
of entanglement. We are not ready to discuss this yet. But you need
to put it in your must-know list.

Figure 2.1 contrasts the difference between classical and
quantum computing. We have discussed the first two items, and let
us discuss the rest.

Representation 0, 1, (bif) (voltage level) a|0>+b|1> (qubit) (superposition of basis

of Information states)

Operation Classical Boolean Algebra Superposition, Entanglement,

Principles Interference

Logic Gate Usually non-reversible Unitary, Reversible

Robustness Very robust, immune to Very sensitive to noise, operating at mK,
noise even at 400K low fault tolerance

Measurement Can copy, deterministic No-cloning, statistical

Hardware Transistor Trapped Ions, Josephson Junction,

Topological Insulator, Photonics, Defect
Center, Electron Spin, Neutral Atoms

Information Process 1 n-bit stateat a May process 2% n-bit state at a time
size time

22



Fig. 2.1 Comparison between classical and quantum computing

Reversible Computing In classical computing, logic gates are non-
reversible. For example, in a NAND gate (Fig 2.2), when the two
inputs are 1 and 0, the output is 1. When the two inputs are both 0,
the output is also 1. Therefore, if you measure the output and find it
to be 1, you cannot deduce the inputs. In quantum computing, every
operation has to be reversible (except measurement). If [ know the
output and the type of gate, [ can deduce the inputs. In Fig 2.2, we
see that the output of a quantum gate (CNOT which we will learn
later) has a one-to-one correspondence to the input. If you tell me
the outputs, I can deduce the inputs as long as [ know itis a CNOT
gate. This is because quantum mechanics requires nature to evolve in
a “unitary” way, and as a result, every quantum gate has to be
unitary and thus reversible (we will discuss the mathematical
meaning of unitary later). We can also regard every quantum gate as
a rotation operator for a vector (this is an example where you just
need to believe me). If a vector can be rotated in one direction,
naturally, we expect that we should be able to rotate it back
(reversible). The most important consequence of nature being
unitary is that the overlap (inner product) of two vectors is
preserved if they are rotated. This is just like the projection of one
edge of a triangle to another edge does not change no matter how
you rotate the triangle as a whole.

oo
=
O OO0

T,

O
Y
== OR

NAND Gate CNOT Gate

Fig. 2.2 C(lassical gates (left) are usually non-reversible, but quantum gates (right) have 1-to-1
correspondence between the output and input
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Robustness A classical computer is very robust against noise. We
can have billions of transistors working well even at 400 K. However,
a quantum computer is very sensitive to noise. Most of them need to
work in the mK range. 1 mKis 1/1000 K. Liquid helium (L-He)
temperature is 4.2 K. This means that the quantum computer chip
needs to operate in an environment a hundred times cooler than the
L-He. This is because the thermal noise is smaller at a lower
temperature. Thermal noise is proportional to temperature. Thermal
noise energy is about 25 meV at 300 K, 0.35 meV at 4.2 K, and 0.0083
mV at 100 mK. 1 eV is the energy an electron will gain when it travels
across 1 V potential difference. Unlike the classical bit which is
implemented using a physical bit with large energy separation
between states (e.g. 1 V for 1 and 0 V for 0 which results in an energy
separation of 1 eV for an electron), qubits are usually implemented
with a physical qubit with small state energy separation (e.g. the
separation of a spin qubit’s up and down is about 0.2 meV).
Therefore, low temperature is needed so that the thermal energy
(noise) is much less than the state separation energy. To further
mitigate the impact of noise, error correction and signal processing
are very important in quantum computing. We will not discuss error
correction codes in this book. You definitely want to learn them to be
a serious quantum computing programmer.

Measurement and Collapse When you perform a classical
measurement, you actually copy the output to somewhere else (e.g.
to your brain or a piece of paper). Inside the computer, you still copy
it to a register or memory. In quantum computing, there is a theory
called the No Cloning Theory. This theory prevents us from cloning
all quantum states (certain states can be cloned but not all).
Therefore, you cannot copy a quantum state from one place to
another place. You might have heard of quantum teleportation (no
worry if you have not and we will discuss it later). It seems that you
can “copy” something from one place to another in no time. But in
quantum teleportation, when we “copy” a state, we need to destroy
the state at the source. So actually, it is not a copy action and that is
why it is called teleportation during which a state is transferred from
a place to another.

There is one more subtle thing about measurement in quantum
computing. When you measure a superposition state, the state will
collapse to one of the basis states (0 or 1) and this is completely
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random. In the spinning coin analogy, a measurement is like you are
bluntly stopping it from spinning and you do not know whether it
will end up in head or tail. However, it is not completely random. The
chance of collapsing to a certain basis state depends on the values of
a and  which we mentioned earlier (Eq. (2.3)). Then how a
quantum computer is going to be useful if even the measurement is
random? In some algorithms, we design it so that eventually it will
give us a certain basis state for sure. Then, based on the output (0 or
1), we can determine the information we are trying to get. This is
just like if it rains, I am sure there are clouds in the sky. Feeling the
rain is the measurement and knowing there are clouds in the sky is
the information [ want to get. In some algorithms, it has a high
chance of giving us the correct solution (e.g. factorization). We can
verify the solution easily using a classical computer (e.g.
multiplication of factors). Through a few iterations, we can get the
result we want. Well, in principle, it is possible you never get the
solution in the second category, but you need to be extremely
unlucky (or lucky).

Implementation of Qubits To implement a bit in classical
computers, we can use any classical switches. We have used
mechanical switches, vacuum tubes, and nowadays, transistors. In a
quantum computer, we need something small so that quantum
phenomena can exhibit. It also needs to have two distinguishable
quantum states as the basis states (0 and 1). For example, a spin up
electron and a spin down electron have different energies under an
external magnetic field. We can use spin up to represent 0 and spin
down to represent 1. According to quantum mechanics, the electron
can be in a superposition of spin up and spin down (you need to
trust me again if this is not clear to you). Therefore, the spin of an
electron under an external magnetic field can be used to implement
a qubit. There are other possible qubit implementations such as
trapped ions, superconducting qubit using Josephson Junction,
topological insulator, photons, defect centers in diamond or silicon
carbide. We will not discuss them in this book. But I would like you
to understand that there are trade-offs between them. These include
the size of the device, the speed, the coherence time (a very
important concept describing how fast the qubit information will
lose), scalability (i.e. can we use it to build a computer with many
qubits eventually?), etc.
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Information Size Superposition is a fancy concept but nothing
special if we accept it like how we accept the fact that the wavelets
can superimpose on each other. The power of superposition is the
amount of information one can store when we have more than 1
qubit. How many possible states can we store with n physical bits in
a classical computer? It is 2" states. Of course, you can only store one
of them at a time. For example, with 2 physical bits, you can store
either the state 3 (11 in binary), 2 (10 in binary), or 1 (01 in binary),
or 0 (00 in binary). For quantum computers, each of the classical
states becomes the basis state and they are orthogonal to each other
(i.e. they cannot exist at the same time with 100% certainty). So, you
have 2" basis states if you have n qubits. That means the number of
basis states grows exponentially with n. Of course, the n-qubit
system can also be in a superposition state of the 2" basis states. For
example, if there are two photon polarization qubits, Eq. (2.3)
becomes

VY =a Va1 Vi) + B |[Vai Vo) + v [ Vi1 Vi) + 8 |V Vig) - (2.5)

where q, 5, y, and § are just some numbersand V 4, V Y1 Vo and V 2

are the horizontal and vertical polarization vectors of the first and
the second photons, respectively. You see that with 2-qubits, we have
four basis vectors now, namely, V. V 2}, | Vi1 V}.g'}, Vi ‘rfrg'}, and

| Vil V}.g'}. Again, do not be scared by the bra-ket notation. They are

nothing but just labels for vectors and states. Please believe me and
get used to it.

Equation (2.5) is succinct, but it will be more instructive if we can
write it in the form of Eq. (2.4),

|System State) =

a |photonl horizontally polarized and photon2 horizontally polarized)

+B |photonl horizontal polarized and photon2 vertically polarized) (2.6)
+y |photonl vertically polarized and photon2 horizontally polarized)

+38 |photonl vertically polarized and photon2 vertically polarized)

Again, everything in the Dirac bra-ket is just a description of the
state. The description can be a mathematical notation like in Eqg.
(2.5) or English like in Eq. (2.6) or if you want, in Cantonese. You may
also write them as 00}, |01}, |10}, and |11). From this, you see they do
correlate with the classical states (i.e. all the classical states become
the corresponding basis states in a quantum computer). So, why this
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is powerful? If you have 100 qubits, you can form a system of 2199
basis vectors. This is more than the number of atoms in the universe.
If you can process the 100 qubits at the same time (all you need is
just a 100-qubit gate), you are processing the 2190 coefficients at
once. This is the so-called quantum parallelism. This is not possible
in classical computers because if we need at least 1 atom to store the
coefficient, there are not even enough atoms to store the coefficients
and needless to think about processing the state.

2.3 Summary

We finished our second “step.” This “step” is pretty shaky. I showed
you many important concepts in quantum computing. I do not expect
you to fully understand them. In the following “steps,” we will start
some serious calculations and we will keep reinforcing the critical
concepts we have learned. Before moving forward, let us do some
exercises. I will keep reiterating the important concepts and
analogies. I expect you do not need to look back to this step often.
Problems

2.1 Quantum Computing Account
Please go to IBM Quantum Experience and register an account,
https://quantum-computing.ibm.com/.

2.2 My First Quantum Circuit
Try to create a circuit. Click on IBM Quantum Composer and drag
the gates to form the following circuit (Fig. 2.3).
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Fig. 2.3 Problem 2.2

The first icon is a quantum gate called Hadamard gate and the
second icon is a measurement. The input is from the left (q0). Do not
worry if you do not understand what it is at this moment. But good
job! You have created your first quantum circuit!

2.3 My First Quantum Computing

Submit the job. Click on the result when it is finished. You see
some like this. You may submit to a simulator or real quantum
hardware (Fig. 2.4).
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Fig. 2.4 Problem 2.3

We started with a state in 0} (a basis state). After the Hadamard
gate, it becomes a superposition of 0)and |1}, i.e. ~ |0} + |1} (we will
learn later). Then we performed a measurement on the output and
the superposition state collapses to either 0) or|1}. The histogram
shows that about 50% of the chance we obtain 0} and another 50%
of the chance we obtain|1). Cool! We have done our first quantum
computation. This job was submitted to a real quantum computer,
called “ibmqg_casablanca.” It is a 5-qubit quantum computer. When
you read this book, I am not sure if this computer is still there. But
definitely, you will find other more powerful ones if it has retired by
then.
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3.1 Learning Outcomes

Understand the concept of basis; Be familiar with vector inner
product; Reinforce the concept of vector representations; Be
comfortable when dealing with hyperspaces that we cannot feel.

3.2 A Romantic Story

As promised, here I will tell you a romantic story. However, I need to
admit that this is half real and half made-up. Also, this analogy is not
completely correct in quantum mechanics. We will give a more
rigorous explanation of the critical concepts later. Therefore, if you
do not understand fully, do not worry too much. After moving
forward with more “steps,” you will appreciate the rights and wrongs
in this analogy.

Once upon a time, there was a boy who liked a girl. But he did not
know if the girl liked him. The girl treated him pretty well, but he
was not sure if she just treated him as a good friend or she did like
him. The boy had heard about quantum mechanics but did not
understand too well. For him, the state of the girl was

|State of the girl) = a |Yes) + p |No) (3.1)
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Definitely, ¥es} (she likes him) and No) (she does not like him)
are two orthogonal basis vectors that never occur at the same time.
For the boy, the girl is in a state which is a superposition of Yes} and
N o). Well, this is not quantum mechanics. But let us pretend it is, so
we can have a romantic story. The boy dared not ask because asking
is a measurement. The girl’s state would collapse to either ¥es} or
Na). If it collapses to Na), that would be the end of the world for him.
After waiting for months, the boy lost his patience and he decided to
ask (which is a measurement by asking “do you like me?”).
Unfortunately, the state collapsed to Ne)! Well, | have not told you, if
a state collapses to one of the basis states, it will not change no matter
how many times you measure it again. That is the problem. Once the
answer is “No,” it is “No” forever. If you measure (ask) again, the
answer is still “No.” Poor boy!

Fortunately, the boy did not collapse psychologically. He turned
his attention to study and understood quantum mechanics better. He
realized that in a quantum system, even if the state has collapsed to a
basis state of a certain basis, when you measure in another basis, it
will collapse to a basis state of the new basis, which is a
superposition of the old basis states. For him, the old basis was
formed by the Yes) or Neo) basis states of the affection basis. Let us
make this clear and rewrite Eq. (3.1) as

|State of the girl) = « |Yesy) + p |Nop) (3.2)

where Yes; )and Neo; ) are the answers to the question “Do you like
me?”. The girl’s state can also be expressed as a superposition of the
basis states on another basis. For example, this new basis can have
the basis states Yes}and Neo)to the question “Do you want to work
on a project with me?”. Let us label the basis states as Yesp) and
Neop). Thus,

|State of the girl after saying No) = |Nop) =y |Yesp) + 5 [Nop) (3.3)

This is because a girl who does not like him may or may not want
to work on a project with him. So Ne; } can coexist with Yespg) or
Neop}. They are not orthogonal to each other. Therefore, after a
measurement in the new basis (let us call it the project basis, but do
not confuse with the important concept of state projection to be
discussed later), the state may collapse to Yesp). That is, the girl
agrees to work on a project with him. Similarly, since Yesp)is not
orthogonal to Yes; )or No; }, we may have
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|Yesp) = € |Yesy) + ¢ |Noyp) (3.4)

Now what if he tried again to measure in the old basis (affection
basis), i.e. ask her if she likes him, there is a chance he will get Yes; !
Here is the magic. After the first time he measured (ask) in the old
affection basis and got Ne; }, no matter how many times he asks
again, the answer is still “No.” But if he tries to measure again on a
new basis (the project basis), he might get Yesp), which is a
superposition of Yes; }and Noy b If he then measures again in the
old basis, i.e. asking “do you like me?”, he might get Yes; )! | This is
possible in reality, is not that? She might be impressed by him more
after the project. And they lived happily ever after.

You probably do not understand everything [ mentioned. Think
about this at your leisure. Let us move forward to have a more
mathematical description.

Action Item There are lots of issues with this analogy. Write down
what you think and later find out what is correct and what is
incorrect.

3.3 Vectors in Quantum Computing

After all, quantum computing is just a manipulation of vectors through
operations in the vector space. We prepare many vectors in a special
way and manipulate them through special quantum gates
(operations) and we get the answers we want. And as mentioned
earlier, these operations are also just rotations of vectors in
hyperspaces.

On a 2D plane (Fig. 3.1), we know a vector can be described by its
x and y coordinates. For example, in Fig. 3.1, we have a vector ¢ and
it has x-component equal to 3 and y-component equal to 2. How do
we represent this vector? We have the liberty to write it in any of the
following forms:

]

= 3T + 2y = 3 units of x+ 2 units of y = <§) (3.5)

where 4 and 7/ are the unit vectors in the x and y directions. You see
that it really does not matter how I write 7 and . [ wrote them as

“unit of x” and “unit of y” and you still understand what it is about. |
even did not write them when [ wrote 3 and 2 in the column form. As
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long as we agree that the top (bottom) of the column represents the
number of x(y)-component, we still represent the vector correctly
and unambiguously.

y'y
AAZ
4 pu e s EEEEEEEEEEEEEEEEEEEEEEEES -
3 :
2 E
1 E
=3 N
iy 3
» ’f’r
1 2 3 4 5 6

Fig. 3.1 Representations of |1} in two different bases

2 and y are just the basis vectors we discussed in the previous

chapter. In quantum computing, vector and state are the same. [ can
also write ¢/ in Dirac’s bra-ket notation, as well:

) =3 [&)+2]5) (3.6)

Definitely, you can apply all the concepts we discussed earlier on
vectors. I can say ¢ is just a superposition of ;- and 7.
I can also choose another set of basis vectors, ;7 and /. ;/ and

yﬁ are only half of the lengths of 4 and ¢, respectively. How do |
represent ¢y now? It can be written as

5)=3(2]¢)) +2(2]v)) =6 V) B7)

As mentioned, as long as I know I am using the basis vectors

17) = 3

X)+2

r) 14

y !
and yA/ , I can just write them in the column form,

. 6
U= <4> (3.8)

Now comparing the column forms in Eq. (3.5) and Eq. (3.8), they
are different but they represent the same vector. Therefore, it is very
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important to keep in mind which basis we are using. This is nothing
new to you. For instance, your father asks you “how many dozens of
eggs have you bought?”, and you answer 1. Later your mother asks
you “how many eggs have you bought?”, and you answer 12. They are
different numbers, but they represent exactly the same thing. They
both are correct and you are just using different bases (one with
basis vector = 1-egg and the other with basis vector = 12-egg).

So far, the basis and basis vectors can be visualized easily. But
even if it cannot be visualized, the concept is the same. When we
study quantum computing, we need to accept some concepts we do
not have experience with and we also need to borrow concepts we
have experience with.

If I tell you there is a physical system with “spin up” and “spin
down” as the basis states (basis vectors) and even you do not know
what “spin up” and “spin down” mean, you can still use your
knowledge in vectors for computation. You know that a vector in this
basis must be a superposition of the basis vectors and can be written
as, for example,

|spin vector) = 3 |spin up) + 2 |spin down) = (;) (3.9)

3.4 Vector Space

All vectors on a plane can be expressed as a linear combination of
the basis vectors ; and y with the form in Eq. (3.5). We say that the
basis vectors form or span that vector space. Now if | have a vector
that is out of the plane, can it be expressed as a linear combination of
¢ and gy ? The answer is no. We say that this out-of-plane vector is in
another vector space. Such a concept is very natural to us. You
bought a dozen eggs. You say you have 12 1-eggs. The basis vector is
1-egg and it spans the whole vector space of eggs. Any number of
eggs can be represented as a linear combination of 1-egg (here we
only have 1 basis vector). If you have a dozen apples, you cannot say
you have 12 1-eggs because 1-egg does not span the vector space of
apples. In English, when we disagree, we often say “we are not
talking to each other” or “we are not on the same page.” Basically, we
are saying we do not have the same vector space and we are not in
the same universe. You have your own vector space and | have my
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own vector space. No matter how I transform myself, [ cannot
understand you.

If we agree that 1-apple and 1-egg individually span their
corresponding space, it is not difficult to understand that spin up)
and |spin down)y span a vector space that is different from the one

spanned by 4 and . There can be a vector called (g) in the spin

vector space and there can also be a vector called <§) in the x-y

vector space. But they are different and not talking to each other
because they have different basis vectors and they are in different
spaces. This is just like 12 1-eggs are different from 12 1-apples
although they both are 12.

Let me give one more example. This book can be treated as a
vector in a vector space spanned by the English alphabet and
mathematical symbols (let us ignore the figures, tables, etc. for
simplicity). And actually, any English book can be considered as a
vector in the English-math vector space. But if you pick a book in
Japanese, they cannot be represented as a combination of the basis
vectors (i.e. “A” “a,” “B,” “b,” --+) in this English-math vector space. So,
they are in another vector space. But what if [ construct a new vector
space by using Japanese characters, English alphabets, and
mathematical symbols as the basis vectors? Now all Japanese and
English books are in this new and larger vector space.

3.5 Inner Products of Vectors

We know that vector and state are equivalent. We can represent
every physical system state as a vector. We will review some of the
important operations of vectors and their physical meanings. The
first one is the inner product, which is also called the “dot product
or “scalar product”, for reasons that will be obvious soon. This is a
very fundamental and critical concept. What is the physical meaning
of the inner product? It is projection. Projection is an important
concept in quantum mechanics.

In every measurement, we can say we try to do an operation to
project a superposition state to one of the basis states. For example,
when the boys asked (a measurement) the girl if she liked him and
she answered no, the wavefunction is collapsed (projected) into the

)
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N oy ) basis state. Although not everyone agrees on this meaning of
measurement, we adapt this concept in this book.

Let us look at a simple example. In Fig. 3.2, there are two vectors,
v1 and v] . We can represent them as

101) = /3

)+

3) (3.10)

[05) = 1]%)+ 1

¥) (3.11)

&2

Fig. 3.2 Graphical representation of the inner product of ©; and v; . Note that the final result
needs to be scaled by |03

The angle between v and the x-axis (which has the same
direction as ¢ ) is 30°. The angle between ¢; and the x-axis is 45°. So,

the angle between ¢ and v is 15°. From trigonometry, the inner
product of the two vectors is

01 - vy = |01]]v3] cos 15° (3.12)

where |05 and |v3| are the magnitudes (lengths) of v and v,
respectively. Here Dirac’s bra-ket notation is not used for a reason. |
will explain later. Using the Pythagorean theorem,

07| = w/\/§2 112 — 9 and |53] = /12 + 12 = /2. Therefore,

0] - U3 = |01]]05 cos 15° = 24/2 cos 15° =~ 2.732 (3.13)
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This is the length if you project ¢; onto ] and scaled by 03] .
Therefore, the inner product is telling us how much the two vectors
have in common after being scaled by their magnitudes (lengths).
Obviously, if two vectors are from two different vector spaces, we
expect their inner product to be zero because they do not have
anything in common or overlap. For example, a vector in the spin
space has zero inner product with the vector in the 2D space.

There is an easier way to perform the inner product. This is
something you must trust me before you fully understand and you
can only use it if the basis vectors are orthonormal (just note this
down, we will discuss later). Since we can write all vectors in the
column form if the basis vectors are known, Eq. (3.10) and Eq. (3.11)

become
1) = V3|R)+ 1]5) = (‘lﬁ) (3.14)
[02) = 1|2} +1|5) = (1) (3.15)

To perform the dot product of 47 - v5, firstly, I will rotate the

column form of the first vector anti-clockwise by 90°, so that it
becomes a row vector. And then I will perform what we learn in
matrix multiplication. I will multiply the vectors element-wise and
sum them up. This is the procedure,

1
G = (V3 1) <1>_\/§X1+1x1—\/§+1m2.732(3.16)

The answer is exactly the same as in Eq. (3.13). Again, this is just
how we do row and column multiplication in matrices.

In general, if v = (Z) and v] = (Z),We have

0] - U = (a* b*) (2,) —a*xc+b"xd (3.17)

where a * and b * are the complex conjugate of a and b, respectively.
[ have not been explicit. The coefficients in the linear combination of
basis vectors can be complex numbers (if you want to review some
of the properties of complex numbers, you may read the first three
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paragraphs in Sect. 25.2). We need to accept this as we do not have a
simple direct daily experience. Although it is as weird as having 12 +
2i 1-apples, it should not stop us from adopting it and moving
forward. The conjugate of a complex number can be obtained by
negating the imaginary number. As examples, (1 + 2i)*=1-2iand (1
- 20)*=1+ 2i. What about ,/3"? Yes, it is just

(V3 4 04)* = /3 — 0i = /3. So the complex conjugate of a real

number is just itself. That is why we have Eq. (3.16).
The inner product of a vector to itself has a special meaning, i.e.

square of the length of the vector, L 2. It is not difficult to see this for
a vector in a 2D plane.

d

where a and b are real because the vector is on a 2D plane.
Therefore, 47 - v} = a®> + b*> = L?. And by Pythagoras’ theorem, this
is just the square of the length of the vector (e.g. in Fig. 3.2, ¢ = \/—,
b=1,and L =2 for v7). This is true, as a definition, for any vectors
with higher dimensions and complex coefficients.

V1 - Uy = (a* b*) (C) =a*Xc+b"xd (3.18)

3.6 Higher Dimensional Vector Space

When there are two basis vectors, it spans a two-dimensional (2D)
vector space, just like ; and ¢ span a plane. If we add %, the third
basis vector in the height direction, they then span a 3D space. If we
have n basis vectors, I expect they will span an n-D space. This might
be difficult to understand. But think about an ant that cannot jump
and is put on a 1000 km by 1000 km plane since it was born. I did
some calculations and most ants will not be able to reach the edge of
the plane within their lifetime unless they invent the car. For the ant,
the universe is just a 2D space. It probably will argue with us that the
world is 2D and it is very difficult to understand a 3D universe.
Indeed, it is also very difficult for us to tell the ant how it feels in a 3D
world. So, although I cannot feel a 4-D or n-D world, from the
experience of the ant, I know that a higher dimension is possible
even | cannot feel it just like how [ would tell the ant that the
mathematical operations involving ; are the same as those for 4 and
7. And I also know that many mathematical operations can be
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generalized to higher dimensions. Here is where again | want you to
accept it if you still do not feel comfortable with it. You will
understand it one day.

If you accept what I said, then in an n-D space, any vector, Vx

must be a linear combination of the n basis vectors.

—

Vi = agvg + a0 + asvo + - - - + ap_1U,-1 (3.19)

where a ; to a ,,_; are the n coefficients and ¢, to v,,_; are the n basis

vectors. Note that the coefficients may be complex numbers. And for
another vector, V,E , in the same space, we have

Vi, = boto + 0101 + botis + - - - + bp_1051 (3.20)

where b to b ,,_; are the n coefficients which, again, can be real or
complex. The inner product or dot product of the two vectors is

Tt = o) | san
bn—l
= ay " Xby+a" xXby+--+a,1" Xb,_1
And we can write it in a more succinct form which you need to be
familiarized with,

‘7(1' b = a;" X b (3.22)

which means that we first perform element-wise multiplications to
obtain a ; *x b ; (there are n multiplications fromi=0toi=n-1) and

then sum them together.
Like the 2D case, the length of the vector; L, is defined as

n—1
LQ:VZ-VZ = ZCLZ'* X Q; (323)
1=0

3.7 Summary
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In this chapter, we familiarized ourselves with the concept that
vectors are states and vectors are linear combinations of basis
vectors. We realize that the basis vectors can be something very
abstract (e.g. spin up) or absurd (1-apple). The coefficients in the
linear combination can be complex numbers. We also reviewed the
meaning and methodology of calculating the inner product of two
vectors. All these concepts apply to higher dimensions. The most
important thing is that we have learned how to deduce or believe in
something we do not have experience with by finding the pattern
based on our daily experience. We can move forward only if we
believe in these. If you still do not feel comfortable with what I said,
either read it again or write it down, so you will investigate later
after finishing this book. Let us do a few exercises, so I can
“brainwash” you further to let you get used to the absurdity.
Problems

3.1 Google Colab and Python

We need to do a lot of matrix operations in this book. I will
choose Google Colab, in which you can run Python easily. Since IBM
Quantum Experience also uses Python, it will save your efforts.
Please open a Google Colab account here https://colab.research.
google.com/.

3.2 Vector Inner Product Using Python
We use the NumPy library to perform vector and matrix
operations. To import the library, type

import numpy as np

Then let us implement Eq. (3.16)

vli=np.array([[np.sqrt(3)],[1]])
v2=np.array ([[1],[1]1])
inner result=np.vdot (vl,v2)

print (inner result)

Type Shift-Enter to let it run. Do you see the same result? Note
that we use np.vdot instead of np.dot because we need to use
complex vector dot products in quantum computing.

Try also print(v1.shape), which will give you (2, 1). It means we
constructed a 2 x 1 matrix, which is a column vector with 2 elements.
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3.3 Inner Product with Complex Coefficient 1

Now, let us try 07 = (i) and vy = ( 1Z

hand calculation. Then use Python to check if it is correct. Note that
in the NumPy library, you need to puti as j. For example, 5 + i should
be entered as 5 + 1j (putting the “1” is necessary). Think about that
before reading the code below:

) . Firstly, try to use

vli=np.array ([[13],[111)
v2=np.array([[-13]1,[111)
inner result=np.vdot(vl,v2)

print (inner result)
3.4 Inner Product with Complex Coefficient 2

Now, let us try v] = (1 j; 22) and v5; = (1 I Z).
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4.1 Learning Outcomes

Understand that orthonormal bases and normalized vectors are used
in quantum computing; Have a deeper understanding of Bra-Ket
notation; Understand the meaning of superposition coefficient in
measurement.

4.2 Orthonormal Basis

We have seen many different types of basis. Each basis has its set of
basis vectors. For example, ; and ¢ span a plane and they form the
basis of a 2D plane. Any vector on the 2D plane can be represented
by a linear combination of the basis vectors, 4 and y (e.g. Eq. (3.
6)). Let me remind you again, while we are talking about vectors, it is
equivalent to the states of a quantum system. That means that states
are vectors and basis states are basis vectors. If we add 2, then z, v,
and 2 are the basis vectors and they span the 3D space. Any 3D
vector can be represented by a linear combination of z, ¢, and 3.
And I told you, even we do not know how an n-D space looks like, we
can deduce that in an n-D space, there are n basis vectors and they
span the whole n-D space. The basis vectors can be labeled as v, to

42


https://doi.org/10.1007/978-3-030-98339-0_4

v,,—1 and any vector in this space can be represented as a linear
combination of v, to v,,_; (e.g. Eq. (3.19)).

[ also mentioned some weird bases. For example, the space of the
number of eggs has a basis vector of 1-egg. I also told you something
not exactly correct and too romantic. For example, the basis vectors
of the space of a girl’s state can be Yesp)and Nap}or Yes; )and
N oy b If you feel comfortable with these, I think you will accept the
fact that an electron’s spin state (vector) must be a linear
combination of some basis states (vectors). And again, [ want you to
believe me that one of the possible sets of basis vectors are spin up)
and [spin down) (e.g. Eq. (3.9)). Now can you tell me what is the
dimension of the spin space? Yes, it is 2D because it has 2 basis
vectors. So, while the spin space sounds fancy, it is actually as simple
as a 2D real space in some sense. However, this is again not exact. In
areal 2D space, the coefficients in the linear combinations are all
real numbers (e.g. Eq. (3.14)). In a spin space, the coefficient can be
complex numbers (e.g. Eq. (3.17)). We do not have experience in the
spin space. So, often, we need to use the real 2D space to understand
some basics and then deduce what happens in the spin space. This is
just like that we try to understand 1D, 2D, and 3D space properties
first and then deduce how an n-D space will look like.

One type of bases is of particular importance and we will use it
throughout this book. It is called the orthonormal basis. They are
also important because they make our life much easier by making
the derivation much simpler. Let me just tell you the definition first.
An orthonormal basis is defined as

A

. 1, ifi=y
UII/.U— —

= = 0;; 4.1
/ 0, ifitj; (1)

where 1), and v; are any two basis vectors. i and j can be any number
from 0 to n -1, if it is an n-D space. For example, if it is our regular
3D space, we may set vy = x, Uy = y, and v, = z. So, 1y and v; can
be xand y, or xand z, or y and z, or y and x, or z and x, or z and y. v
and v; can also be x and x, or y and y, or z and z because it is ok to
have i =j. Equation (4.1) says that if the inner product of every basis
vector with itself is one (i.e. it is normalized, with |L| = 1 in Eq. (3.

23)) and the inner product with other basis vector is zero (i.e. they
are orthogonal), then this set of basis vectors and the basis formed

43



by this set of basis vectors are orthonormal (orthogonal and
normalized). Remember what is the meaning of the inner product of
two vectors? It tells us if they have anything in common and if they
contain a part of each other and if there is any “projection” of one
vector onto the other. Therefore, when the basis vectors are
orthonormal, it means all of them have no common part.

Before moving forward, let us also remind ourselves of the
meaning of 6 ;;. This is called the Kronecker delta. It is just a
notation. It means that if i =J, it is one. If i #j, then, it is zero.

It is easy to think in our 2D real space. Whatis z - ¢ ? It is zero
because they are perpendicular to each other. ;- does not contain any
part of y and y does not contain any part of ;. So if you want to
date a boy, you should tell him that you have a non-zero inner
product with him. Wheni=j, e.g. v, - vy = 2 - ©, 1 projects onto
itself. Does it have a common part with itself? And of course, it
contains 100% of itself. As shown in Fig. 4.1, we might have two
different bases for a 2D plane. The basis formed by basis vectors 3
and ¢ is orthonormal and that formed by ; and 3] is not. Why the

basis formed by ; and yAl is not? This is just based on our knowledge
in trigonometry that the angle between 4 and yA/ is 45°. And by

recalling that v - 05 = |01||03] cos @, where 0 is the angle between
the two vectors (e.g. Eq. (3.12)). Since ¢os 45° is non-zero, this gives
us a non-zero inner product like in Eq. (3.12). Any vector on the 2D
plane can be formed by a linear combination of either set of basis
vectors. For example, {7 can be represented as

‘ff):l

X)+1

§)=1]%)++2

V) (4.2)
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Fig. 4.1 Two different sets of basis vectors, orthonormal (left) and non-orthonormal (right)

The 4 and 3] basis is very difficult to deal with. In quantum

computing, we will always use an orthonormal basis. What if we are
given a basis that is not orthonormal? We will try to transform it into
orthonormal. There are methods to do this such as the Gram-
Schmidt process. But we will not spend time on this as this is not
essential for our understanding of quantum computing.

Remember I told you how to do inner product using row and
column forms (Egs. (3.14)-(3.17)) and this is only valid if you are

working on an orthonormal basis? Since v/ = (2) and U = (i),

we can check if z and g are orthogonal by observing that their inner
product is

iog=(1 o)<g)=1xo+0x1=0 (4.3)

Note that we write the vectors in column form by agreeing that
we are using the 4 and y basis vectors. Since this is an orthonormal
basis, such operation is valid. And indeed, = - y = 0, which does not
contradict our initial assumption that 4 and ¢ are orthogonal.

Can I do the same thing for ; and gj’ ? The answer is no. If you try

to repeat what we did in Eq. (4.3), by using the basis of 7+ and yA/, you

also get 0. Note that v; = (i) in the 7 and yA/ basis. But it is wrong

as 7 and yA/ are not orthogonal and the answer contradicts the
assumption that 4 and gj’ are not orthogonal because we are using

the wrong mathematics. If this is still not very clear to you, that is
fine. But you must remind yourself in the rest of the book that we
will only work on orthonormal bases.

4.3 Bra-Ket Notation

We have talked about ket already:.
For every vector Vx (or this is just the quantum state), it really

does not matter how I write it as long as it is clear. | can represent it
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as VZC, “Vector a,” |V ), V), a), vector a),

|that vector I just mentioned to you), etc.

If we write it in the form of , then it is Dirac’s bra-ket notation. »
is just a vector and we can perform any vector operations on it (and
we have been domg this * gradually in the last few chapters). For
example, for |/, — 1/, + /., we can write as

‘%) = d-)+
la) = 1b) + lc)

[ hope you can get used to this notation. It is just a notation. And I
tell you this is a great notation. If you trust me, just accept it as your
best frlend Let us try another example. How do you represent
V me + nV in bra-ket notation? This should be

:f> = m Vb> + n X; ) (4.5)
la) = m |b) + n|c)

ﬂ") (4.4)

This is just telling us that “vector a is m times of vector b plus n
times of vector c.”

How about the bra? It st111 represents a vector and it has the form
of . Again, I can represent V V/)’ 4 V in the bra form as

(V“ B <Vﬁ <VV (4.6)
(a] = (Bl + (v
And similarly, represent \7(; = ]ﬂ/} + l\7 as
ol =k
(Ve = £V 1V 47)

{a| =k {BI+1{y]

Why do we need two forms of representation? Actually, the set of
vectors in the bra-representation is the same set of vectors in the ket-
representation and they form a dual space. Each vector in the ket
space can find a corresponding vector in the bra space. The method
to find the correspondence is by performing a transpose operation
and then complex conjugation. If you forgot, a transpose operation is
just to swap the row and column indices in a matrix. For a column
vector, we can imagine it as rotating the column anti-clockwise to
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form the row vector in a transpose operation. It is easier to
understand by looking at an example. If a vector ¢ in the ket space is

|v1>=|1>=(§)=(1ﬁ2") (48)

the transpose of ¢ is (a b). After performing complex conjugation,
it becomes (a* b*), and we can write

(vi| = (1| = (¢* b*) = (1 — 2i —i) (4.9)

Here you see that although the vector in the bra space is still a
vector, we write it in a row form and it has different coefficients from
the ket vector if the coefficients are complex numbers. Its
relationship to its corresponding vector in the ket space is by
conjugating the coefficients.

Do you recall how we do the inner product of two vectors? Let
me repeat (Eq. (3.17))

V] - Uy = (a* b*) (2) =a*Xc+b" xd (4.10)
What have you discovered? You see that this is just the same as
(vil |v2) = (a* b¥) ((]) =a*xc+b" xd (4.11)
4

We can further simplify the notation to (v |v-:). Now based on how it
is written, I believe you understand why this is called bra-ket
notation, which is just a little modification from the word “bracket.”
So, the inner product of two vectors is just the product between the
first vector in the bra-representation and the second one in the ket
notation. From now on, we will only use bra-ket and row/column
representations. You will find them to be extremely useful and
intuitive.

Let us look at another example. This is a 3D example.

(4.12)
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ap bO
lva) = | a; and |vp) = | by

an bg
ao
(vplvg) = (b} b B5) a1 | = aoby + aib] + axb}
az

Here, we transpose v;,) into a row vector for the bra-
representation and then conjugate its coefficients to perform inner
product with |v,}, which is still in the ket-representation.

4.4 Quantum Mechanical State,

Superposition, and Measurement

We should not get lost in the vector operations. Let us try to have a
deeper understanding of the quantum mechanical state before
moving forward to more complex vector operations. What is a
vector? Every vector is a state of a physical system. Let us look at an
example. | have a physical system called electron spin. And you are
given that it has 2 basis vectors, which are spin up)and |spin down).
And now, without ambiguity, I can call them 1) and ||} also. First of all,
the basis vectors themselves are vectors and also quantum
mechanical states. Just like in the 2D plane case, _F) and |j‘} are also

vectors. Of course, they have a special identity called basis vectors
because we choose them to represent other vectors as linear
combinations of them. We can write the basis states as follows:

|T>=(:}) and |¢>=(‘f) (4.13)

Since they are the basis states, we really do not need to know
what they exactly are. This is just like in the old time we know
everything is formed by atoms (the basis) and we did not know what
formed atoms, and we still can describe chemistry through our
knowledge of the atoms. Or as mentioned earlier, the number of eggs
(a vector) is a linear combination of the basis vector 1-egg and we do
not really need to know what is the meaning of 1-egg and if an egg
has a shell and yolk. We just take them for granted and there is
nothing wrong to treat basis as an assumption or given. We take it
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for granted that |F}| and |j‘}| are the basis vectors of a 2D plane because
we have experience in this. But it is still true that |t)and |} are the

basis vectors of a 2D plane even we are the creatures that cannot
move. Therefore, it is not difficult to accept the fact that 1)and ||} can
form the basis vectors of a spin space as long as you trust the
physicist who told us that this is true. Therefore, any spin state of an
electron can be written as

W) =alt)+ B (4.14)

Again, we say that any electron spin state is a superposition,
which we have been calling “linear combination,” of t)and|}}. In 2D
space, what is the meaning of the coefficients in the superposition or
linear combination? If a vector is |v} ) = | |§: +1 |j‘=}, we say that it has

1 x-component and 1 y-component. But in quantum mechanics, it
has a deeper meaning.

In Eq. (4.14), the spin state ¥} is a linear combination of +)and |/
It is still true that it has @ +) component and S|} component. But we
know that 1)and ||} must be orthogonal and cannot exist at the same
time with 100% certainty. Let us recall what we learned about the
|Head)and |Tail}; of a spinning coin (again not to confuse this
classical spin with electron spin). They are orthogonal to each other.
To know which state it is, we need to perform a measurement. In
the spinning coin analogy, I just need to stop it from spinning and the
superposition state will collapse to one of the basis states as we
mentioned. How about the electron spin? What we can do is to apply
a magnetic field in the vertical direction and measure its energy. We
will not discuss this in detail. But as a superposition state, we know
that when we perform a measurement, the spin state ¥ will collapse
to one of the basis states, namely, 1) or|l). This is completely random.
However, the probability of collapsing to ¥} is proportional to |oz|2
and |«
coefficients in the superposition. This is due to the Born rule which
is an essential part of the Copenhagen interpretation.

Let us make this more general. For a state ¥)in an n-D space,
which can be represented as

2, respectively. And this is the important meaning of the

(4.15)
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ey

a|
V) =ap Vo) +ar Vi) +---F+a,—1 |Vy—1) =

Up—1

where V;) are the basis states, when we perform a measurement, ¥}
will randomly collapse to one of the basis states, e.g. |V} with a
probability proportional to \aj|2. |

Let us recall the meaning of |a; |%. This is just the square of the

*

; is the complex conjugate of
a ;. For example, ifaj: 1 +1i, then af; —1—17 and
ajaj=(1+4)(1—i)=1x1+ix1+1x —i+ix —i=2 And
indeed, the length of a ; is /2 and thus |aj|2 = 2.

If a vector is normalized, which will be used throughout
quantum computing, it means it has a unit length. The length of a
vector is defined by the inner product of itself (Eq. (3.23)). For
example, the inner product of V}is

magnitude of a . It equals aja;, where a

ao

st s al
(VIV) = (ag aj -+~ a,_)

) (4.16)
= apay +ajay + - +a,_a,_,
n—1 n—1

% 2
= D_aiaf =) ail” = |
i=0 i=0
(V|V} = | because it is normalized. What is the probability that it
will collapse to the basis state V;}? Yes, it is proportional to |a;|*. But

we know that it must collapse to one of the basis states during
measurement. Then it means that the probability that it will collapse
to V;),i.e. P, is just |a,|* (the proportional factor is 1). That is why
normalized vectors are used for convenience. In summary, if a vector
(or state) is normalized, the probability that it will collapse to the
basis state V;)equals |a;|”

P = a;a} = |a,]? (4.17)
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If you are given a vector, V), as in the numerical example after Eq.
(4.15), that is not normalized, we need to normalize it first. Since the
definition of the normalized vector is that the summation of the
square of the magnitude of coefficient is equal to one, we can just
divide the vector by this sum and it will be normalized.

V)

1—1
2:;:4)|d5|2
(J” |

ao
- — i)
I lail? 3 01| 12 \/ S lail?
Itlooks complicated, but , /S~ *|q,|2 is just the length of V), i.e.

L = /{V]V}. So we can easily prove that |V '}is normalized (with
length = 1) as the following:

iy = V! vy vw

S e B (+19)

V)=

(4.18)

Vo) + ————= V1)

4.5 Summary

If you forget everything else, you must at least agree and remember
that we need to use orthonormal bases and normalized vectors in
quantum computing. The bra-ket notation is a very important and
useful notation and I hope you start getting used to it and love it. You
will see its power soon. Finally, the probability of a normalized
quantum state collapsing to a certain basis state is equal to the
square of the magnitude of the corresponding coefficient. Let us do
some exercise to get used to bra-ket notation and normalization.
Problems

4.1 Normalization by Hand
Normalize vector |v}) = 2|1} + 1]} by hand.

4.2 Normalization Using Python

Check using Google Colab. You can use the scikit-learn library to
do so:

import numpy as np
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vl=np.array ([[2],[1]1])

print (v1)

from sklearn.preprocessing import normalize
v2 = vl/np.linalg.norm(vl)

print (v2)

4.3 Normalization by Hand with Complex Coefficient
Normalize vector vy} = 2|1} + (1 +{) | ]} by hand.

4.4 Normalization Using Python with Complex Coefficient
Verify with Google Colab. Remember you need to use 1 + 1j to
represent 1 + 1.

4.5 Vectors on a 2D Plane
On a 2D plane, draw the vectors

)= (8 - 15D

Write the column forms of ‘;') and ‘ ¥ "). Show that .r") and

:.?') = (;";') = land (;' }?_,) = (;,

have derived a new orthonormal basis for a 2D plane. But this is not

;’) = —=(|#) + |7} and

.

— —
1

¥ ") are
:.?') = 0. You

—_

orthonormal, i.e. (.r"

surprising, right? As

;') and ‘ ;") can be obtained by just rotating |x)
and|y) by 45°.
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5.1 Learning Outcomes

Know how to represent vectors in different bases; Have a feeling on
the origin of the uncertainty principle; Be more familiar with Bra-
Ket operations.

5.2 Basis and Uncertainty Principle

We talked about the electron spin space which can be spanned by the
t)and ) basis vectors if we choose to do so. It is important to realize
that t)and |l are not real space direction vector like 2 and — 2. They
are not direction vectors. It just happens that since we can measure
them by applying a magnetic field in the z-direction, we call them
“up” and “down,” but they do not have a direct relationship with the
up and down vectors in the real space. They are just as abstract as
my earlier analogy that the basis states of the girl’s state are Yes; )
and Noy ). This is very important and even if you do not fully
understand at this moment, you must remind yourself that 1}and ||}
are not 3 and — 2. Therefore, you will not have the question of why
t) % — |l )and why t)and |}) are orthogonal.
Now, I can also choose another basis with basis vectors as

|spin left)yand|spin right). For simplicity, I write them as |«—) and
— ) like what we did for t)and || ). Again, these two vectors have
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nothing to do with 4 and —2 .|<)and —)are not real space
direction vectors. The reason I call it left and right is just because, to
distinguish them, [ need to apply a magnetic field in the x-direction
to perform a measurement.

Here, I need to say again that 1)/ ||} (<) / |—)) have no direct
relationship to the up/down (left/right) directions in our real 3D
space. They are called so just because, in the experiment, they are
the states we will get when we apply a vertical (horizontal) magnetic
field during measurements. You need to believe me for now if you
are not familiar with the spin qubit physics.

We will also rename the basis vectors, which is completely
legitimate, as they are just names. We set 1) = [0},|]) = |1},
<) = |+),and —) = |—). If your name is William, your friends often
call you Bill. As long as it does not cause confusion, calling 1) = |0)is
legitimate. Therefore, the 1)/ ||} basis becomes the|}} / |1} basis and
the <)/ |—) basis becomes the +} / |-} basis. This change is to
reinforce the basis concept and also to make the notation consistent
with the theories we will introduce in the following chapters.

While [ keep reminding you that the |()) / |1} basis vectors or the
+} / |—} basis vectors in electron spin space are not direction
vectors, unfortunately, [ need to borrow the direction vectors to
introduce some important concepts because we are very familiar
with the real space and the 2D real space is easy to understand.
Therefore, let us pretend 0)and |1} are just the horizontal and vertical
unit vectors as shown in Fig. 5.1. Note that, for now, [ will not call
horizontal and vertical unit vectors in a real 2D space as 4 and v,
respectively, because this can cause confusion with the spin
directions. Let us call the horizontal and vertical unit vectors in the
real 2D space in Fig. 5.1 as 6 and 1/, respectively.
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1)

Fig. 5.1 Thetwo bases (|0} / |1} and +} / |—}) represented in a fictitious 2D real space
(which is incorrect). This is only done for illustration purpose

Representing the spin space using the 2D real space is
incomplete or even wrong. For example, any vector in the 2D real
space only has real coefficients when they are represented as the
linear combination of é’ and ¢/, but the vector in the spin space could

have complex coefficients when they are represented as the linear
combination of Ojand |1}, i.e.|¥) = & |0) + § |1), where a and  may
be complex numbers. For illustration, let us assume a« and 8 are real,
and then we can treat them as vectors on a 2D plane.

On the 2D plane, I can also have another set of basis vectors
which are just equivalent to rotating the |} / |1} basis vectors
clockwise by 45°. We call them +} / |-} basis as shown in Fig. 5.1.

How do I represent vector V|)in the |0) / |1} basis. By
observation, I see that it has a horizontal component of 1 and a
vertical component of 0. Therefore, we have

I
|V1)=1|0)+0|1)=|0)=(0) (5.1)
We need to make sure everyone knows that we are using the
|0} / |1} basis when we write it in the column form so that everyone
knows it has 1 part of 0)and none, i.e. 0 part, of|1). If we perform a
measurement on V| ) by applying a magnetic field in the % direction,
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we definitely will get 0) because ’04‘2 — 1. Here let us take a pause to

clarify something very important. The 7 direction is the direction in
real space. It is not perpendicular to the fictitious 2D plane we have
borrowed to illustrate the concept in Fig. 5.1. Make sure you
understand this. If we measure again, it is still 0). So, when
measuring in the |00) / |1} basis, we have 100% certainty that the
electron is spinning up, i.e. at state 0) or t). For the same state, how is
it represented in the +} / |—} basis? By using some trigonometry in
Fig. 5.1, we found that it is

1 I /1
Vi) = <|+>+|—>)=() 5.2
Ne VAV (5-2)
For the same vector, when it is represented in different bases, it
has different column forms. This reaffirms the importance of making
it clear which basis is being used. The column form in Eq. (5.2) tells
us that the vector has \/i? part of +}and also \/Li part of |-} Now, if |

want to measure the state using the +} / |—} basis, [ will apply a
magnetic field in the ; direction (again, ¢ is in the x direction in real
space not the horizontal direction in Fig. 5.1). What do I get? There
are 50% of chance I will get +} (spin left) and 50% of chance I will
get|—} (spin right) because |a|* = |B]* = (\%)2 = (.0,

For V}), I can obtain its state with 100% certainty (i.e. 100% 0} ),
but it is completely uncertain to me whether it is spinning left or
spinning right in the +} / |—} basis (chances are 50/50). This means
that [ cannot measure the spin up/down and spin left/right with
100% accuracy simultaneously. This is called the Heisenberg
Uncertainty Principle.

We will have a deeper mathematical explanation of the
Heisenberg Uncertainty Principle later. This is related to the fact that
the two measurements are incompatible. But it is amazing that we
can appreciate this principle by just using simple vector
manipulations on a 2D plane using the concepts of superposition and
collapse of the state.

Similarly, in quantum mechanics, the measurement of
momentum and position is incompatible. Therefore, we cannot
measure the momentum and position of a particle precisely at the
same time. Note that measurement of the momentum means to
collapse the state into a momentum basis vector, which happens to
be the momentum in our daily experience, and measurement of
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position means to collapse the particle state into a position basis
vector, which is the position in our daily experience. It will be
difficult to show this like what we did for +} / |—}and |0} / |1}ona
2D plane. But our understanding of the uncertainty principle using
+} / |—rand |0} / |1} makes us more convinced that there is a valid
reason why we cannot measure the momentum and position with
100% certainty at the same time. It should also be noted that the
more certain we have on one measurement, the less we have on
another measurement.

Does this sound familiar? Yes, the boy we mentioned earlier did
try to measure the girl’s state in the Yesp)and Nop) basis after he
obtained N, ) in the first measurement. The girl’s state is just like
V). 0)is just like the N oy ) state. And the +} / |-} basis is just like the
Yesp) [ |Nop)basis.

Let us try an example.

Example 5.1 (Changing Basis Example) In Fig. 5.2, ¥} can be
represented in the |0} / |1} basis as the following because its angle to

the horizontal axis is 60°:

wy =L+ L (5.3)

Fig. 5.2 ¥) in the fictitious 2D real space (which is incorrect)
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How do we represent it in the +} / |-} basis? We can use
trigonometry, but this is not useful to us when the problem cannot
be mapped onto a fictitious 2D plane. The trick is to represent
|0} / |1} basis vectors as the linear combinations of +} / |—} basis
vectors and then use substitution.

Firstly, we can represent 0)and |1} as

0) =51+ + 1= and |l)=—+H-~=l-) (54

To get Eq. (5.4), i.e. the relationship between two sets of basis
vectors, we need to use trigonometry in this case. However, this is
often given in quantum mechanics through other means (e.g. Laws of
Physics). Then we substitute Eq. (5.4) into Eq. (5.3) and obtain

1 /1 I V31 I
llp}_E(\_@H_)—l_,\_@'_))—l_T(EH_)_\_@'_))
o (1+\/§ L (1 3 (5-3)

il o+ (5-2) e

NACREE S\2 T 2

By doing so, we have changed the basis from |0} / |1} to +} / |—}

The coefficients are %(% + \/75) and %(% — @) for +)and |-},

respectively. In other words, we have represented the same quantum
state as a superposition of the +} / |-} basis states instead of the
|0} / |1} basis states.

It is also instructive to represent the +} / |-} as a linear
combination of |} / | 1}. Please try it. The answer will be given in the
next chapter.

5.3 More Bra-ket Operations

Now let us go back to the bra-ket operation. [ would like to tell you
some rules just like how an elementary school teacher teaches the
students addition and multiplication. The rules are definitions and
cannot be proved. Therefore, do not think too hard if you do not
know how to “derive.” Please just trust me and use it. On the other
hand, you should try to see and feel the logic within and compare it
to your experience in a real 3D space.

First of all, as mentioned earlier, for any vector in the ket space,
there is a corresponding vector in the bra space. This is called Dual
Correspondence. This is just like everyone will find their image in a
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mirror. Of course, this image is not the same as that person. We
discussed earlier already that it needs to go through transpose and
conjugate operations. In the following, the symbol & means direct
correspondence.

(a] & |a) (5.6)
For example, if et} = (:), then (e| = {:—:’ I}.

We have learned that we can scale a vector «} by a constant (may
be complex number) c. And this is still a vector, ¢ |e); for example,

2 (;) = (i) . What is the corresponding vector in the bra space? It

is equivalent to multiplying the complex conjugate of ¢, i.e. ¢ *, to the
bra version of «}, i.e. (.

c*{a| & ¢ |a) (5.7)

For example, if c=i,c |&) =i (:) = (_ l). Its corresponding
i

vector in the bra space is ( —1-i ). And indeed
c*lal = —i (—i l:} = (—1 —i), which is the bra version of ¢ |} by
definition (Eq. (4.9)). Therefore, this rule makes sense. Or in the
mirror image analogy, when you lift your left arm, the image lifts its
right arm. “Left” and “right” behave like c and ¢ * in some sense.
Similarly, if we represent a vector, »}, as a linear combination of
other vectors in the ket space, we can find the corresponding vector
in the bra space as

(Yl =a" {a| +b" (Bl & |y) =ala)+b|B) (5.8)

There is another very useful rule and it is about the inner
product. First of all, is an inner product of two vectors a vector or a
scalar (pure number)? It is a scalar. Therefore, there is no dual space
for it (or we may say its dual space is just itself). However, there is a
rule related to the dual space for describing the relationship between
(e|f}and (f|e). (|} means the projection of vector 5 on vector a
and (f|} means the projection of vector a on vector f. Or (e |}
means the dot product of bra space a with ket space f and (e}
means the dot product of bra space f§ with ket space a. Are they the
same? Not necessarily and they obey this rule.

(5.9)
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(@]B) = (Ble)*
Again, note that they are numbers, not vectors. Equation (5.9) is
not difficult to prove. Let us use a 2D example to demonstrate. If

et} = (“':')andlﬁ} = (i}g) then (x| = {:ce; ﬁ‘l":}and (Bl = (b}, b}) and

ey [
therefore,

(alB) = ajbo + aib

(Bla) = bjao + bia) (5.10)

And clearly, they differ by a conjugate operation only. Therefore, Eq.
(5.9) makes sense.

This is a very important equation and [ hope you can memorize
it. There is a special case when a = . This means (¢ |e) = {c|e}* This
is just the inner product of vector «a to itself and it says that the result
equals its complex conjugate. Since only a real number equals its
complex conjugate, it means the inner product of any vector to itself
must be real. This is also expected because the length of a vector is
better to be real.

With the new knowledge in bra-ket operations, let us revisit the
concept of orthonormality and normalization one more time.

If two vectors are orthogonal to each other, their inner product is
Zero.

{a|B) =0 (5.11)
If a vector is normalized, its inner product is 1.
(ala) = 1 (5.12)
To normalize a vector, Eq. (4.18) can be succinctly written as
V)= (5.13)
VVIV)

5.4 Summary

The most important thing we learned in this chapter is that vectors
can be represented on different bases. These different bases might
not be compatible with each other. Therefore, we cannot measure
both of them accurately at the same time. We used a fictitious 2D
plane to illustrate this uncertainty principle. We also learned some
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important bra-ket operations and started seeing the power of bra-
ket notation in simplifying equations.

5.5 More About Python

I would like to spend some more time discussing how to set up
vectors and perform operations in Python. This is instructive
because if you understand the details, you understand vector and
thus matrix operations better.

. . 1 .
To implement vector ¢ = <1> , we can use numpy library as
mentioned in the earlier exercise. For example,

import numpy as np
vli=np.array ([[17],[2]11)
print (v1)

It gives this column vector.

[[0.+1.5]
[2.40.3]]

If you print its shape, you have

print (vl.shape)
(2, 1)

I can normalize it by using the function “np.linalg.norm,”

v2 = vl/np.linalg.norm(vl)
print (v2)

[[0. +0.44721367]
[0.89442719+0.75 1]

To prove it is normalized, I can perform vector dot product

print (np.vdot (v2,v2))
(0.9999999999999999+07)

You see that the vector dot product does the transpose and also
conjugation implicitly for you already. We can also create the bra
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version of v2 by using transpose and conjugation,

vZ2_ t=np.conjugate (np.transpose (v2))
print(v2 t)

print (v2 t.shape)

[[0. -0.447213673 0.89442719-0.3 11
(1, 2)

It gives a row vector of 1 x 2, and compared to v2, you do see it
has a negative sign in front of 0.4472136;j.

Now, I cannot use the vector dot product, np.vdot. I need to use
the regular dot product, np.dot to perform normality check.

print (np.dot (v2 t,v2))
[[1.+40.3]]

You see we get the same result. Although the data types are
different, we will ignore them for now.
Problems

5.1 Basis Change by Hand
Vector |v]) = E

I
2) is in the 4} / |—} basis. Represent it in the
|04 / |1} basis. Try to find +} and |-} in terms of 0)and |1} and perform
the substitution. To check your answer, convert it back to +} / |—}
using the equations introduced in this chapter and you should get
back (12).
5.2 Vector Normalization by Hand and Using Python
5 1y . : .
Normalize |v]) = (2) in 4} / |-} basis. Use Google Colab to verify

your answer.

5.3 Measurement Probability
For the |y} ) in the last question, what is the probability to find +}
in the +} / |—} basis measurement?

5.4 Vector Normalization by Hand and Using Python 2
Normalize |p; ) in the [0} / |1} basis. What is the probability to find

0)in the |0} / |1} basis measurement? Use Google Colab to verify your
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dNSwer.

5.5 Basis Change and Measurement

IfI get|1)in the measurement in Problem 5.4, what is the
probability of getting +} if | measure again in the +} / |—} basis
measurement? (hint: after getting|1}, how to represent it in the
+} / |—) basis?)
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6.1 Learning Outcomes

Understand the connections between operator matrices and
observables; Able to find the eigenvalues and eigenvectors of a
matrix.

6.2 Observables and Operators

Any quantum mechanical state is a vector and it is a linear
combination of the basis vectors in a given basis. How do we find the
basis? What is a reasonable basis? Let me give you a simplified and
incomplete view first. This is related to the so-called observables.
Observables are something we can observe and measure. For
example, the position, momentum, and spin of an electron are its
observables. We say that if we measure a state, it will collapse to one
of the basis states corresponding to an observable. Then it means
that the basis state (vector) must be a value we can understand
classically. For example, the position is an observable for an electron.
How do we measure the position of an electron? We can check where
it strikes the electron detector. When we measure its position
(detected by the detector), its state collapses to one of the basis
states, which is just a position vector and may be (x,y, z) = (1.1, 0,
—10). We can call this basis vector any name such as|1.1, 0, —10). We
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can also measure the spin in the ; direction. Since we are talking
about measurement, we need to be specific on how we will do the
measurement. To measure in the ; direction, I need to apply a
magnetic field in the —? direction, and through some processes (e.g.
photon emission but let us do not worry about the details now), we
measure its energy. If it has lower energy, [ know it collapses to the 1)
state. If it has higher energy, | know it collapses to the|l) state. I can
also measure its spin in the ; direction, but this time I need to apply
the magnetic field in the ; direction. If the energy level measured is
low, [ know it collapses to the |« state. If the energy level measured
is high, I know it collapses to the —) state.

We see that every measurement corresponds to an observable
and each measurement result must be a basis state corresponding to
that observable/measurement. Therefore, it is very normal to choose
the possible measurement results to form the basis states. For the
position observable, the basis contains the basis states of (x, y, z),
and since x, y, z can take any values, it has an infinite number of basis
states. This looks very weird, but this is exactly what quantum
mechanics is about. The electron can be in a superposition of all the
basis states. That means it can be inside your body or at the edge of
the universe at the same time (but with different coefficients and
thus probabilities). When you measure it, it collapses to one basis
state, i.e. one position. That is why people argue that the Moon is
only there when you look at it (a measurement). Otherwise, it is
everywhere in the universe. Of course, this does not really happen
because, in a macroscopic object, coherence is usually destroyed and
quantum mechanics converges to classical mechanics. So do not be
too romantic.

Similarly, for the measurement of the electron energy under a
magnetic field in the — 2 direction, we can use t)and |} as the basis
vectors. Do we have more basis vectors for this? No, because physics
tells us that there are only two energy levels we can measure using
this method. This is also true if we try to measure the energies when
we apply a magnetic field in the 4 direction and we will form a basis
using |«) and — ). Note that for the same electron state, we can
represent it as a linear combination of t)and |/} or|<)and —}as
discussed earlier.

In summary, a basis formed by the basis states corresponding to an
observable is a convenient choice in the formulation of the quantum
computing problems.
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There are two formalisms in quantum mechanics. One is the
wave quantum mechanics by Erwin Schrodinger and you probably
have heard of Schrédinger Equation, which describes how a
quantum state evolves. In this formalism, we describe the physics by
differential equations and differential operators. However, they are
not convenient. And in certain types of problems, they are not
intuitive. We will not use this approach here. The other formalism is
the matrix quantum mechanics. It was proposed independently by
Werner Heisenberg. It has exactly the same content as the wave
quantum mechanics including Schrodinger equation, but all in
matrix form. This is very useful in quantum computing. It is
particularly powerful when we combine it with Dirac’s bra-ket
notation. We have been using matrix quantum mechanics since the
beginning. We represent quantum mechanical states as vectors. Of
course, for each vector in either row or column form, we need to
specify clearly which basis we are using.

But how do we describe the evolution of a quantum state? This is
represented by an operator. An operator operates on a vector. It
transforms the vector from one to another. You probably have
learned computer graphics in which we use matrices to transform an
image which is nothing but just a collection of real space vectors. The
transformation can be stretching and rotation, etc. In quantum
computing, if you remember, we say that it is nothing but just the
rotation of vectors (states) in the hyperspace. In the matrix quantum
mechanics, operators are represented as matrix. We will discuss how
to construct an operator later. Now, let us understand its properties
first.

6.3 Eigenvalues and Eigenvectors

There is a special type of operators that correspond to some
observables/measurements. For example, the operator
corresponding to the measurement of electron spin in the 2

direction is given das
O, = 6.1

This is not exactly the operator for measuring the energy and is
correct up to a scaling factor. But for simplicity, we will use it in most
of the following text. Again, this is given by the physicist, so please
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take it as it is now, but you will see that it makes sense. Firstly, this is
a 2 x 2 matrix. It has two rows and two columns. Let us recall that we
index the elements in the matrix by using row-column numbering
and it starts from O to n - 1 if there are n rows and columns. For
example, the element (0, 1) is in row 0 and column 1 and it is 0. You
need to make sure you are familiar with this convention. Let us try to

|
operate on the two possible measurable outputs, i.e.[1) = [0) = ( )

0
0
andll}=ll}=(|).
(1L ON(1\ [ 1x14+0x0) (1| _
oz 11 = (0 —1) (0) - ((‘)x 14+ —1 x(‘)) - (0) =
(1 ON(O) [ 1x04+0x1Y)_ [0y
UZH)_(O—I)(I)_((')x(')—l——lxl)_ (1)_ )

We see that both t)and|l) are unchanged when acted by o ,, with

t)and |} scaled by 1 and - 1, respectively. Note that while it scales |}
by - 1, the vector is still the same in quantum mechanics. Scaling a
vector by — 1 is just the same as prepending a phase factor to that
vector which will be discussed later.

Equation (6.2) tells us that 1) and |} are the eigenstates of the
operator o , with eigenspins 1 and - 1, respectively. We may also say

(6.2)

(2) and <§> are the eigenvectors of the matrix o , with

eigenvalues 1 and - 1, respectively. Both sentences are equivalent.
Note that when we say o , corresponds to the measurement of
the spin in the 7 direction, it does NOT mean that we use o , to

perform the measurement. A measurement is a collapsing process of
the wavefunction and is completely random. It only means that the
eigenvalues of o , are those possible values that can be measured.

In general, for an operator A which does not need to correspond to
any observables/measurements, if it operates on a vector «} and
results ina |a}, then we say a} and a are the eigenvector and
eigenvalue of 4, respectively.

Ala) = ala) (6.3)

Note that I call it @} just to show that it is a vector with eigenvalue
a. If you remember, we can call it any name. [ can call it
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A |Sam) = a |Sam)as well. That also means when we apply the
operator to its eigenvectors, it only scales the vector by its
eigenvalues. It does not perform other transformations like rotation.
This is why the eigenvector is so special.

What if I operate o , on|<)and — ) (i.e. +}and|—})? Since we are
using matrix representation, as we have been emphasizing, we need
to make sure which basis we want to use so that we know what
components we have in the column vector (e.g. Fig. 5.1). Let us still
use the t)and|}) (i.e. 0)and|l}) as the basis. Then we should
represent |« and —)as the linear combinations of 0jand|1). We did
that in the exercise of the previous chapters already. Or, from Fig. 5.1,
we see that

, |
+) =50} +11) = = (1)

" | 1 (6.4)
|—) = f(|()) — 1)) = 2 (_l)

Example 6.1 Show that +} and |-} are not the eigenvectors of o ,,.

- |+>_(1 (_))L(l)_i(lxl—l—(_)xl)_i(1)_|_>
-1\ L2 \oxT+—-1x1) S \=1)
(6.5)

o 1=} = Foy L /Z1y_ 1 /1x14+40x=1Y\_ 1 /1 i
0= La\=) L \Ox I +—1x—=1) SH\1)

You see that o , transforms, and in other words rotates +} to |-}
and vice versa. Therefore, +} and |-} are not the eigenvalues of o ,.

We know +} and |-} are the eigenvectors of the operator
corresponding to the measurement of electron spin in the
direction. Let us call it o ,. What is the matrix form of it then? This

can be found by using the definition of Eq. (6.3). It is lengthy but I
hope you can follow it closely because this will reinforce the
understanding of several critical concepts. We can write

(6.6)
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1 by |
Ox I = (a d) ﬁ

|_>_’(ab)‘i l)__(axl—l—bx—l)
7 \ed/) S \—-1) S \ex14+dx—I
I (a—b B |
- _ — B|—
,\ﬁ(c_d) NG (—1) A=)

Here, o , is assumed to be ( ab c d ) and we need to find q, b, c,

and d, which are complex numbers. The first equation assumes +} is
the eigenvector of o , with eigenvalue a and the second equation

assumes |} is the eigenvector of o , with eigenvalue . Again, why we

V2

because we are using the |0} / | 1} basis, so I can use Eq. (6.4).
Equating the entries of the last two terms, we get four equations,

a+b=a and c+d=«
a—b=pF and c—d=-p0

This is not enough to solve for a, b, ¢, d, @, and . But physics tells
us that the two eigenvalues must be 1 and - 1. This is because, in the
empty space, there is no difference between up/down and left/right
(we call this isotropic). If measuring in the 2 direction we get either
1 or — 1, we should expect to get 1 or — 1 also if we measure in the 3
direction. Therefore, we can set =1 and f§ = -1. There are some
important properties for o , to obey to help us find g, b, ¢, and d, but

we will only discuss later. For now, you can check thata=d=0and b
=c =1 are valid solutions. Therefore,

(01 8
am—lo (6.8)

Now [ want you to ask yourselves one more time. Which basis are

1
) ? Correct, itis the|0) / |1}

1 5 1 ..
or why can we represent +}as —= (1) and|-}as v] = <1> ? This is

(6.7)

10

basis. If we write in +} / |—} basis, how would it look like? It will be
(6.9)

we using when we write o, = (
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1 0
Gxa|+)/|_) — () —l

Do you still remember in Egs. (3.6) and (3.7) we also write the
same vector with different column representations in different
bases? This is the same for operators. I actually can write Eq. (6.9)
without a second thought. Why? Again, this is because the space is
isotropic. If we use the basis formed by the eigenvectors of o , (i.e.

+} / |—1), then it is exactly the same as o , when|(}) / |1} is used as

the basis. Please take a pause and try your best to understand. This is
very important to understand quantum computing algorithms.

6.4 Eigenvalues and Eigenvectors Finding

and Phase Factor

Finally, let us practice how to find eigenvectors and eigenvalues.
Previously, you were given the eigenvectors and eigenvalues of o ,,

and you found o ,. Now assume o , is given as in Eq. (6.8); how do we

find its eigenvalues and eigenvectors?
Again we set up the equations as in Eq. (6.6) and assume the
eigenvector to be ( e f)and the eigenvalue to be y. We have

: 01 e Oxe+1xf f
0, |eigenvector) = L0 . — I xed0x f — .
' ' AR 7 (6.10)

()

= y |eigenvector) =y (f)

Therefore,
}=ne
e=9f

Substituting the second equation into the first one, we obtain y 2
= 1. Therefore, the eigenvalues, y, are 1. This is the same as given in
the previous part.

Remember only normalized vectors are meaningful because the
sum of the probabilities of collapsing into each state needs to be 1?
Therefore, we need |e|? + | f|* = 1.

When y=1, from Eq. (6.11) , e=f, and therefore

le|> +|f|*=le]* +|e|*=1,ande= [ = J% is a solution.

(6.11)
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When y=-1, from Eq. (6.11), e =—f, and therefore
le|> + |fI?=|e|* + |—¢|* =L ande = —f = \% is a solution.

1
Therefore, the corresponding eigenvectors are \/Lﬁ <1> (i.e. +})

1

Since e and f may be complex numbers, there are actually infinite
numbers of solutions (eigenvectors). However, every solution is just
different from +} and |-} by a phase factor. Phase factor is very
important in quantum computing which is used to achieve
interference. A phase factor is a complex number with a magnitude
equal to 1. Therefore, it can be written as e i® where 6 is the phase.
As a reminder, it can be expanded as

e = cosf + isind (6.12)

and v; = <Z> (i.e.|-)), respectively.

However, a phase factor applying to a standalone state has no
physical significance. This is because all physical observables are
related to the inner products of vectors and the phase factor will
disappear. We will discuss more later, but let us have an initial feeling
on it.

What is the inner product of any vector v} to itself? Yes, it is (v|v).
What if v} is scaled by a phase factor e 1? It becomes ¢ |v). What is
the inner product of this new vector to itself? From Eq. (5.7), the bra
version of the new vector becomes (¢/#)* {y| = =" {v| Therefore
the inner product is ¢ |v) i {v| = {v|v} because e ¥ e 10=1.
Therefore, adding a phase factor does not affect the inner product.

6.5 Remarks on Eigenvectors, Basis, and

Measurement

It is important to point out that if v} is an eigenvector of 4, then ¢ |v),
which means v} is scaled by any complex number c, is also an
eigenvector of A. This is trivial because

Alv) =alv)
cAlv) = ca |v) (6.13)
A(clv)) = al(c|v))
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which still satisfies the definition of eigenvector in Eq. (6.3). This
also explains why it is sufficient to only work with normalized
vectors.

For matrix 4, is it possible to have two different eigenvectors, v}
and |}, which are not a scalar scaling of the others (v} # ¢ |u)),
having the same eigenvalue, a? i.e.

Alv) =alv)
Aluy = o lu)
Yes, it is possible and, in such case, the eigenvectors (i.e. quantum
eigenstates) are degenerated. Such situation is called
degeneration. And if this happens, any linear combination of these
two vectors, |¥) = ¢ |v) + d |u), is also an eigenvector of the matrix
and we say the two eigenvectors span an eigenspace of the system.
It can be shown easily.
AlW)=A(c|v)+d|u))
=cA|v) +dA |u)

(6.14)

= ca |v) +da|u) (6.15)
= a(c|v) +d|u))
=« |¥)

We will not use the concept of degeneracy in this book. But I
think this is something very important that you should be aware of.

The matrix corresponding to the energy observable has a very
important role in the matrix form of the Schrédinger equation.
Usually, it is the so-called the Hamiltonian that determines how a
state (vector) evolves (transforms or rotates) with time. For example,
o ., and o , play an important role in rotating the spin of an electron.

Finally, [ want to emphasize again that, for a matrix
corresponding to an observable, it does not perform a measurement
when you apply the matrix to a vector. As you already seen in Eq.
(6.5), it does not collapse |-} to either 0)or|1). By applying a matrix
corresponding to an observable to a state (vector), we only rotate
that vector.

6.6 Summary

Operators are represented as matrices and they determine the
evolution of a quantum state. The matrices rotate the state in the
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hyperspace. However, they only scale and do not rotate a special
group of vectors, namely the eigenvectors of the matrices. We usually
use the observable eigenvectors to form the basis in quantum
computing for convenience. And by definition, their eigenvalues are
the classical measurable values in our daily lives. Therefore, it is
important to know the definition of eigenvectors and eigenvalues
and the methodologies to find them. Let us practice more.

Problems

6.1 Finding Eigenvectors by Hand

This is a tedious exercise. But I want you to go through to practice
the skill of finding eigenvectors. We can also measure the electron
spin in y direction by setting up an external magnetic field in the g
direction. It is given that the corresponding operatoris o ,= (0-ii 0

). Again we are using the |0} / |1} basis. Find the eigenvalues and
eigenvectors in the |0) / |1} basis.

6.2 Finding Eigenvectors Using Python

Use Google Colab to check your answer. What you need is the
function to find the eigenvectors and eigenvalues. The following code
first builds the matrix and then find the eigenvectors and
eigenvalues:

import numpy as np

sigmay=np.array ([[0,-13],[13,0]])

print (sigmay)

eigenvalues, eigenvectors = np.linalg.eig(sigmay)
print (eigenvalues)

print (eigenvectors)
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7.1 Learning Outcomes

Be familiar with Pauli matrices and Pauli vector and their properties;
Be familiar with matrix-vector multiplications; Understand the
importance of adjoint and Hermitian matrices.

7.2 Pauli Spin Matrices

Any quantum mechanical state is a vector. | repeated this important
concept many times already. We can decompose the state (i.e. the
vector) into a linear combination of some basis vectors that span the
space of interest. In this process, the basis states are usually given. It
can be as simple as the position vectors that we understand well or
as abstract as 1) and |}) that we never have had experience with. It
can be as complicated as|Alive) and | Dead) in Schrodinger’s cat,
which is even not understood well in philosophy. The good thing is
that once we have taken the basis states for granted and we are sure
they are complete (i.e. it spans the space of interest) and obey
certain properties, we do not need to understand what they are at
all. We can just use them and may call them any names. This is
something [ would like you to remember whenever you feel confused
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with the physical meaning of the basis vectors. Just like in a classical
computer, you still can be an expert in computing algorithms even
you do not know how the “0” and “1” are physically implemented.

However, some bases are more convenient and meaningful than
others. For example, the eigenvectors of the matrices corresponding
to observables are commonly used as the basis states (see the
previous chapter). This is because after all, we need to retrieve
information from the quantum computer through measurement and
the states must collapse to one of the basis states, which is one of the
eigenstates of the matrices corresponding to the observables. In a
quantum computer, we commonly use observables with 2
eigenstates, which means it spans a 2D space (again, not the 2D
space on your table). This is because it is easier to implement
quantum computers using two-level systems. That is the reason we
still use “bit” in the qubit, as bit stands for “binary digit” like in
classical computing. It is possible to use 3-level systems for quantum
computing too, but this is less practical. One of the common two-
level systems is the electron spin. We say that to perform a spin
measurement, we need to apply an external magnetic field. The
magnetic field can be applied in the 4, 7, and ; directions. Each of
the setups and measurements corresponds to a matrix in matrix
quantum mechanics. They are called Pauli Spin Matrices,

(01
0

o, = (Z OZ> (7.2)
1 0

o, = (O _1> (7.3)

Again, | need to emphasize that the matrices are the
representations of the operators in the matrix quantum mechanics.
The operators are NOT for measurement as a measurement is a
random process. It just happens that these matrices have
eigenvalues equal to the possible measurement outcomes (see the
previous chapter for more details). We have derived their basis
vectors earlier. But I need to ask you again when they are expressed
in Egs. (7.1)-(7.3), which basis are we using? Yes, it is the |0} / |1}
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basis, i.e. the eigenvectors of o ,. This is a question you always need

to ask yourself when performing quantum computing. Another
question you need to keep asking yourself is to identify the symbols
in the equations and algorithms as scalars (real or complex), vectors
(then you know it is a state), or matrices (then you know it is an
operator).

Paul matrices have some important properties. First of all,

10
aizo%:o'z = (0 1) =1 (7.4)

This seems to be very simple. However, it needs to be very clear
what exactly each symbol and operation means. Do not jump over
because if you cannot do this manually, you will get lost in quantum
computing algorithms. The purpose of this book is to make sure you
know the nuts and bolts of quantum computing instead of some
superficial and handwaving arguments.

Example 7.1 Show that 2 = I.

What is g2 ? It is & , 0 ,, which is a matrix-matrix multiplication.

2
T

how it is calculated:

oo (01 (01
= = Tee A1 0)\1 o

_(ox0+ixToxi+1x0N _ 1oy _ o 7
- \Ix04+0x11x1+0x0/) \01/)

Therefore, o is neither a scalar nor a vector but a matrix. This is

10
01

identity matrix. It is just like the “1” in scalar multiplications. Any
scalar multiplied by “1” is unchanged and any matrix (M) or vector (
v}) multiplied by I is unchanged. For example,

o =()1) (;j) - (Z) = Iv) (7.6)
()Y Yw
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7.3 Commutation and Anti-commutation

There are other two important properties with Pauli matrices. The
first one is about their commutation property.

oi0; #0;0; iti#] (7.8)

where i and j can be x, y, or z.
We can also write it as

l0i.0j]|=0i0;—0jo; #0ifi # (7.9)

where o, o ;] is called the commutator bracket or just

commutator.

For example, ifi=x and j =z, then it means o , 0 ,# 6 , 0, and we
say the Pauli matrices do not commute with each other. Matrix is an
operator that rotates a vector in the hyperspace. We apply the matrix
to a vector from the left. For example, & , & ; |v} means we first apply
o , to rotate v} and then o , to further rotate the rotated vector.

Therefore, the equation tells us that applying o , and then o , is
different from applying o , and then o ,. In our daily life, some

operations commute with each other. For example, stepping forward
and laterally (without turning) commute with each other. If you step
forward 10 steps and then step laterally 10 steps (without turning),
it is the same as stepping laterally 10 steps and then stepping
forward 10 steps. However, if turning is an operation, then stepping
forward 10 steps and then turning right is different from turning
right first and then stepping forward 10 steps. So turning right and
stepping forward do not commute with each other. Non-commuting
operators also mean their measurements are incompatible. This is
the Heisenberg Uncertainty Principle due to which we cannot
measure x and z direction spins precisely at the same time (we do
not explain the reason here but just believe me).

Let us keep practicing matrix multiplication and improving our
understanding of the symbols by showingo ,0 ,#20 ,0,.

Example 7.2 Show thato ,0 ,#0 ,0,.
(7.10)
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- ()(0)

O><1+1><O Ox0+1x—-1\ (0 —1
Ix14+0x0 1x0+0x—1/)  \1 0

o= (1)1

[ 1x0+0x 1><1+O><O>_<O 1)

Ox04+—-1x10x14+—-1x0 -1 0

Therefore, 0,0 ,#0 ,0,.

The second property is their anti-commutation property,
{O‘;,(Ij}:(T,'()'j—l—O‘jO‘,':chUI (7.11)
Again, it is very important to understand each symbol thoroughly.
{ﬂ: o f} is the anti-commutator and defined in Eq. (7.11). Itis

different from commutator by just changing “~" to “+.” 6 ;;, again, is

the Kronecker delta, which is one if i =j and zero ifi #j. So is ita
scalar, a vector, or a matrix? Yes, it is just a scalar (and a real number
either 1 or 0). This makes sense because anti-commutator is a matrix
and I is the identity matrix, so § ; must be a scalar like the number

“1” Let us take {o'y. ;] as an example to get more insight. We

already know o0, = v -1 and o0, = v -1 from Eq.
10 10

(7.10), and therefore,

{0v,0;} =00, +0,0,

_ (,)fl n 0 l _ (:)(:) = 25,1 (7.12)
10 —10 00

Here, we introduced the zero matrix, 0. It is also called the null
matrix. The result is correct because § ,,=0 as x # z. We say that the

three Pauli matrices, o ,, 0 » and o , anti-commute with one another

because their anti-commutators are zero.

7.4 Spin Operator in Arbitrary Direction
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What is the spin operator in arbitrary directions? This corresponds
to setting up the magnetic field in an arbitrary direction in the 3D
space we are living in. I will show you the answer and it is very
confusing. However, [ would like you to understand every symbol
and operation. With this, I think you will be pretty familiar with the
concepts of basis, vector, and matrix and you are ready to do
quantum computing after being introduced to a few more essential
concepts.

And again, this spin operator, when expressed as a matrix in the
matrix quantum mechanics, has the eigenvalues corresponding to
the possible measurement outcomes when we measure the spin in
that particular direction. This is just like o , is the operator matrix

with eigenvalues corresponding to the possible outcomes when
performing spin measurement in the 3 direction.
The spin operator, 0, in direction 5; is given by

oi=1 -0 (7.13)

This is very confusing, but we need to understand it thoroughly.
71 is a unit vector in a certain direction in the real 3D space that we
are living in. We may represent it as

n =N, +nyY +n,2 (7.14)

where 7, 7/, and 3 are the unit vectors in the x, y, and z directions in

the real space as depicted in Fig. 7.1. 47 is a vector in our real space.
Ty

It can also be written as |z} or | n, | aslongas we know that the
1
basis vectors are 3, y,and 2 (or|_?},

¥} and 12}). Equation (7.14) and
Fig. 7.1 tell us that §7 is a linear combination of 7, Y,and 3 with
coefficients n,, n ,, and n , respectively. We have repeated such
concepts many times and only this time it is so easy to understand
because it is in the real 3D space that we live in. Since §7 is a unit
vector, which means it is normalized, (|} = |, and based on the
inner product definition, it means (nm ny nz)

Ny

n, | =n2+ n?/ +n? = 1. Then how about 7 ? Is it a matrix like &

n
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./ Butit has an arrow on the top, is it a vector? It is a vector but the
coefficients are matrix. Let us write down the definition of 4.

—

O = 0,0 +0,y+0.2

(01 [0 =i\ (1 0, (7.15)
() () (0 2)

<)

/™y /

o~
X
Fig. 7.1 Decomposition of a unit vector j; inthe 3D real space

This is new. But there is no reason you will reject the idea of
having a vector with matrices as the coefficients as long as the
mathematician tells you that this is useful even you do not know
why. Indeed this is useful and it is called the Pauli vector. There is
no problem for you to accept a linear combination with real
coefficients as in 77 because you have experience with that. You were
also able to accept coefficients to be complex as we have been
discussing (otherwise you would have stopped reading). Then if you
trust the mathematician, I hope you can accept the fact that the
coefficients can be matrices, too. Since 4; is a vector, I can write it in
column form also as long as [ know the basis vectors are 3, ¢, and 3,

(7.16)
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(2 o)
()

And of course, | can write it as |Er } too. Therefore, 0, the spin

Q
I

operator, is just an inner product between the vector 77, which you
have been seeing since middle school, and the vector 7, which you
are so surprised to see but is completely valid. Let us expand the
terms to find 0 to make sure it is indeed a matrix.

—

o; =1-6 = (ii|G)
[ (01Y )
10
0—
= (ﬂ_r ny FL':) ( l)
' i
)
1))
01
_”“'(1 ()) ( ())Jr” (()—1)
(0 ny 0 —iny
B (n‘\- (_)) + (m_\ 0 ) + ((} —n; )
_ n- Ny —Iny
\ny + iny —ng

Let us check the result with a special case. What if 77 is pointing
at the y direction? Then it meansn,=0,n y= 1,and n ,=0.

Substituting the values into Eq. (7.17), we get

On = ¥ 0=l = . which is just o
= lo+ir -0 ) " \i o0 JUSt oy

[ want to ask you the question again. Which basis are we using
when we write the operators (matrices) and states (vectors) in these
equations? Correct, they are in the |0} / |1} basis.

I hope this exercise reinforces your understanding of vector
space and you will not confine yourselves by preoccupied concepts.

(7.17)
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Of course, we always need to make sure the new ideas are
mathematically rigorous by using trustable sources.

7.5 Relationship Between Spin Direction and
Real 3D Space

As mentioned earlier, the basis states of the spin spaces (e.g. 1), L},
|<), —)) are not the same as the real 3D space basis (i.e. ;, 7, and 2
). They belong to different spaces and they do not talk to one another.
If you do not bother to understand that, it is perfectly fine as a
programmer. All you need to do is to remember that they are not the
same. And you can call 1) as 0) to avoid any confusion.

But [ would like to explain a little bit more why there is confusion
and how the study of spin is related to the real 3D space. Let us use
electron spin as an example. In an isotropic space, electrons with
different spin states, ¥}, have the same energy. When a magnetic
field is applied in a certain direction (e.g. %), two particular states
become the eigenstates (i.e. basis vectors) of the new system with
that magnetic field. We call these two states t)and |.}. These two
states have different energies under this external magnetic field and
that is how we distinguish these two states. You see that we can just
call these two states 0)and |1} or |happy)and|sad}. The reason we
call it 1) and |l is because these two states are the eigenstates of a
system formed by the external magnetic field in the £ direction.
Moreover, it also corresponds to the classical spin direction which
will give the corresponding energy change. Therefore, we may say
that the basis states such as 1), 1L}, |<—), — do have a relationship to
the direction in the real space. However, any linear combination of
them loses the connection to the real 3D space. For example,

&) = ﬁ{lﬂ' + |.l}) does not correspond to 3 + —».

7.6 Adjoint and Hermitian Matrices

We say every vector in the ket space has a corresponding vector in
the bra space. An operator acts on a vector by rotating it in the
hyperspace and the result is still a vector (after all, this is just a
matrix-vector multiplication, which should result in a vector). If so,
what will happen to its corresponding vector in the bra space? It is

just like if I rotate myself 90° to the left, what is the corresponding
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operation to my mirror image? It is rotating the image 90° to its
“right.” Based on this analogy, you see that it is not trivial to know
what the corresponding operator in the bra space is for a given
operator in the ket space.

Mathematicians tell us that the corresponding operator in the bra
space is its adjoint matrix. If the matrix is 4, we denote its adjoint
matrix as A T. The way to find the adjoint matrix of 4 is the same as
finding the corresponding vector in the bra space for a given vector
in the ket space, i.e. by applying conjugation, 4 *, and transpose, (4
)T operations.

Let us review again how we label the elements in a matrix. We
use row-column indexing. For example, the i-th row and j-th column
element of matrix A is written as 4 ;. Then the adjoint matrix of 4, i.e.

A T, has its j-th row and i-th column element, i.e., A}L.Z. , equals the

complex conjugate of the i-th row and j-th column element of 4, i.e.

A7;. Note that AJ;Z. and A; are just scalars (complex numbers) and
therefore are not bold. In summary;,
Al = A"
o s (7.18)
Aji o A’ij

Let us look at an example. If A = - ,theno, = L0
01 0 —1
—1 0

. ).By choosing i=0
—1 1

—1 as expected. Note

and o,0, = ((1) _01) . Therefore, AT = (

andj=1inEq. (7.18), Aj; = —¢ and AIO —
that the row and column numbering starts from 0.
How do we operate the matrix on a bra vector? While an operator

operates on ket vector from the left, it operates from the right on the

) i [ i [ —1 +:
bra vector. If|v} = (I)Alv} = (EI ]) (I) = ( | ).The

corresponding vector of A |v) in the bra space is thus (—1 —1 1),

after taking the transpose and conjugation operations. This is just
like after I (i.e. v}) turned right by 90° (applying A) and my image in
the mirror is now (—1 — i 1).1can also apply A T to (v directly from

the right. Since (v| = {—i I:}, W AT = (—i 1) (:i ?) = {:—I —i 1)
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This is just like rotating the mirror image directly by 90° left. The
results are the same.

What if we take the adjoint of the adjoint of a matrix? That is to
perform the adjoint operation (conjugation and transpose) two
times? It is easy to see it reverts to itself.

(Ahf=A (7.19)

If a matrix’s adjoint matrix equals itself, this matrix is self-
adjoint or Hermitian. That is,

A'=A and Al =4; (7.20)
combining with Eq. (7.18), then
A,fj =Aj (7.21)

It means that after performing the transpose and complex
conjugation, the matrix is still the same. This is similar to a real
number, in which after performing complex conjugation, it still
equals itself. The Hermitian matrix is very important in quantum
computing and we will discuss it more in the next chapter.

7.7 Summary

There is a lot of mathematics in this chapter. However, it is necessary
in order to understand quantum computing. [ showed you step by
step how to work on them. Most importantly, you need to remind
yourselves all the time to distinguish scalars, vectors, and matrices in
the symbols. We even show that the coefficients can be a matrix such
as in the Pauli vector. Pauli matrices are very important in quantum
mechanics and computing and [ would like you to memorize them if
you can. We also talked about the adjoint matrix and Hermitian
matrix. They are very important like the bra-ket dual
correspondence and real number, respectively.

Problems

7.1 Pauli Matrix Multiplication by Hand and Using Python
Use hand calculation to show that (a* b*). Then verify with

Colab using the following codes. Note that np.matmul is for matrix
multiplication.
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import numpy as np
sigmay=np.array ([[0,-13],[13,0]])
print (sigmay)

print (np.matmul (sigmay, sigmay))

7.2 Pauli Matrix Multiplication by Hand and Using Python
Repeat the previous question for a-i = I using both hand

calculation and Colab.

7.3 Proof of Hermitianity

Show that o y is Hermitian. Hints: find O';;T and show that it is the

same as o . Verify using Colab.

7.4 Operation of Paul Matrix on Bra and Ket

Find o y [0), (0] & y. Are they the same? Why? Verify using Colab.
You can use np.dot for matrix-vector multiplication. The following
shows how to do oy |0},

zerospin=np.array ([[1],[0]1])
print (zerospin.shape)

np.dot (sigmay, zerospin)
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8.1 Learning Outcomes

Understand the rules of manipulating operators in the bra and ket
spaces; Appreciate the importance of Hermitian matrices and their
relationship to observables; Have an intuitive understanding of
projection operators; Understand the difference between inner and
outer products.

8.2 Operator Rules in the Bra-ket Notation

We know that an operator is a matrix, e.g. M. An operator in quantum
computing rotates the vector (a quantum state), «}, in a hyperspace.
Therefore, when it operates on a vector, it gives another vector (i.e. a
rotated vector), cf"}. Naturally, an operator obeys matrix operation

rules. We already tried that but let us write down the equation so
that we are more familiar with the notations.

o) = M(j)) = M |a) (8.1)

If there are two operators, M and N, that give the same final
vector after rotating the same vector, «}, for all «} in the space, then
they must be the same,

86


https://doi.org/10.1007/978-3-030-98339-0_8

M|e)=Nla), Vi) = M=N (8.2)

This is true unless the space only contains 0). 0) is the so-called
null vector. It is just like the zero in real number that anything
multiplied by it will be a 0). But remember it is still a vector. For
example, in a 2-D space (not necessarily the real 2D space on the

0
table), |0} = (El) In a 4-D space, |0} = g . What are their

0
corresponding bra vectors? Yes, they are (0| = {0 OJand

(0] = (0 0 0 0)in the 2-D and 4-D spaces, respectively. As you can see,

any matrix multiplied by it will result in a null vector.

We may also have a null operator, 0, which gives null vector
after operating on any vector, «}. This is the zero matrix mentioned
in the last chapter.

0a) =10) (8.3)
What does it look like in matrix form? It has all elements equal to

zero. In a 2D space, 0 = (O O) .

00
As a matrix, the operator should obey distribution law also.
M(Cyla) +Cp|B)) = CoM |a) + CgM |B) (8.4)

where C , and C g are scalars (any complex numbers). Again, it is very

important to keep track of the meaning of each symbol and ask
yourself if it is a scalar, vector, or matrix and if it is still a scalar;
vector or matrix after multiplications. This equation tells us that
applying M to (i.e. rotating) the linear combination of two vectors,
Cy lay + Cg | ), is the same as rotating them individually first (M |ct)
and M |£)), and then perform the linear combination of the rotated
vectors.

Due to dual correspondence, a vector in the ket space, «}, like
yourself in the real space, has a corresponding vector in the bra
space, (&, like your image in the mirror. Then the rotated vector in the
ket space, cr:"}, like your body rotated right, must also have a

corresponding vector in the bra space, (e}, like your mirror image

rotated left. We can represent what I say as
(8.5)
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{oz|MT:<a/' & M) =

«)

You can see that I need to apply the adjoint of the operator, i.e.
M T, from the right to the vector in the bra space. This is just the rule
and you need to trust me that this is how it works. But why does it
have to be applied from the right? This is the requirement for matrix
operations. We showed an example in the last chapter already. And
this is because (@ is a row vector, we can only multiply a matrix from
the right. Note that based on Eq. (7.19), we can also say M is the
adjoint of M T because M = (M 1), So the operators in the ket and bra
spaces are the adjoint of each other.

The vector in the bra space should also obey the distribution law.
Let us look at the bra version of Eq. (8.4).

(C {ol + CEBIMT = C (| MT + C (BI M (8.6)

Finally, we need to study a very important rule, the associative
axiom. [ would like you to follow closely because this is a very
important step to understand the details of operators in the bra-ket
notation. The associative axiom can be written as this equation,

({aDM B)) = (| M)(1B)) (8.7)

The left-hand side is the inner product of two vectors, ¢} and
M |£), and the product is a scalar. M |#) is a vector because it is the
rotation of #)in the hyperspace by the operator M. To do inner
product, based on the rule, we multiply the bra version of «}, i.e. (o,

)

with the ket version of M |£). Let’s look at an example. Let ) =

() G- ) ()

and, thus, ({e[ WM |8}) = (2 —i) ( I—H) = —2 4, whichisa

scalar complex number as expected. Note that (« is (2 —i) after

f-"_'"m

,
taking the transpose and conjugation of et} = (“)
I

The right-hand side is also the inner product of two vectors. It is
the multiplication of the bra space vector (@| M and the ket space
vector #), and the product is a scalar. Let’s continue the numerical

example. {or| M = (2 —i) (! {

0 I) = (2¢ i), which is still a vector in the
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bra space (row vector). So, {{e| M)(|5}) = (2i i} (:) = =241,

which is a scalar and the same as the left-hand-side.

It is important to note that we do not use M T in this process
because we are not performing any ket-space to bra-space mapping.
We are purely using the associative rule to find the inner product.
You may also ask yourself what is the corresponding ket space vector
for (@| M to test your understanding of the bra-ket notation. And yes,
based on Eq. (8.5), itis M |a).

The associative axiom in Eq. (8.7) tells us that we may apply M to
the left first or the right first and the result is the same.

What is the corresponding bra space vector of M |£)? Firstly,
since M |£)is a vector, I can write it as M ). We have emphasized
many times that this is just a way to represent a vector. As long as it
is clear, we can write in any form we like. The way I am writing here
is clear to me that this vector is a vector after applying M to g). The
left-hand side of Eq. (8.7) can also be written as:

(a))(M |B)) = («|MB) (8.8)
And the corresponding bra space vector must be (M g by
definition. Now, we still remember from Eq. (5.9), (|8} = {#|e)®
therefore,
(@M pB) = (MBla)* (8.9)

But we also know that due to dual correspondence, the
corresponding bra vector of M |£)is also (g| M. So the right-hand

side of Eq. (8.9) can be written as (({g| MT) |ce})* Now due to the

associative axiom, we can remove the parentheses, as the evaluation
order does not matter. Then we have

(@|M|B) = (B|M|a) (8.10)

This equation tells us that if you apply complex conjugation, swap
the vectors in the bra and ket space, and replace the operator with its
adjoint, you get the same answer!

[ hope you are familiar with the notation of (& | M |} now. This is
just the multiplication of a row vector to a matrix and then to a
column vector from the left to the right in the form of
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8.3 Eigenvalues of Hermitian Matrix

We have gone through some very complex math for operators. I hope
you treat this seriously because this is essential for you to
understand quantum computing. And please always ask yourselves
how the scalar, vector, and matrix evolve to another scalar, vector,
and matrix in various operations. In the last chapter, we say
Hermitian matrices are very important in quantum computing. This
is because Hermitian matrices have real eigenvalues. We already
mentioned that matrices correspond to operators and some of them
even correspond to measurements (e.g. Pauli spin matrices) and
observables. The measured values are the values we read in our daily
life and must be real numbers (e.g. £ 1). Therefore, all operators
corresponding to observables and measurements must be
Hermitian. Now let us prove that the eigenvalues of a Hermitian
matrix must be real.

If a matrix M is Hermitian, it means M T = M. If A ;and i} are its i-th

eigenvalue and eigenvector, respectively, by definition, we have
M iy = 2 |i) (8.11)

By finding the inner product of vector M |} (again, this is the
rotation of i} by M and it is a vector) and ¢}, Eq. (8.11) becomes

((IM]i) = (i|Aili) = 2 {ili) (8.12)
I can pull 1 ; out because it is just a scalar. What is (i |i}? [tis just 1

if we assume M’s eigenvectors are normalized. But 1 also know,
[Mi) = (i | M| i\" due to Eq. (8.10), where I swap the vectors in the

bra and ket space, take the adjoint of M and then take the complex
conjugate of the resulting scalar. However, since M is Hermitian,
(i |M’T|é}1 = {i|M|i}*, therefore,
(i|M|i) = ((|M|i)* (8.13)
Due to Eq. (8.12), we thus have \; = A\7. And A ; must be real as it
equals to its complex conjugate.
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8.4 Copenhagen Interpretation/Born Rule

and Projection Operator

We showed that the operator that corresponds to an observable is
required to be Hermitian to be meaningful so that it will have real
eigenvalues. This is related to the Copenhagen Interpretation we
discussed earlier. It states that
If an observable corresponding to a self-adjoint operator (i.e.

Hermitian) M with discrete spectrum is measured in a system with
normalized state ¥, then
(1) _ _

The result will be one of the eigenvalues A ; of M.
(2) — o

The probability is (¥ | P; |¥), where P ; is projection operator to

project any state to the subspace of i).

This looks complicated but you understand it well already. First of
all, it just reiterates that an observable must correspond to a
Hermitian operator and it must have real eigenvalues. The system
may be in an arbitrary quantum state ¥) (and we assumed it is
normalized, i.e. (¥ |¢) = 1). We can measure the system using a
measurement method corresponding to an operator M (e.g. the spin
measurement in the z-direction corresponds to o ,). Here we assume

the operator has N discrete spectrum of eigenvalues, A ;, where i runs
from 0 to N - 1. For example, the eigenvalues of o , are either + 1 or -
1(ie.N=2,1,=+1,1,=-1),soitis discrete. As a side note, if what
we are measuring is location x by using the x operator, it can be any
real number and it is continuous.

The first statement tells us that when we perform a

measurement corresponding to M, it must collapse to an eigenstate,
i}, corresponding to one of the eigenvalues, A ;, of M (e.g. either spin

up or down in the o , case). We know this well and we have

discussed using analogies of spinning coins or the girl’s state earlier.
The second statement tells us the probability of a certain state we
will get. We learned that the probability @) will collapse to i} is the
magnitude square of the coefficient of i} when ¥) is expressed as the
linear combination of the basis states formed by the eigenstates of M.

For example, we can rewrite Eq. (4.15) as
(8.14)
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W) =uap|0)4+ar|l)+---Fan_1|N = 1)
The probability to get state i} is just |a; ]2. This is very easy to find
when we are using the eigenstates of M as the basis states to
expand/represent ¥ ) because it is just the square of the magnitude
of the coefficient. In the above statement, it gives a more general
equation to find the probability, i.e. (4| P; |¥ ), by introducing the
projection operator, P ;. This will be very useful when ¢} is not
expressed as a linear combination of its eigenstates (i.e. another
basis is used). The projection operator is just a matrix. What it does
is to project a state into a subspace. In our real 3D space, a building
has a 3D nature that has height, width, and depth. We can project its
shadow on the floor, maybe the 2D x-y plane, or on a vertical wall,
maybe the 2D y-z plane. The floor and the wall are the subspaces of
the 3D space we live in. To do so, we need to adjust the light source
accordingly, which corresponds to two different projection
operations. The concept is the same in linear algebra. ¥)is a vector in
a high dimensional space. We can project it to a lower dimension
space using an appropriate projection operator. Here P ; is the

projection operator that will project an arbitrary vector ¢ to the
subspace spanned by i}. The equation to form the projection
operator is very simple and the projection operator that projects a
vector to a subspace formed by i} is given by

P, = i) (il (8.15)

It looks very simple but also very confusing. What is the meaning
of a ket on the left of a bra? Is it a scalar, vector, or matrix? We
already say P ;is a projection operator, so it must be a matrix.

Therefore, a ket multiplied by a bra is a matrix and this is called the
outer product or tensor product of vectors. This is an important
concept and [ will show you that it is very easy to construct on a
certain basis. Let us write it in matrix form but then we need to
choose a set of basis states first. The easiest one is to choose the
eigenstates of M as the basis states. Then by definition,

| 0 0
| 0 1 0
o=|.1 m=|.] - wn-n=]| (8.16)

0 0 1
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So i} has the i-th entry non-zero in a column vector and (i has the
i-th entry non-zero in a row vector. Let’'s assume N=4 and i = 2, we
have

P = P, =12) (2
0 0000
0 0000 (8.17)
0010
0 0000
If you try to derive it, you see that P ; is a matrix with zero

elements everywhere except the i-th diagonal element.
Let us see how P ;accomplish the projection task and firstly I

want to show you the power of Dirac notation. Let us apply P ; to ¥
in Eq. (8.14),

P |¥) = Pi(ap|0) +ar[1) +---+ay_1 [N — 1)) (8.18)
We can distribute P ; into each term due to the distribution rule
in Eq. (8.4),
P; W) = Pi(ap [0) + a1 [1) +---+an—1 IN = 1))
=aoP;i 0 +a P [1) +---+an_1 P [N — 1) (8.19)
=ag i) G 10) +ap [0} (@] 11y + - +an—1 ) G [N — 1)

Due to the association rule,
ajliy (] |j)=a;liy (4| [j}) =a;li;{i]j)forj=0to N-1.Since the
basis states are supposed to be orthonormal (Egs. (5.11) and (5.12)),
only (i|i)is non-zero. Therefore, P; |¥} = a; |i} (i| |i}) = a; |i}. You
can see that the projection operation removes all the orthogonal
components and only keeps the component in the subspace spanned
by i}. Then we apply the bra vector (¢ from the left,
(WP} = (W(P;|¥)) = (Pl(a;li})
= (a5 Ol +ai {1l +---+axn_; (N —=1Da; i)
= afj‘a; Oli)y + a?‘a{' (i) 4+---+ ct}‘{_la; (N — 1]i
)

— i = il

| (8.20)

Here, we expand the bra vector (¥ as a linear combination of the
basis vectors in their bra form. Or you can think of the expression as
the bra form of Eq. (8.14). Then we apply the distribution and
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orthogonality rules to get the final expression. You see that (¥ | P; |é )
does give the probability of measuring i}, i.e. \Clz‘|2-
What if we apply P ; twice? Intuitively, if we project the vector, ¥,

on a basis vector and then project that resulting vector, P; |4}, on the
same basis again, we expect no change. Indeed,

P Pi |¥) = P i) (i [¥) = i) @I [0) Gl 1¥)
= 6) (G] [0) GHY) = 1) (D) G ) = P |¥)

where we used the fact that it is an orthonormal basis and thus
(i|i} = 1. Therefore,

(8.21)

P,P; = P; (8.22)

8.5 Summary

Again we went through a lot of mathematics in this chapter. We are
almost equipped with all the skills necessary to understand quantum
computing and perform simulations. We know how to apply
operators in the bra and ket spaces. In particular, we find that the
associative axiom is very useful to simplify an expression, through
which we can perform the trivial operation first. We proved
Hermitian matrix has real eigenvalues. We also introduced the
projection operator and outer product concepts. These two concepts
are very useful in the future “steps”. Let’s practice more and enhance
our understanding of the math involved.

Problems

8.1 Find Eigenvalues using Colab
Find the eigenvectors and eigenvalues of o , using colab. You may

use this code. But please ask yourself, which basis are we using when
we express o , in the following form?

import numpy as np

sigmax=np.array ([[0,1],[1,01])

print (sigmax)

eigenvalues, eigenvectors = np.linalg.eig(sigmax)
print (eigenvalues)

print (eigenvectors)

8.2 Construct Projection Operator
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Now, use hand calculation, derive the projection operators to
project to the eigenstates of o ,,.

8.3 Use Projection Operator to find Measurement probability
Use the projector equation to find the probability of measuring
spin up and down when it is applied to the eigenvectors of o , Hints:

you should get 50% for all of them.

8.4 Vector normalization by hand and using python 2
Check Problem 8.3 using co-lab. Hints:

Use np.transpose for transpose
Use np.dot for multiplication, including outer product

Use np.linalg.eig to find eigenvalues
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9. Eigenvalue, Matrix Diagonalization
and Unitary Matrix

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Eigenvalue - Matrix diagonalization — Unitary matrix

9.1 Learning Outcomes

Understand the meaning of matrix diagonalization and its
equivalence to finding eigenvalues and eigenvectors; able to find
eigenvalues and eigenvectors; understand the importance of unitary
matrix and its properties.

9.2 Eigenvalues and Matrix Diagonalization

We have learned how to find the eigenvalues and eigenvectors in
Chap. 6. Here I would like to reinforce the concept by showing a
more general example and then introduce the concept of matrix
diagonalization. This is related to the change of basis which we have
discussed earlier and will go into more details later.

For any matrix, A, with dimension n x n, it can be written as the
following with n rows and n columns.

0,0 ap1 - Aop—1
1,0 ay1 - A1p-1
A=| N | = (aiy) (9.1)
ap—-10 Ap—11 *°° Ap—1n—1

We index the matrix elements using the row-column convention.
We may also write it as (a ;) to indicate that the matrix has the i-th
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row and j-th column element equals to a ;. We know these well.
To find its eigenvalues, A ;, and eigenvectors, i}, we need to solve
the following equation,

Ali) = A li) (9.2)

Let me remind you again, the eigenvector of a matrix is so special
because when you apply the matrix to that vector, the vector is not
rotated but just scaled by a scalar. This is what Eq. (9.2) tells us. As a

1
reminder, i} is a column vector. For example, i} may be 0 ifn=4.
5
¥
o : :
In general, |1} = ~ [ffor an n-dimensional vector. Therefore, Eq.
p—1
(9.2) can be written as
ap,0  do,1 vt don—1 ol oo
. ao dil - dip—1 od! o]
Ali) = : L . ol =A] . (9.3)
Up—1,0 dp—1,1 ** - dp—1,n—1 Op—1 Up—1

The right-hand side is the multiplication of a scalar and a vector.
But we can also write it as a matrix-vector multiplication,

ap.0 agp. 1 -+ don-—1 044]
. aro ar.1 -+ dinp—1 o]
Ali) =
Apn—1,0 dp—1,1 =+ - dp—1,n—1 Opn—1

}Vf 0.---0 &) (9'4)

0 }\,{' - 0 0]
=1. .. . .| =200

00 .- A oy

We see that a scalar multiplied to a vector acts the same as a
diagonal matrix with the scalar value as the diagonal element
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multiplied to that vector. This is because 4; |i) = i;[I |i), where I is
the identity matrix. If we move the right-hand side term to the left,
we have

apo—Ari ao| - an.n—1 Qg 0
ayro Ay — A ay p—1 o] 0

A-nDliy=| . - : . 1=1.1]0.5)
dn—1,0 dp—1,1 -~ dp—1,n—1 — A Up—1 0

The right-hand side is the null vector 0. We need to equate the left
to the right and there are n equations. For the j-th row, we need to
equate

(CLjp)Oé() + (CLjJ)Oél + -+ (am — )\j)Oéj + -+ (aj,n—l)@n—l = 0(9.6)
Here you need to trust me if you forgot or have not learned how

to solve for A ;and a ;'s. If all @ ;s equal to zero, i.e. i} = 0, thatis a

valid solution but this is useless to us. We want to find non-zero i}
which will be the eigenvectors of A. We have n equations and n
variables (a o to a ,_1) (note that A ;is not a variable in this

perspective). The theory tells us that we need to make the
determinant of the matrix in Eq. (9.5) zero.

apo — Ai ap,1 e ap.n—1
a1,0 app — N - a1n—1
A= NI[=| U i =0 (9.7
ap—1,0 Qp—-11 *°° Qp—1n-1 — Ai

This is equivalent to what we did in Chap. 6. Let us repeat what
we did in Chap. 6 but use the new equations to make sure we are
familiar with the process. We want to find the eigenvalues and

. . 01 .
eigenvectors of o ,. Since o, = L o) the equation we need to
solve is
apo — N\ a 00—\ 1
0,0 0,1 _ i —0 (9.8)
arp a1 — A I 0=\

The determinant is thus -1 ;x-A ;-1 x 1. Therefore, the equation
becomes,

N —1=0 (9.9)

1
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And thus, A ;=+1. We can assign, A j=1 and A ; =-1. This is what

we got in Chap. 6. Now, | know the eigenvalues. I can use them in Eq.
(9.5) to find the eigenvectors. For A ;= 1, we have

ap,0 — >\() ao,1 ap) 0—1 1 ag) 0
( ai1,0 a1l — )\0> (Oq) N ( 1 0 — 1) <@1> o (O) (9.10)

This gives us two equations,
(0—1ag+ (1)ay =0
(1)040 + (0 — 1)&1 =0

This is the same as Eq. (6.11) wheree=a o, f=a {,and y=1. So

(9.11)

/2

I
we will not solve it again. The answer is|+} = = (I ) forA,=1.

V2

. I
And for A , = -1, the eigenvector is|—} = 1 ( l)' Note that I call
the vector corresponding to eigenvalue +1, i.e. A 5, +} and that
corresponding to eigenvalue -1, i.e. A {,|—}. I could have called them 0;

and |1}, respectively, but I do not want to confuse it with the basis
vectors of o ,,.

Let me ask you the question again, which set of basis vectors are
we using when we performed the derivations? Yes, we have been

. . Q0
using the basis vectors of o ,. For example, < 0> means
631

g |0 + @y |1) instead of, for example, e |[+) 4 | |—}
We can also represent o , in the basis formed by its eigenvectors,

|
+yand|—-). Weknow |+} = 1 x |[+) + 0 x |—) = (D)and

0
=y =0x|+)+1x|-)= (l) How would o , look like? We

already mentioned this in Eqg. (6.9),

1 0

We did not mention earlier but do you see that this is a diagonal
matrix with the eigenvalues being the diagonal elements? In general,
if we represent a matrix using its eigenvectors as the basis vectors, it
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will be a diagonal matrix with the eigenvalues as the diagonal
elements. This process is called diagonalization.

N 0 -0 0
A= (9.13)
0 0 - Mg

In the basis formed by A's eigenvectors

But how do we do that? We need to find its eigenvectors and
eigenvalues first. Therefore, the diagonalization of a matrix is
equivalent to finding its eigenvectors and eigenvalues.

It is also important to note that while the matrix and vector
representations change with basis, the eigenvalues are kept the same.
This is very important.

It seems that you have not learned anything new by spending so
much effort to reach here. The purposes actually have 3 folds,
namely (1) to reinforce the skill of finding eigenvectors and
eigenvalues and see it from a more general perspective, (2) to
reinforce the concept of representing matrix in different bases, and
(3) to understand the significance of diagonal matrix and its
relationship to its eigenvectors.

9.3 Unitary Matrix

In quantum computing and quantum mechanics, the unitary matrix
is very important. This is as important as the Hermitian matrix. Let
us remind ourselves what a matrix is. It is an operator that rotates
the vector (state). A Hermitian matrix is a matrix that is equal to its
adjoint matrix, i.e. A T = A, where A T is the adjoint matrix of 4 by
performing the complex conjugate and transpose operations. The
Hermitian matrix is important because it has real eigenvalues and
therefore, all observables must correspond to Hermitian matrices.
The unitary matrix is important because it preserves the inner product
of vectors when they are transformed together by a unitary matrix. It
also preserves the length of a vector. This is very important because it
will preserve the probability amplitude of a vector in quantum
computing so that it is always 1. Let us start with the definition and
understand why it is important.
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A unitary matrix, U, is defined as a matrix whose adjoint, U T

equals to its inverse, U ~! (instead of to itself as in the Hermitian
matrix).

Ur=yU! (9.14)

If we multiply both sides by U from the right or the left,
respectively, we get

Ulvu=1
UUT =1

where I is the identity matrix. This is because any matrix multiplied
by its inverse must equal the identity matrix by definition.

The definition is very simple and I hope you can memorize it.
Why this is important? Assume there are two vectors, | '} and |g).
Their inner productis{ f|g} (i.e. the bra version of | f'} times the ket
version of |¢)). What happens if we operate U on the vectors (i.e.
rotate them in the hyperspace)? We expect their inner product to be
the same, right? For example, your table’s corner angle should be the
same if you rotate your table (recall that the inner product is related
to the angle between the two edges in the real space). If after
rotation, the table angle changes, it means the table is distorted. This
is not something we want. Or, if two basis vectors are orthogonal to
each other (meaning they will not appear at the same time during a
measurement), [ hope they are still orthogonal after being rotated
together. Otherwise, it means they can exist at the same time after
rotation when it is measured. This is just like in the rotating coin
analogy, |head ) and |tail} cannot appear at the same time during
measurement. It looks strange if they can appear at the same time
during measurement just because they have been rotated in the
space together due to the rotation of the Earth.

After applying U, | '} and |¢g) become I/ | f)and U |g}, respectively.
Remember, I/ | f')and U |g} are two new vectors. Their inner product
is the multiplication of the bra version of I’ | '} on the ket version of
U |g}. We have learned that the bra version of U | '} is ( f| UT.

Therefore, the inner product of the two rotated vectors is :f| Uiy

(9.15)

But due to the association rule, I can evaluate U T U first and this is
just I based on Eq. (9.15). Therefore,

(7|UTU|g) = (fIIIg) = (flg) (9.16)
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You see that the inner product is conserved if the rotation matrix
is unitary. In quantum computing, when we operate a qubit, we need
to make sure the operation matrix is unitary. The unitary matrix is
also used to describe the evolution of a quantum state as a function
of time.

Now, I would like to introduce the important properties of the
columns and rows in a unitary matrix. Assume

boo  bogi - Don-1
- | b bu brin-1 (9.17)
bn-10 bn11 =+ bpo1pn1
where it has n columns and n rows.
Then Eq. (9.15) becomes
b5.0 o 0 bhig boo boi -+ bon—1
UU = bo.1 1o by bio bix - bip—
Bom-1 blnr = b1 ) \bn—10 bno1y -+ bnoina
’ ] 0/.-- 0 | (9.18)
—r= |V
001

Note that we performed transpose and conjugation operations to
obtain U . The i-th row and j-th column element of I is just the inner

product of the i-th row vector of U T and the j-th column vector of U.
For example,

Iy =0="050bo1+b1gb11+ -+ 0,1 0bn-11 (9.19)
Or in general,
I j = bgbo; + 01015+ + b5y ibn1j = 0iy (9.20)

In the above equation, since only the diagonal element in I is non-
zero and equal to one, therefore, 6 ; J is used.

If we treat every column of U as a vector and called the i-th
column |v; ), we have

(9.21)
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“n—1.1

oy =| | and = (o5, 5, bl

Dn_1.i

Here we take the transpose and conjugate to get the bra version
of |y;). And Eq. (9.20) is just the inner product of the column vectors
of U, i.e.

Iij =b§boj+bf b+ b by =(vilv;)  (9.22)

However, for the identity matrix, only the diagonal elements are
one and the others are zero. That means

(vilvi) =8 ; (9.23)

Again, this Kronecker delta tells us that the inner products are
zero if they are not from the same column and one if they are from
the same column (i.e. same vector). Therefore, the column vectors of
any unitary matrix are orthonormal to each other. This is a very
useful property. And this is the same for the row vectors in the
unitary matrix.

9.4 Summary

We derived another equation to find the eigenvalues of a matrix. This
is equivalent to what we learned in Chap. 6 but is sometimes more
convenient. We see that if we can represent a matrix in the basis
formed by its eigenvectors, the matrix is diagonal and the diagonal
elements are just its eigenvalues. We then introduced the unitary
matrix. The unitary matrix is important in quantum computing
because it preserves the inner products of any two vectors if they are
transformed by the unitary matrix. It also preserves the magnitude
of a vector. Moreover, the rows and columns of the unitary matrix are
orthonormal to each other.

We can also prove that for an orthonormal set of basis vectors
after it is transformed by a matrix, U, if it is still orthonormal, then U
must be unitary. We will use this to check if a quantum oracle is
unitary in the future. We will prove this in the Problems.

Problems
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9.1 Orthonormality of Unitary Matrix Row Vectors
Prove that the row vectors of a unitary matrix are orthonormal.

9.2 Finding the Determinants of Pauli Matrices by Hand
Find the determinants of o ,, o » and o ,. What do you notice?

9.3 Finding the Determinants of Pauli Matrices using Colab
Confirm your answers in Problem 9.2 using Colab. This is a
sample code.

import numpy as np
M=np.array([[1,0], [0,-111)
print (np.linalg.det (M))

9.4 Proof of Unitarity
For an orthonormal set of basis, |v;}, we have (v; |v;} = §; ; (Eq.

(9.23)). We transform it using a matrix 4, i.e. they become A |v; ).
Prove that if after the transformation, they are still orthonormal,
then A is unitary. Hints: Express the basis vectors in column form
and each of them has only 1 entry. Express A4 in its matrix form (like
Eqg. (9.17)). The fact that after the transformation, they are still
orthonormal implies that the columns of 4 are orthonormal and thus
A is unitary.
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10. Unitary Transformation,
Completeness, and Construction of
Operator

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Unitary transformation - Completeness

10.1 Learning Outcomes

Able to perform unitary transformation; able to construct unitary
transformation matrix from the given bases; be prepared to use the
completeness equation for quantum computing; able to construct
operator from the given eigenvectors and eigenvalues.

10.2 Unitary Transformation

We have discussed the importance of the unitary matrix because it is
used in quantum computing very often. The definition of a unitary
matrix, U, is that it satisfies U T U= I. This is not very interesting until
we showed that when two vectors (states) are transformed by the
same unitary matrix, their inner product is unchanged (preserved)
(Eq. (9.16)). If all the vectors (states) are transformed by the same
unitary vector, it is equivalent to transforming the coordinates in the
opposite “direction”. This might sound confusing. Let us remind
ourselves what transformation is. It is nothing but just the rotation
of vectors (states) in a hyperspace. So, if we rotate all vectors in the
same way, it is equivalent to rotating the coordinates or the
hyperspace in the opposite way. This is just like if there is only the
Earth in an empty space, you can say the plane is flying around a
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fixed Earth or the Earth is rotating, in the opposite direction, under a
stationary plane.

Naturally, a transformation by a unitary matrix is called a unitary
transformation.

If unitary transformation is the most important when we
transform all vectors together, then it is also the most important
when we perform coordinates (basis) transformation, but in the
opposite direction. And indeed, whenever we talk about unitary
transformation in this book, we apply it to coordinate
transformation.

Let us look at an example of unitary transformation in Fig. 10.1.

|1)

A )
V)

V) = a|0) + BI1)

> 0)

Fig. 10.1 Vector V} rotated anti-clockwise by 6 (left) is equivalent to the basis vectors
|O) / |1} rotated clockwise by

This looks like a 2D plane. Indeed, it is a 2D plane and you can
call 0yand|1), f}and|j“}, if you like. But I deliberately label it as 0) and

|1) so that you are instilled with the concept that transformation of
quantum states in hyperspace which we cannot see is just similar to
rotating vectors in the 2D plane. So, you can say | am giving you a
fake example. However, everything I am telling you is valid except the
visualization is wrong.

We know any vector V} can be represented as a linear
combination (i.e. superposition) of the basis states and we write it as

V) =al0)+B11) = (2) (10.1)

I need to remind you that we are borrowing the 2D plane for
visualization and 0} and |1} are orthogonal to each other and they
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cannot co-exist with 100% certainty at the same time. When we
perform a measurement, V} will collapse to either 0)or|1)with
probabilities \04\2 and |« 2, respectively. Again, I want to remind you

o o' :
that when we write it as , we know that we are using 0)and |1}

as the basis states.

Now if we rotate (transform) V} anti-clockwise by 6 (Left of Fig.
10.1), it becomes| V'}. How do we represent it in the old basis in
terms of the old basis states 0)and |1)? By using trigonometry, we can
find the new representation. But here I want to present another
view. Instead of rotating V') anti-clockwise by 6, we can also rotate
the basis (i.e. its basis states 0)and |1}) clockwise by 6 (Right of Fig.
10.1). The representation of V) by the new basis states |EI"}| and | ')

will then be equal to the representation of | ‘.f"") by the old basis states

Ojand|1). So, here I will apply a coordinate (basis) transformation.
All I need to know is how to represent 0)and |1} in terms of|El"}| and

| I"} and we have done something similar before in Eq. (5.4) when we

introduced the concept of basis change. And yes, the coordinate
transformation is just another name for the basis change. From Fig.
10.1 (right), using trigonometry,

0) = cos o |0/) +sin6 1) = (LObS)

. ino (10.2)

1) = =sing |0)+ coso 1) = (1)
c

[ also wrote 0jand |1} in column form. Which basis are we using
now? Yes, it is the |EI"}| and || " basis. We need to be very careful on

which basis we are using when writing vectors in column/row
forms. I can then substitute Eq. (10.2) into Eq. (10.1).

V) = a|0)+ 1) = (‘”)
P/ oy

= a(cos 0 |0') +sin6 |1') + B(—sin6 |0') + cos 6 |1')
= (@ cosf — Bsind) |0’> + (« siné 4 BcosH) 1’>

B (oz cos@ — Bsin 9)
o siné + Bcosd 011}

(10.3)
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Now you see for the same V}, it can have two different column
forms because it is represented in two different bases. In this
process, we have found a matrix to transform the representation in
the old basis to the new basis,

acost — fsind o
asinf 4+ B cost =v B (10.4)
07} /117) 10)/11)
where
cosf —siné
U= _
(sin@ cos ¢ ) (10:5)

Let us check if Uis unitary, i.e. UT U=1.
Uiy — (CF)SQ —sin Q)T (c?sb’ —sin 9)
sinf cos6 sinf cos6
_ [ cos® sin6 cosf —sinf
B (— sinf cos 9) (Siﬂ@ cos )
_ cosfcost +sinfsinf —cosOsin® + sin6 cost
B (— sinf cos@ 4 cosHsinf sinf sin6 + cos O cosb )

01

Finally, it is important to remind ourselves that this
transformation matrix is to rotate a vector by 6 anti-clockwise or
rotate the basis by — 0 (or 6 clockwise).

We can also see this in another perspective. If you already know
the representation of V}in the|0} / |1} basis (i.e. Eq. (10.1)), you can
find the representation of V}in a newly given basis, |D"}| /| ') by using

the matrix U given in Eq. (10.5).

(10.6)

10.3 Construction of Unitary

Transformation Matrices

How do we construct the transformation matrix? We can use
trigonometry if it is a 2D or 3D real space like what we just did. How
do we do that for a higher dimension? [ will not derive it but I will
show you the method. It is not difficult to memorize and I hope you
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can memorize it and this will make your life easier when you do
quantum computing.

Let the basis vectors in the old basis be 0),|1}, ...,|# — 1} and those
in the new basis be |EI"}|, I"}, .y |n — l"} in an n-dimensional space. The

transformation matrix to represent a vector in the new basis is given

by
{()-’|Q) of1) - {0'|n -1
U {1:|(_)) (1:|1} <1|n:—l) 107
<n — 1’|O) (n — l’|l> {n — l’|n — l)

The i-th row j-th column element is just the inner product of the

i-th new basis vector and the j-th old basis vector, :E ! | i} Letus check
and practice using the previous 2D case.

Example 10.1 Derive Eq. (10.5) using Eq. (10.7).
Based on Eq. (10.2),

(0']0) = (0] (cos@|0) +sin6 1)) = cos
(0']1) = (0] (—sin6|0") 4 cose |1')) = —sin6
(l" (}) {1’ (cos @ |()’} + sin# |l')) = sin#
(I'[1) = (1"| (=sin6]0") 4+ cosb |1')) = cos®

(10.8)

Here we have used the fact that |El"}| and | 1 "} are orthonormal and
used the distributive property. Therefore,

({0’|{'}) ({'}’|1)) B (cose — sin 9) :
— (o) (ir}1)) ~ \siné cose (10.9)

which is the same as Eq. (10.5).

Now I want to show you that even though the example is incorrect
visually, it does gives us some intuitions into the spin qubit
transformation we will learn later. When 6 =45° (and this is the case
in Fig. 5.1), U becomes,

(10.10)
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U— CF)SQ —sin#
sin@ cosf@

I
cos 45° —sin45° NG
_— = - E 2
(sin 45° cos45° ) 1 i/_
V2 V2
: 1 0
Recall that the eigenvectors of o , are |0} = 0 and|1) = ]
1 l
and the eigenvectors of o , are [+ = % (])andl—} = % (—l

(see Sect. 6.4). If a quantum state was represented in the |0} / |1}
basis, what is the transformation matrix to represent it in the
+} / |—) basis? We can use Eq. (10.7),

U — ((—IQ) (—Il))
{(+10) (+1)
(-1 ((])) - (1=1) (?) 4\ (1011)
— ) ' B —_ (V2 V2
Bl I ] I 0 B ( ] L )
00 w00 V2 V2
You see that the transformation matrix from the o , basis to the o

x basis is just the same as Eq. (10.10) which is obtained by using the
fake 2D plane analogy.

10.4 Completeness of Basis

We already said that in quantum computing, the basis needs to be
orthonormal. One of the main reasons is that it makes our life much
easier when deriving equations (e.g. it allows us to use (1|0} = 0).
We showed that in many places including when we derived Eq.
(10.8). Another important requirement for the basis is its
completeness. This is trivial but important. This just means that the
basis should span the whole space we are interested in. For example,
a basis composed of|.?) and |j‘}| is complete for a real 2D space but

incomplete for a real 3D space. Every vector in the real 2D space can
be represented as a linear combination of|_F}| and |j), but some

vectors in the real 3D space cannot (e.g. the vector 2|E'}). When the
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basis is complete, [ can decompose any vector in the space of interest
into a linear combination of the basis vectors. This is trivial and we
have been taking this for granted since the beginning. For example,
in an n-D space, a vector V} can be described as the linear
combination of a basis composed of basis vectors i}, where i runs
from0ton-1.

Vy =" i (10.12)

where «a ; are scalars (complex numbers) and describe “how much” i}
vector V) has. How to find a ; (which is one of the « ; inside the
summation)? With Dirac’s bra-ket notation, this is very
straightforward and we just need to perform the inner product of |}

and i} and take advantage of the orthonormal property of the basis
vectors,

GIV) = 300 @i Gli) = Y1y aidji = (10.13)

Or we can think in another way, we can project V} on to |/} to find
the resulting vector. Equation (8.15) tells us that the projection
operator is just P; = [j} {j| So now I will perform the project
operation and this is just prepending the projection operator on V}.

PiV)=1j)(JlIV)
n—1 n—1 10.14
=Sl =Yl =a;ljy (1019
i=0 i=0

Note (j|i}is a scalar and we can move it freely to the front inside
the summation. It gives the same result as Eq. (10.13) except it gives
the projected vector instead of just the “amount” of the component |;}
. I can also substitute @; = {j| V) from Eq. (10.13), but rename j to i

(because what we want to substitute is i}), into Eq. (10.12),
(10.15)
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i=0 1
= (Zm <f|) V)
i=0

We used the fact that (i | V') is a number and moved it to the end
from line 2 to line 3. And then we used the associative axiom in line
4. Note that Z:'::: i} {i|is a matrix. Since it gives V} when it is
multiplied to an arbitrary vector V}, it means it must be the identity
matrix.

S liy il =1 (10.16)

This is a very important result of completeness. It tells us that the
outer products of each basis to itself sum up to an identity matrix.
We will use this property in many derivations in the future.

Let us do an example. For the space spanned by the eigenvectors
of o ,, we have

n—1
D liv il =1=) (=1 + 4 (+]
i=0

10.5 Construct Operator from Eigenvalues
and Eigenvectors
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We are very familiar with bra-ket operations and finding
eigenvectors and eigenvalues from a given matrix now. What if you
are given the eigenvectors and eigenvalues of an operator, how do we
construct the operator. This happens often because eigenvalues are
what we really can feel and measure. If an operator has eigenvalues A
;and eigenvectors i), where i runs from 0 to n - 1, the operator, 4, is

given by,
A=Y""0liG (10.18)

We will not prove this. But when the matrix is represented in the
basis formed by its eigenvectors, this is just the diagonal matrix
given in Eq. (9.13). Let us try to understand what each symbol in the
equation means and how to operate. Let us consider o ,. Its

| 0
eigenvectors are |(}) = (D) and|l) = (l)with eigenvalues of 1 and

-1, respectively. Then it means

2—1
oz =) Aili) i
1=0
= Ao |0) (O] + A | 1) (1]

=1 x ((])) (10)+—1x (?) (01) (10-19)

10 00 1 0
B (() ()) + (() —1) B (() —1)

This is exactly the matrix form of o ,. Again, which basis are we

using when writing the matrix and vectors in this way? Yes, in the
basis of the eigenstates of o ,,.

10.6 Summary

The concept that we have been emphasizing since the beginning is
the representation of states in different bases. This is just like, for the
same meaning, | can say “He is very handsome” in English or “keui
hou leng jai” in Cantonese. We have to be very meticulous in
representing vectors in different bases. And to transform the vector
from one representation to another representation, we can use a
unitary matrix, which essentially rotates the basis in the hyperspace
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and allows us to represent the vector in a new basis. The matrix is
the dictionary and the rotation is the transformation from English to
Cantonese. We also discussed the concept of completeness and also
how to construct a matrix from given eigenvalues and eigenvectors.
They will be proved to be very useful in quantum computing later.
Right now, let us practice the skills.

Problems

10.1 Finding Unitary Matrix by Hand

Construct the matrix for the transformation from the basis of 7 ,
to o ,. In other words, finding the unitary matrix to re-represent a
vector in the ¢ , eigenvector basis representation in the o ,

eigenvector basis representation.

10.2 Completeness of Basis
Show that the eigenvectors of o , form a complete basis (Hint: see

Eq. (10.17)).

10.3 Construction of Matrix
Construct the o , by using it eigenvalues and eigenvectors.

10.4 Colab Verification
Use Colab to verify the results from Exercises 10.1 to 10.3.
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11.1 Learning Outcomes

Have an idea that Hilbert space is just an extension of the real space;
understand that tensor product is a way to construct a higher-
dimensional Hilbert space from lower ones; appreciate the power of
quantum computing due to the tensor product of qubits; familiar with
important tensor product operations.

11.2 Hilbert Space

Even if we do not understand the Hilbert Space, we still can
understand the materials in this book as long as you trust me and
follow the rules exactly. But understanding a little bit of the Hilbert
Space will make us look cool in front of those who do not know. More
importantly, of course, it helps us appreciate the rules and prepares
us for more advanced topics. You will find that this is the fundamental
of all the rules we have discussed. It is the backdrop of the stage of
quantum computing.

A Hilbert space is a complete linear space with an inner product
defined. The word “complete” here means it converges in certain
operations and it is not the same as the completeness concept we
learned earlier. I just want you to be aware of this and we will not
explain more. Then a Hilbert space is just a linear space with an inner
product defined. It is just a generalization of our real 3D space. So we
can loosely regard a Hilbert space as a space with any dimensions
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which allows complex coefficients. This is what we have been seeing
so far. In this space, it has vectors and it has a well-defined inner
product, [ | g}, of any pair of vectors, | f} and |¢), and for any complex
number, ¢, with the following properties

(fIf) =0 (11.1)

{cflg) =" (flg) (11.2)
(fleg) =c{flg) (11.3)
(flg) = (gl f)" (11.4)

(f +hlg)=(flg)+ (hlg) (11.5)

Before I explain them, let us take a moment to understand what
are the meanings of the symbols in Egs. (11.1)-(11.5). Firstly, ask
yourselves which are scalars (numbers), vectors (states), and
matrices (operators). Here, c is a scalar and | f'} and |¢} are vectors.
Anything with { | ) are inner products and, thus, scalars. For example,
[ f + h|g}means the inner product of l¢) with| f + k), where| f + h)is
just a vector due to the sum of another two vectors| f'} and | k).

[ think you have realized that we have learned them before.
Equation (11.1) just tells us that the inner product of a vector to itself
has to be positive or zero. This is because ( f| [ is just the square of
the length of the vector| /. Eq. (3.23) is a special case for this in the
real space. And if | {'} is normalized, we have Eq. (4.16). Equation
(11.2) tells us that if we scale| f'} by a scalar ¢ and then take it bra
version to multiply to [¢), it is the same as multiplying| f'}'s bra version
on |¢) followed by multiplying the complex conjugate of c. This is just
equivalent to Eq. (5.7) due to the definition of dual correspondence.
But no complex conjugate is needed if the c is used to scale the second
vector, which only appears in its ket version in Eq. (11.3). Equation
(11.4) is the same as Eq. (5.9), meaning that projecting|¢)on| f} gives
a scalar which is the complex conjugate of the projection of| '} on |g).
Equation (11.5) is just the distribution properties of a linear
operation that we have been using and taken for granted.

So we did not learn anything new. What we have learned is that
what we have been doing is based on some very solid mathematical
ground and I hope this will make you feel more confident in moving
forward.
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11.3 Expansion of Hilbert Space and Tensor
Product

While we have not learned anything new, this prepares us for a very
important concept, namely the tensor product. If there is one
electron, I know that its spin forms a Hilbert space with the basis
vectors of spinning up or down (i.e. 0) or|[1}). I say it is a Hilbert space
because it fulfills the complete requirement and the requirements in
Egs. (11.1)-(11.5). You can check so by checking that every vector in
this space, which is just a linear combination of the basis states,

a |0) + g |1}, fulfills the requirements. We have done many exercises
and are pretty sure they do obey those properties. As a reminder, we
may also use +} / |—} as the basis but it is still the same Hilbert space
(just different representations). Let me call this space ;.

Now, what if [ also want to describe the position of the electron.
The position itself also forms a Hilbert space with the basis vectors
being any point in the real space. We have discussed this earlier. The
state of the electron in this space is a superposition of the basis
vectors. That is why in principle, the electron in a water molecule in
the cloud has a finite probability to be in my cup as

|Lacation state of electron) = o |At a point in the cloud)+5 |At @ point in my cup)+

, although f can be very small. This is just to remind you of the
concept of superposition and basis states. Let me call this space, ;.

Now, just trust me, the spin Hilbert space and the position Hilbert
space can form a bigger (higher-dimensional) space, 7{,. The way to
form it is by using the tensor product denoted as &),

Hs =Hi1 @ Ha (11.6)

[ have been asking you to understand the meaning of each symbol
since the beginning to make sure you do not get lost. Now, besides
scalars, vectors, and matrices, you need to also check for the “space.”
This is very important. You do not know the meaning of & yet, [ will
show you its operations later. Please take it for granted now. If the
larger space is a tensor product of two smaller spaces, then how do
we form the vector in the larger space from the two smaller spaces?
We also use the tensor product. If| / } and g}~ are two vectors in H;
and H,, respectively, it can form a vector|h )5 in 7, through

)3 =1/ ®1g) (11.7)
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The tensor product is what makes quantum computing so
powerful. Note that the spin space has no interaction with the
position space. You can treat them as two quantities in two different
universes. They never talk to each other. As a result, the basis vectors
in the spin space and the position space can form a new basis in H;
through permutation. Let us understand this using another example.
Assume we have two electrons. The first electron has its own spin
space with basis vectors [()}; and |1},. Note that I use a subscript to
denote that the basis vectors are of the first electron or in Hilbert
space ;. The state of the first electron again can be a linear
combination of the basis states,

[ =oar|0) + B[ (11.8)

Similarly, for the second electron, it has its own spin space H; and
basis vectors |0}, and |1}, and any spin states of the second electron
|z)> can be represented as

1g)2 = a2 (0)2 + B2 |1}, (11.9)

To describe the system of the two electrons which have individual
spins, we can use a tensor product, H3 = H; ® Ho. What are the
basis states of this new system with two electrons? It will be the
permutation through tensor product of their basis states,

0)3 = [0); 0%, = [0, [0},
13 =10} ® [1}, = 10); [1),
12)3 = [1); & |0}, = |1} 0},
133 =111 @1} =11} [1)s

Here it says, 7 has four basis states and they are just the
permutation of electron 1’s and electron 2’s basis states. For example,
the fourth basis state is called |3};. As mentioned many times, this is
just the name. As long as you know what it is referring to, you can call
it any name. You can call it|The fourth state of Hi};or
|The last state}, . cieciron system OF |11}3in which the binary
representation of 3 is used. They all refer to the tensor product states
due to the spin down basis state of electron 1 and the spin down basis
state of electron 2. Similarly, the tensor product of two vectors is
nothing (so far) but just an ordering of two vectors. Therefore, | can
omit & in the expression of the tensor product when there is no
confusion.

(11.10)
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How to represent an arbitrary state |/1};in 7{;? Again it must be a
linear combination of the basis vectors in 7{;. Therefore,

1h)3 = a3|0)3 + Bal1)z + va12)3 +3313)3 (11.11)

where a 3, 8 3, ¥ 3, and § 3 are the complex coefficients.

Since it really does not matter how I label the basis states, by
substituting Eq. (11.10), I can rewrite Eq. (11.11) as

1) = a3|0); @10)2 + B310); @1}, + 311} ®[0); +683(1) ® 1),
= a310)1 [0)o + B310); [ 1o + p311)1[0)a + 83 |1} [1}7
= a3 10) [0) + B3 [0) [1) 4+ 3 [1)[0) + 63 (1) [1)
— &3 100) + B3 01) + 73 [10) + 85 [11)

(11.12)

[ omitted the subscript eventually because I know the first and
second number refers to the first and second electron, respectively. |
can also write it in column form,

o3

B3

) = 11.13
V3 ( )
3

As usual, ask yourselves, when it is written in this way, which
basis are we using?

11.4 Multi-Qubits

We have discussed the meaning of qubit. It stands for quantum bit. It
refers to a vector space with two basis vectors and it is 2D. We are
very familiar with this already. The vector in this vector space can be
represented by a qubit, which is the linear combination of the basis
vectors. And the basis vectors can be Yes; )/ |[Nop), Yesg) /|Nop), or
|Head) / |Tail)for those not so correct analogies or |0} / |1} and

+} / |—}in a single spin system. We just discussed that we can form a
larger system with two qubits and the number of basis vectors
becomes four. Since the tensor product is used to construct a larger
system from its subsystems through the permutation of basis vectors,
the number of basis states grows exponentially and this is the power
of quantum computing. Figure 11.1 shows how the number of basis
vectors grows with the number of qubits.
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1 2 10), |1) c?

[0)10), 10}[1), [1)]0), [1)]1) Ct=CQC
2 4 Or: [00), |01), |10), [11)

Or: [0), [1), |2), |3)

[0)10)[0), [0}[0)[1}, -+, [1)[1)]1) C=CRCeRCc
3 8 Or: [000), [001), -+, [111)

Or: [0), 11), -+, 17)

C"=CR R C?

n 2" 0, [1), ==+, [2"-1) = (C)®

Fig. 11.1 Basis vectors of multi-qubit systems

For a single qubit, we call it a {2 space, which means itis a 2D
complex vector space ([ means complex). When there are 2 qubits,
the space is (** as it is 4-dimensional due to the tensor product of two

(** spaces. Similarly, if there are n qubits, it is a tensor product of n (=

spaces and the dimension is 2" instead of n. If [ have 10 qubits, the
dimension is now 1024 and there are 1024 basis states! A vector
(state) in the 10-qubit system will be a superposition of 1024 basis
states which will enable quantum parallelism as you will see later.

We also see that the basis vectors of multi-qubit systems have
some special patterns. Since it is just the permutation of the basis
vectors of single-qubits, then it is just the permutation of 0’s and 1’s.
Therefore, they are just the binary numbers from 0 to 2" - 1 for n-
qubits. This helps us to memorize the basis vectors and also allows us
to write them succinctly in decimal numbers in the kets. For example,
the permutation of 3 basis vectors of |[1}is|1)|1) |1} and I can write it
as|111} or 7) without ambiguity. However, I need to be very careful
about the number of qubits a system has if | write it in decimal. This
is because, for a 3-qubit system, |7} = |111)but in a 5-qubit system,
|7) = |00111} where there are two extra electrons.

Moreover, we need to be very careful how each qubit is ordered.
That is to make sure we know which qubit is treated as the Most
Significant Bit (MSB) and which is the Least Significant Bit (LSB).
For the spins of two electrons, A and B, I may write electron A on the
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left (as the MSB) or on the right (as the LSB). In the former case, the
tensor product state due to electron A spinning up and electron B
spinning down is|(} , |1}z = |0} [1} = |1}. In the latter case, it
becomes|1)g |0}, = |1} |0} = |2} Therefore, just like we need to
make sure which basis we are using when we write the vectors in
their column form, we also need to make sure how the subspaces are
ordered if we ignore the subscript in a tensor product state.

Let us use Egs. (11.7)-(11.13) to understand vector tensor
product from another perspective, i.e. in their column forms.

)3 =111 @ lgh

o3

Bl _ (al) - (Oﬂz) (11.14)

V3 B1 B

83

The column vector form clearly shows us how two [** can form a
a3
(" vector. But how do we find the B for the given (ao) and

03

a1
and (11.9)

|h)3 = a3]0); @10), + B30} @ [1)s + 3|1} @10)> + 63 (1)) @ (1),
= a3 (0} |0)2 + B3 100 [1)a + 3 (1) 002 + 63 (1) [1)2
=171 ®lg) (11.15)
= (a1 |0} + Bi 1) (@2 |0)2 + B2 [1}>)
= 12 [0} [0)s + 182 10) 1 [1)o + Broa (1)1 [0)2 + B1B2 (1)1 [1)2

(Oq)) ? This is not difficult if we combine Eq. (11.14) with Egs. (11.8)

Here we have used the distribution rule of tensor product to be
introduced in Eq. (11.20). We can equate the coefficients of each basis
in line 2 and line 5 and obtain

a3 = aran; Bz =a1fy; 3= Prae; 03 = Bif (11.16)

Therefore, this is just a permutation of the coefficients through
scalar multiplication. So, we can also do this in column vector using
the following steps

(11.17)
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We will discuss more in the following chapters.

11.5 More About Tensor Product in Hilbert

Space
[ would like to show you some more rules about the tensor product in
the Hilbert space. It is not necessary to memorize them but we will
use them in future derivations. They are actually intuitive.

If H3 = H;1 ® Ho, what vectors does 7, contains? It contains the
linear combination of the tensor products of the vectors in 7{; and

Hy.

)y =3 1) ® |g) (11.18)
For example, n can be 1 and |i) can be |0) |1} or |1} |1} Or n can be
2, then |kt may be i [0 |1) + |1} [0} if| fi) = i [0}, f2) = [1}]g1) = |1,

and g1} = |0}.
You may also scale the vector in their subspace first and then
perform tensor product or vice versa. The result is the same,

clf)®lgy=lcf)®@Ig)=11) ®lcg) (11.19)
It also obeys distribution rule, from both right and left,

(1) +le) @lg) =1/ ®@I1g) +le) ® g
@ Uf)+le) =1g) ®1f)+1g) ® le)

Finally, if we perform inner product in their respective H; and H;
spaces first and then perform the tensor product, it is the same as
forming tensor product first and then perform inner product in the

‘H 1 space.

(11.20)

(11.21)
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(ila) = (S50, 1£5)® )| 02 len) @ k) = S0, 502, (£ erh g )

Here, | ) and |k, ) are the vectors in the 7, space. They are
formed by the linear combination of tensor products of | 1i '} and ¢;)in

the 7, space and

ts;_,-} and |&;) in the 7. This shows again the

subspaces are not “talking to each other” because |_f:,- }and s;,} only

form inner products with ¢;) and |k;), respectively.

11.6 Summary

We have learned about the Hilbert space. It is not necessary to
memorize all its properties but it is important to appreciate that
many of its properties are similar to the 3D space we are living in and
many of the operations are familiar to us in the previous chapters
already. We also learned the skills of constructing higher-dimensional
Hilbert space using the tensor product, in particular, the procedure to
produce a vector (state) in the higher-dimensional space using the
given lower-dimensional vectors. These concepts are very important
to understanding quantum computing algorithms. We are almost
there.

Problems

11.1 Computing Tensor Product
|

: 0 A . .
Let|f} = (I)andlg} = (‘j--), find|f}) @ |g)-and|g) @ |f)s.

——
2
Are they the same? Here you see the order is very important.

11.2 Computing Tensor Products of Three Vectors

1
Find (?) & (?) 0% (g) . What is the dimension of this space?

V2

11.3 Distribution Law
0 I
Check Eq. (11.20) by substituting| f} = (I)’ le} = ( )and

0
L
lg) = (ﬂ-:)to both sides.

W

|_5|T|
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11.4 Tensor Products using Colab
Use Colab to verify the results from Problems 11.1 to 11.3. For

Problem 11.1, you may use this code

import numpy as np
g = np.array ([[0], [1]])
h = np.array([[1/np.sqrt(2)], [1J/np.sqrt(2)]])
print (np.kron (g, h))

(h,qg9))

print (np.kron

11.5 Inner Product of Tensor Products
Check Eq. (11.21) but setting n { =n , =1 (i.e. only one term) and

|.ff=( )|e _( )h; = ()andlk} (:)
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12.1 Learning Outcomes

Be more skillful in tensor product operations; understand how to
perform tensor product for matrices; understand the meaning of
partial measurement and normalization after measurement;
understand the meaning of the operator matrix elements in a given
basis.

12.2 Tensor Product of Vectors in General

Form

We already discussed how to perform tensor product for two qubits
(two vectors from two {2 spaces). Let us try to see how to perform
tensor product for two vectors from arbitrary/higher-dimensional
spaces, which is just a natural extension of what we have learned. Let
V = Viég + Viéy + - -+ V, 16, , inan n-dimensional space and
W =Wofo+Wifi+ -+ Wy_, fm_y inam-dimensional space.
€y, - , 6,1 and f()’ e fm_1 are the basis vectors in the

corresponding space. | write it in regular vector form but definitely, I
can write it in bra-ket notation or column form, too. I hope you feel
very comfortable about this now. That is
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Vo (12.1)

- Vi
‘V> = Vo |éo)+ Vi |é1) 4+ -+ Vi [énm) =
V-l
Wo
= o ~ o Wl
W)= Wo | fo) + Wi |Ai) 4+ Wt | fm) =
Win—1
Again, we need to remind ourselves which basis we are using
when we write the vectors in the column form. For ‘ ‘;’), €0y - -5 En_1
are used and for‘ ﬁf’), fo, o fm_l are used. If we perform a tensor

—

product of‘ ‘.7') @ W), what do we get?

WY
= (Vo|éo)+ Vi|éi)+ -+ Vit [eu—i1)) ® (Wo ‘fb) + W, ‘f‘l)+ e Wy
= Vo Wo |é0) ‘fo)-l— VoW, [é0) _fl>+ VW |al)‘ﬁ)>+
o Vit Wt |én—a) ﬁnfl)

Note that |§,-}

fi)=le)®

do we have now? They are |§.;|}| ‘_;%),

_fﬂ';- ) So how many new basis vectors
éo)| £} o[22} )

|§,,_ | ) ‘ﬁﬂ_ | ) They are the permutation of the basis vectors from the

two spaces and there are n x m new basis vectors. So the new space is
n x m -dimensional. We can see this from the column vector
multiplication in a tensor product we learned in the previous chapter
also,

(12.3)
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. - 4 Wi
v) ® W> _| |
\Vrz —1 Win—1
( Wo \ ( Vo Wo \
Vo : :
I"JVf:n —1 VO H/nz —1
Wo Vi1 Wo
Vi :
\ W1 ) \Vn—l Wi l)

It is clear that the final column vector has n x m entries. Again
when we write

1}) ) ‘ ﬁr) in this column form, what basis are we
_fE),

En—1 } ‘ﬁ,,_ | ) Although these all look trivial, I

using? Yes, we are using the new basis with basis vectors |E.;.}|

) ‘..FI ) o |€1) ‘fzm)

hope you appreciate their connections and meanings.

Finally, I just want to let you know that sometimes the tensor
product is written in matrix form to make it more compact. We will
not do this in the rest of the book but you might see this elsewhere.
Please make sure you understand that this is NOT an operator. For
example,

V(} V(_) 1VVO T V(_) va—l
VV) — (WO T Wm—l) = (124)
Vn—l Vir—l"VD Vn—lH/m—l

f/)@

In this type of notation, the second vector is written in row form.
And the basis vector for the i-th row and j-th column element in the

matrix is |E;}

;‘j) (again, it is very important to know which basis

vector each element corresponds to). If this looks trivial to you, I
think you have a good understanding of the basis vectors now. Finally,
let me emphasize one more time, Eq. (12.4) is NOT an operator and
we will not use this representation in the rest of the book.
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12.3 Tensor Product of Operators

In each Hilbert space, it has its own operators. Physically, if there are
two electrons, there will be two separate operators used to
manipulate the spin of the electrons (i.e. to rotate the vector in the |-
space). We use a magnetic field to manipulate the spin of the electron.
So we need two magnetic fields to manipulate the spin of two
electrons. In the 2 spaces, it just means that there are two matrices
to rotate the vectors, one in each space and each corresponds to a
different set of basis vectors. If we consider the two electrons as a
whole system, we can use the tensor product to construct the state in
the larger system. How do we construct an operator to describe the
manipulation of the combined vector? That is how do we describe the
two magnetic fields used to control the two electrons as a whole? We
still use the tensor product.

Assume H3 = H; ® Ho, and U ; and U , are two operators in the

two (- spaces of #{; and H, respectively. Assume,

_[a Cc)\ (€ g
o () v (59) w9

The corresponding operator in the 7 spaceisU=U QU ,,
where

a c e g
U=U U, = '
ev=(30)e(70)
» g > g > ag ce cg\ |00
al %) (8 ac ag ce cg) |00) g g
fh fh) | _|af ah cf ch | |01)
e g ¢ g |\ be bg de dg 1(:)’)
b{ . dl . . : /
fh fh bf bh df dh/ |11 >
Please treat this as a definition and just accept the methodology of
finding the tensor product of matrices. I will not prove here. I also
labeled the basis states next to the matrix so you know which basis
vector each row corresponds to. I also label the second electron state

«/n

with a “”. Let us try an example and try to gain more insights.

1
Assume both electrons have an up-spin, i.e.|)) = (D)and

, 1
D'}l = (D) If we consider each electron individually and apply

operators on the vectors in the individual (- spaces,
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a c ]

b d) (0
e g) (1

rh)\o

a

)=
)=

U, |0) = (

U, |0) = (

e

!

):e

):a|(_))—|—b|1}

(12.7)

0)+ f

)

We can then form a tensor product to see how the final vector

looks like in the |+ space,

Ui10) @ Us |0/) = (a]0) +b[1) ® (e

e[
0<0)-(

(&
!
&

s

a

b

€

)= (;

o)+ £ 1)

ae |00')
) af |101") (12.8)
) be | [10')

bf/) |11')

Again, I highlighted the corresponding basis states of each
element in the two-electron system. Now, I can alsouse U=U ; QU ,

and operate directly on the tensor product of 0} and |D"}| (the initial

states). Firstly, | need to create the tensor pr

o[
)+6)-|.

1
0
1

0

I
0

1

0) @ |0) = [00) = ( 0

oduct of 0)and |D"),

)
)

I
0
0
0

00')
01')
10')
1)

(12.9)

Then apply U to |D[II"}, i.e. to apply an operator on a vector in the (**

space.

ae ag ce cg
af ah cf ch
be bg de dg
bf bh df dh

U |00') =

0

00')
01')
10')
1)

(12.10)
bf

The result is exactly the same as Eq. (12.8). That makes us more
confident in the method of constructing the tensor product of

operators.

In general, the tensor product of an n-dimensional operator and a

m-dimensional operator is an n x m-dimensi
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apo v Qop—1 boo - bom—1
SRR : ) ® ( P : )
Ap—-1,0 **° Apn-1n-1 bm—l,() e bm—l,m—l
boo -+ bom—1 boo -+ bom—1
ap,o : T : cre App—1 : T :
bmfl,() T bmfl,mfl bmfl.,() Tt bmfl,mfl
b0,0 T bO,mfl b0,0 e b(),,mfl
Ap—1,0 : e : Tt Gp—1p-1 : B :
bm~1,0 e bmfl,mfl bm~1,0 e bmfl,mfl

apobop - aop—1bom—1 >

anfl,obmfl,o e anfl,’n,flbmfl;m,fl

12.4 Partial Measurement

If I use a certain method to measure the spin of both electrons in the
[+ space, based on what we have learned so far, it will randomly
collapse to one of the basis states. For example, for the vector in Eq.
(11.12),|h)5 = @5 |00) 4+ B3 |01) + 35 |10) 4 85|11}, if | measure |A};,
the probability it will collapse to 00}, |01}, |10}, and |11} is ||, | 5]
a;'faj, and |d3 2, respectively. To enhance our understanding of the

concept of different spaces, we can also find it by using the projection
operator. For example, to find the probability to collapse to|10) state,
we can use the projector P, = [10} {10] (see Egs. (8.15)) and (8.20),
(n]| Ppioy|h)

= (¥ (00] 4+ BE(O1] + 5 (101 + 8% (111) [10) (10] (@3 100) + B3 [01) + 3 [10) + 85 [11))

= 10| [10) (10] y3 |10) (12.12)

= yivs =yl

)

This is exactly what we expect. Here we have used the
orthonormal properties of the basis vectors. We can say |10} is
orthogonal to 00, |01}, and |11} because they are different basis
vectors. Or we can use the fact that |10} = |1} & |0}, then, for example,

(I 110) = (1) @ (H) (1D @ 10)2)
= (1[{ 1) x {1510}, =1x0=0
Here, when we perform the inner product, we can do it in their

individual space. This is because there is no overlap between the
vectors in different spaces.

(12.13)
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We may also ask what is the probability to collapse to 00} or |01}
states and we can use the projector | gy g1y = [00} {00] 4 |01} {01]to
find it. Similarly, we will get |a3]? + | 33]°.

We may also only perform a measurement on one of the electrons,
e.g. electron 1. Let us remind ourselves that the vector (state) for

electron 1 can be written as| f}; =« |0); + £ |1)and that for
electron 2 as |g}-» = o> [0}, + 55 |1}-. If after measurement, electron 1
collapses to |0}, it will become | f'}; = e |0}, (Not exactly correct

because [ have not normalized the state) and only 00} and |01} will
remain in the whole system. This is called the partial measurement.
What is the probability that electron 1 will collapse to |0}, in this
partial measurement? Since after electron collapses to |0}, only 00}
and |01) are left in the whole system, so it should be the same as
asking “what is the probability to collapse to the 00) or |01} states”
after the measurement? Therefore, itis |as|* + |33]°.

Let us use a second method to check if this is true by using the
projector operator, P p;, = [0} (0], to confirm.

(h|Pyoy, | )

= (a;“ (00] + /32 01] + y" (10] + (Sq (L11) 103 <Ol (a3 [00) 4+ B3 |01} 4+ 95 [10) 4 53 |11
a%‘ (00| |())16(O|1 a3 |00) + ﬁ§ (011 |0y, (0], g3 101)
o3| + 1831

"(12.14)

This is the same as expected. Note that we need to calculate all the
cross terms but due to the orthonormal property of the basis vectors
and also basis vectors in spaces 1 and 2 do not have overlap with each

other, the calculation is greatly simplified. For example,
ay (00] [0}y (O] @3 |00} = a3 (0] (Ol [0)y (0]; @310} [0); = |e3]= (O]} [0} {01304 10}, |0},

g
leez |~

The third way to look into this is that we can also see this as
electron 1 firstly collapses to 0;and then performs tensor product
with |g), to obtain the vector in the {*+ space,

|h)s = a1 10)] @ (a2 10}, + B2 11)5)
= a102 |0} 10)2 + a1 8210} [1), (12.15)
= a3 10, 10)5 + B3 10} 1),
However, this is not enough. We need to normalize the vector
which is required so the probabilities of obtaining|0}, |0}, and

|0}, |1)5 sum up to 1. To do this, we use Eq. (4.18),
(12.16)
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|h")3 . )5 _a3]0)1[0),+8310) 1),

A laz |2+ A las 2 +1B3 ]2

In this example, you see that a partial measurement of electron 1
does not affect the state of electron 2. We can still express the total
vector as a tensor product between a vector in space 1,|0} |, and a
vector in space 2, @~ |0}, 4+ 2 |1),. Later, we will see this is not always
the case when there is entanglement.

12.5 Matrix Representation in a Given Basis

We know that in different bases, a vector has different
representations in column or row forms. For example, in Fig. 12.1,

I
|V} = %{ID} + 1) = = ( )in the|0) / |1} basis (black) but

V2]

0
IV = |+ = (I)in the +} / |—} basis (red).

1)

Fig. 12.1 Representations of V} intwo different bases

Naturally, the operator should also have different representations
in different bases. How do we represent an operator, H, in a given
basis? Assume the basis has basis vectors «;) where k running from 0
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to n -1 in an n-dimensional space. The i-th row and j-th column
element is given by

H; ;= (Od,‘ |H|Odj> (12.17)

Note that H ;; is a scalar (complex number). You only need to

know this equation. Let us try an example just to show that this is
correct. For example, what is the representation of o , in the basis

form by the eigenvectors of o ,? Firstly, the eigenvectors of o , form a
: 1 0
2D space. The two eigenvectors are |cep) = " and |ce1) = ) So the

matrix must be 2 x 2, with k running from 0 to 1. For example,
Hy n = {og|oy g ). But we need to know o, in order to evaluate this

equation. So, it is a chicken and egg problem. But this equation is very
useful in many derivations. And this is a good exercise to check if we

U 1) , we have

understand the concepts well. Since o, = (1 0

o = ((Oﬂoldxla’-o) anlaxlaﬂ)

(ay|oylag) (o loxlar)

o (PN o (0D O\ oy
o0 (o)) en (o) ()

[ hope this exercise has reinforced your understanding of the
matrix-vector operation and made the basis concept even clearer.
Now, [ would like to derive Eq. (12.17). This is a very good
exercise. Firstly, for any matrix, [ can multiply it by the identity

operator at will.

H-=ITHI (12.19)
Substituting Eq. (10.16), I = E:’:_E: |i} (i} it becomes
(12.20)
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n—1 n—I
H = (Z'” (il) H|Y 1)l
i=0 J=0
n—In—1

=D 2 I GTH 1)) (]

j=0i=0
n—1n—1

=D 2 I GIGITH L)
j=0i=0

Note that(i | H |j)is just a scalar and we have also used the
associative axiom in the derivation. What is i} {; ? It is just

0

i) (j] = (0 1(j—th)--) (12.21)

1(i — th)

which means it will create a matrix with zero everywhere except the
i-th row and j-th column and then it is multiplied by (i | H | j ). All these
matrices are added to form the final H. Therefore, it is true that

H; ; = {cf,.- |H|cr);}|.

12.6 Summary

We are more familiar with tensor product operation on vector and
matrix now. Sometimes we can also decompose the vector in a
higher-dimensional space to the tensor product of two vectors in two
lower-dimensional spaces. But this is not always possible and we will
see that when we discuss entanglement. We also studied partial
measurement which is the measurement of a sub-space vector. And
we learned how to construct a matrix from a given basis.

Problems

12.1 Hand Calculation of Tensor Product
|

0 NE
Let| f} = (I)and“;} = (ﬂ.-), finde, |1} and oy |£)-. Then find

_'l=
v 2
the tensor product of the resulting vector (i.e.oy |f}| @ oy |g}-). Now
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find|f}; @ |g)- and construct o , ®o ,. Show that
oy @oy(|f)| @ |g)-)gives the same result.

12.2 Tensor Product Calculation using Colab
Use Colab and the function np.kron to verify Problem 12.1.
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Part 11
Quantum Computing: Gates and
Algorithms
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13.1 Learning Outcomes

Understand the similarity and difference between a quantum
register and a classical register; be more familiar with the tensor and
inner products between multiple qubits; better understanding on
why the quantum computer is powerful; understand entanglement
and the Bell States; appreciate Einstein-Podolsky-Rosen (EPR)
paradox.

13.2 Quantum Register

In a classical computer, a register is a memory to store the classical
bits of information. The size of the register determines the number
of bits it can store. For example, a 4-bit register can store 4 bits of
information, such as (1001),. The bit on the left is called the Most

Significant Bit (MSB) and the bit on the right is called the Least
Significant Bit (LSB). Note that (1001), is the binary representation

of the value being stored and the binary representation is indicated
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by the subscript “,”. We know that the MSB represents 1 x 23=8 and

the least significant bit represents 1 x 2°=1. The decimal value of
this representationis 1 x 23+ 0x 22+ 0x 21+ 1 x 20=9, In general, an
n-bit register can store n binary digits, a ;, where i runs from 0 to n -
1. Of course, a ; can only be “0” or “1” as it is binary. The decimal

value stored in an n-bit register can be found using the following
equation.
n—1
(Gp1Gn_g--ag)a = Gn_1 X 2"V Fa,_o x 2" 2 - fagx 20 = Z a; x 2 (13.1)
=0

While you can easily imagine how to implement an n-bit classical
register physically (e.g. using 4 coins as a 4-bit register with the
“head” and “tail” storing the “0’ and “1’, respectively), a register can
be an abstract concept and we can use them in the computing
algorithm without mentioning or even not knowing its physical
implementation. Similarly, we can discuss and use quantum
register in quantum algorithm without knowing how to implement
a quantum register. And most of the time, a quantum register is only
a grouping of qubits and it is not necessarily a memory as in the
classical case. Therefore, in the rest of this book, we will just treat a
register as a convenient way to group the qubits.

A quantum register is just a natural extension of the concept of a
classical register. An n-bit classical register stores n-bit of
information while an n-qubit quantum register stores n-qubit of
information. For a 1-qubit register; it stores 1-qubit of information
that represents a vector in the = space (see Sect. 11.4). We can
write it as @} which, in general, is a linear combination of the basis
vectors, 0)and|1). Thatis, |¢} = & |0) + g |1}, with which we are very
familiar already. We see that when &} = |0) or |z} = |1}, the quantum
register stores exactly the same information as the classical one, i.e.
(0), or (1),. This is the most direct relationship between the quantum

register and the classical register. If the quantum register is only
allowed to store the basis states, it is the same as a classical
register!

As mentioned, a quantum register is just a grouping of qubits, all
the knowledge we learned earlier is directly applicable to the qubits
stored in a quantum register. For a 4-qubit quantum register, it stores
the information of 4 qubits, which is a vector in the (+2* _ 16 space.
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This is obtained by performing the tensor products of 4 individual
qubits, each from a (2 space.

= e ?e? =0 (13.2)

In this register, it can store any vectors that are the linear
combinations of the basis states. And the basis states are just the
possible values that can be stored in a classical register. Table 13.1
shows the basis states of a 4-qubit register and their relationship to
the values that can be stored in a classical register.

Table 13.1 Relationship between storable values in a 4-bit classical register and the basis
states in a 4-qubit quantum register

Value can be stored in a classical Basis states in a quantum register

register

(0000)2=0 10) @10} @ |0} @ [0} = |0} [0} |0} |0} = 0000} = [0},
(0001)2=1 10) @10} @ [0} @ [1) = [0} [0} |0} [1} = 0001} = [1}p
(0010)7 =2 10) ®10) ® 1) ® |0) = [0y [0} [1) [0) = [0010) = |2)
(1111)=15 L@@l =111 1) =[1111} = [15)4

The vector or state, &) that can be stored in a 4-qubit register is
therefore a linear combination of the basis states listed in Table 13.1.
¥ =0 000 +al)eme et +ashehenen ;g

=aolp+ai o+ +ais[15)0

Here we see the power of the quantum register. Instead of being
able to store only the basis states (which is equivalent to the
capability of a classical register), it can store the linear combination
of the basis states. And the number of basis states, thus the dimension
of the Hilbert space, grows exponentially with the number of qubits!
For a 4-qubit register, it stores a vector in the 2% = 16 dimensional
space. For an n-qubit register, it stores a vector in the 2" dimensional
space.

(13.4)
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W) = agl00---0) +ar[00--- 1) 44 ay |11 1)
= dy |()>10 + a, |l)10 + ...+ 1 211‘—])10

21:—I
= Z ai i) 10

=0
n— I

= ) aili)
i=0
We drop the subscript “;,” in the last line when there is no
ambiguity and we know anything inside the ket is just a name.
The basis states in the 2"-dimensional vector space are
orthonormal to each other. This is because for two basis states
ay = la,_1a,_>---agyand|b) = |b,_1b,_> - bg)wherea ;and b ;
can only take either “0” or “1”, based on Table 13.1, we have
{(alb)y = (an—1an—2---aol|1by—1by—2 - - - bp)
= (ap—1lbp—1) {ap—2|by—2) - - - {ap|bo)

(a|b} must be 0 if a # b as they are different in at least one binary digit
or 1ifa=>b.

Let us work on one more example to understand the notations in
Eq. (13.3) better. To make it simple, we will only use 2-qubit. A 2-
qubit register stores a state in the |+ Hilbert space which is a tensor
product space of two 1-qubit systems ({** i €%). A vector example

in this space is,
W) =0.5]0)+0.5]1) +0.5]2) +0.5|3) (13.6)

Now we understand 0}, |1}, [2), and 3} are the basis vectors and
they are written in decimal representation. In binary form they are
007,101, |10}, and |11} which are the tensor products of the basis
states of two (3= spaces, i.e. 0) @ |0}, |0) @ |1}, |1) ® |0}, and |1) & |1
The probability of finding the wavefunction to collapse to[2}is 0.5 =
0.25 (i.e. the square of the magnitude of the corresponding
coefficient, Eq. (4.17)). But what is the physical meaning of this? It is
the same as finding the system to collapse to |1} @ |0} For example, if
this is a two-electron spin system, we will find that the first electron
collapses to the spin down state and the second electron collapses to
the spin up state.

(13.5)
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These are important notions and we will use them a lot in the
quantum algorithms.

13.3 Quantum Data Processing

You see that an n-bit register can store tremendous information, i.e. a
vector in the 2" dimensional space. Here | want to give a fake
example to show the power of quantum data processing. If I want to
calculate a function, f(x), for x=0, 1, 2, 3 in a classical computer. I
need to do it 4 times by calculating f{0), f{1), f(2), and f(3). 1 also
need to store x=0, 1, 2, 3 in 4 registers before the calculation.
However, in quantum computing, I just need to form a vector ¥,
which is a linear superposition of 0),|1}, 12}, and [3) as in Eq. (13.6) and
store it in one 4-qubit quantum register. And [ will try to find a
mechanism with a linear property so that I get

fw)) = £0.510) +051]1) +0.512) +0.513))
= 0570 +0571)+0.57(2))+0.57(3))

Then all the computations can be done at once!

In summary, the power of quantum computing has two folds.
Firstly, it only requires n-qubit to store a 2"”-dimensional space
vector. If n =100, we only need, for example, 100 electrons. But in a
classical computer, to store a 2100_dimensional space vector, we need
to store its 2199 complex coefficients. This requires way more than
the amount of classical memory we can imagine. Secondly, with the
linearity of quantum mechanics, we can perform the calculation of
the basis states simultaneously. If n = 100, we can perform 210
calculations at one shot but this may take forever in a classical
computer. This is the famous quantum parallelism. And based on
Eq. (13.7), we see that this is due to the linearity and superposition
properties in quantum mechanics.

In most important quantum algorithms, we utilize these two
properties to perform gigantic calculations without the need for an
enormous amount of hardware and by exploiting quantum
parallelism. However, we should also realize that even we can store
2" coefficients and perform 2" computations easily in a quantum
computer, it is difficult to read them due to wavefunction collapse
after a single measurement. As a result, most quantum algorithms
exploit the interference between the basis states to obtain the

(13.7)
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desired results. You probably do not understand what I mean now. I
just want you to remember that while quantum parallelism seems
powerful, to fetch information to be useful in our classical world, we
need to apply some careful tricks which will be obvious when we
discuss the quantum algorithms.

13.4 Entanglement and Bell States

Besides superposition and interference, entanglement is also a very
heavily used concept and property in quantum computing
algorithms. We know that every higher-dimensional Hilbert space,
e.g. H;, can be constructed by the tensor products of some lower-
dimensional spaces, e.g. 7, and #,. For example, (** = (% & '~
Any vector in the higher-dimensional space, e.g. |k}, can be expressed
as the linear combination of the tensor products of lower-
dimensional space vectors (Eq. (11.18)), e.g.| f;) and |g; } For

convenience, the equation is repeated here:

)= 1) ®|g;
— (13.8)

91)

=1/ ®@lg1) + 12 @lg2) + -+ 1) @ lgn)

It is possible that for some higher-dimensional vectors, they can
be expressed as just one single tensor product of two lower-
dimensional vectors, each from a lower-dimensional space. That is

1)y =17)®lg) (13.9)

In this case, n in Eq. (13.8) equals 1. These vectors are
unentangled, which is not special. They are called separable or
product states. However, there are some higher-dimensional vectors
cannot be expressed as a single product of two lower-dimensional
vectors and must be expressed as the linear combination of them as
in Eq. (13.8) with n> 1. Then we say the lower-dimensional vectors
are entangled, which means that they cannot be separated. We also
say that a higher-dimensional vector is entangled and cannot be
unentangled to be represented as a simple tensor product of two
lower-dimensional vectors.

Let us try an example in the ** — (% & (% space. Firstly, let us
try to construct a vector in (**+ using the tensor product of two
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vectors in the (** spaces. Let|f} = ﬁ{lﬂ} + |1})and

le) = +ﬁ{|ﬂ} — |1}), we can construct
W=
|h) = |f1‘>®|g> |
= —(|0 1 —(0) — |1
,\/i(l )+ 1 >)®/\/§(| ) —11)

1
=—(Ix10)R0)+1x—-1]0)®]|1)+ 1 x 1|1>®|O)+1><—l|l)®|1})(13'10)

= 3(100) —01) +110) = 1))

Is the vector |k} = (|00} — |01} 4 |10} — |11}) entangled? No,
because we just showed that it can be expressed as a single tensor
product of two lower-dimensional vectors| f} and |g), even it looks so
lengthy.

How about the Vector|¢+} = ﬁ{lﬂﬂ} + |11})? This is less
lengthy than |k). This is also a vector in the {** space. If we write out

]

n

|
all basis, it is @) = - (1]00) +0[01) + 010 + 1 [11}) = L g
|

. Can we express it as a tensor product of two vectors from the (-
spaces? We will assume it can and |¢+}, = |m) @ |n), where

lm) = ag |0) +a |1}and |n} = by |0) + by |1), then
|CD+) = |m) ® |n)

= (ap |0) + a1 1)) @ (bp |0) + by |1)) (13.11)
= apbo [00) + apby |01) 4+ a1bo [10) + a1by |11)
But|®T) = —=(1]00) +0[01) + 0[10}) + 1[11}), so the

coefficients of the corresponding basis must be the same as those in
Eq. (13.11). Therefore,

CL()b() =1
a0b1 =0
arby — 0 (13.12)
albl =1

From the second equation, either a j or b ; needs to be 0. Then it
means eithera o b ;=0 or a 1 b { =0 which contradicts the first or the
fourth equations, respectively. That means our assumption that
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|t1ﬁ+}| = |m) & |n)is wrong and it is impossible to find 2} and ) such
that their tensor product is |t1ﬁ+). Therefore,

@ T} is entangled.
|¢'+} is special and it is also one of the four Bell states. In the

space, since it is 4-dimensional, it has four basis states. If we think of
it as the space of two electron spins, it is natural to construct the
basis to be 1), |t 1), It} and [ |}, or in other words, 00), |01}, |10}, and
|11). These are convenient basis states. But we can also create a new
basis using the so-called Bell states. The Bell states are all entangled
and are very useful in certain applications. The Bells states are

(13.13)

Firstly, let us ask ourselves again when the Bell states are written
in the column vectors in Eq. (13.13), which basis are we using? Yes, it
is the basis of 00}/|01}/|10)/|11}. The Bell states are all entangled and
we will prove the rest of them in the Problems.

Let us explore a special property of an entangled state. Suppose
we have two electron spins and they form an entangled state, @ *, in
a system (Fig. 13.1) at time t= 0 year on the Earth. I then send one of
the electrons to my alien friend 100 light-years away (i.e. it is so far
that it takes the light 100 years to reach there) and I assume the state
is not destroyed and the two electrons are still entangled. Let us say |
am able to send the electron at half of the speed of the light. So after
200 years, at t = 200 year, my friend receives the electron (No worry,
[ am still alive because I expect my life expectancy is about 500 years
old when the technology is good enough for me to make an alien
friend 100 light-years away). At time = 201 year, | decide to measure
the spin of my electron by applying a magnetic field in the 2
direction and then measure its energy. What will I get? Of course, |
will get either 1) or|l) because these are the two eigenstates of the
system with the external magnetic field. And [ know that after a
measurement, it will randomly collapse to either t) or|l). However,
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@) = %{I 1) + [L1}). If my electron’s wavefunction collapses to

11 (or}})), the whole system must collapse to 1 1) (or|l|}) because
this is the only non-zero magnitude basis state that contains 1) (or|}}
). This also means that my friend’s electron wavefunction will
collapse to the same spin state as my electron even my alien friend
does not do the measurement and even it takes the light 100 years to
tell the other electron what happened to my electron.

e 1
o e 0 =M+

/,,,- g
Stepl |\ 1 e? P

e
@ Earth o A 100 light years away @
Step 2 et =—(m) + |l
. 2! V2 (113 3 L) still entangled e?

Step 3 measure el: 50% to get |T) , assume obtained |T) for e!

collapse

® > |11)

+
@ |T) Earth 100 light years away |1} @
v el 2

Fig. 13.1 Measurement of an entangled pair of electrons

This looks like we can transmit information instantaneously and
at a speed faster than light. This is related to the Einstein-
Podolsky-Rosen (EPR) paradox which we will discuss later.
However, my experiment does not contradict general relativity which
states that information and matters cannot travel faster than light.
After more thought, you see that this does not transmit any useful
information. For example, I cannot use this information to do
something that violates the causality. Assume I buy a pair of gloves
from the supermarket, and assume the left and right gloves should
have the same color of either blue or yellow. Assume I am color blind
and I send one of them to my friends in Hong Kong from San
Francisco. When they open the box, they found that it is yellow and
they know immediately my glove is yellow while I even do not know
what [ am wearing as | am color blind. Does this violate general
relativity? Of course not. This is just a result of logic. Is this the same
in the scenario depicted in Fig. 13.1? To be frank, I am not sure.
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13.5 Einstein-Podolsky-Rosen (EPR)

Paradox

Albert Einstein who won his Nobel prize due to photon quantization
(to explain the photoelectric effect) does not believe in quantum
mechanics. He thinks God does not play dice. The randomness in
quantum mechanics makes him very uncomfortable. With Podolsky
and Rosen, they came up with a paradox to show that quantum
mechanics is either wrong or incomplete.

This is related to the entanglement experiment I just did with my
alien friend. They modified by adding a few more steps. But this
time, my alien friend is visiting me so I do not need to wait for
hundreds of years. And we are not trying to prove that quantum
mechanics will violate general relativity. Let me repeat what was
done first. After [ sent an electron in the entangled pair of
|¢'+} = ﬁ{ |00) 4+ |11}) to my alien friend in the hotel, I measure my

electron in the|()) / |1} basis. | assume I get 0). Then the state of the
two-electron system becomes 00). I call my friend and say I got 0). My
friend then knows with a 100% certainty that the electron in the
hotel must be 0} due to entanglement. Then, my friend decides to
perform a measurement on the hotel electron in the +} / |-} basis.

We know () = ﬁ{ |+) + |—)). So the electron must collapse to

either 4} or|—}. Assume it collapses to +}. Now my friend also knows
with a 100% certainty that the electron is in the +} state. So my
friend knows with 100% certainty that the electron is in the +} and
0) states.

But is not that due to the Heisenberg Uncertainty principle, we
cannot measure +; and 0) states with a 100% certainty as these two
bases are incompatible (see Chap. 5)? That means either the
quantum mechanics is wrong or incomplete (with hidden variables
we still have not discovered).

Einstein is thus not convinced that quantum mechanics is
correct. There are experiments related to this (which is to prove the
so-called Bell’s Inequality) and they show that quantum mechanics
“looks” correct. It only looks correct because there is a possibility
that the experiment is not 100% well controlled. However, the
technology has been improving that the chance that it is not well
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controlled becomes smaller and smaller which gives us more and
more confidence that quantum mechanics is correct.

We do not want to spend too much time understanding if the
paradox can be solved. But if you understand why the paradox makes
Einstein uncomfortable, you do understand many of the important
concepts we have studied so far.

13.6 Summary

After learning the basic linear algebra in the previous “steps,” we are
ready to appreciate the power of quantum register and quantum
data processing easily in this “step.” We find that quantum
computing is powerful because the information it can store goes up
exponentially with the number of qubits (2") and the number of
calculations it can perform simultaneously goes up also
exponentially. This is possible due to the superpositions of basis
states. We then discuss entanglement and Bell states which are
entangled states in the [+ space. We find that entanglement has a
very special property that can easily lead us to believe the
information can travel faster than the speed of the light. It even
confused Albert Einstein with their EPR paradox. But our goal is not
to debate with the giants. As long as we can understand why it looks
confusing, it is a big “step” for us already.

Problems

13.1 Power of Quantum Register

At the time of writing, the whole world has less than 102! byte of
memory. If we need two bytes to store one coefficient of a quantum
state (assume one for the real part and one for the imaginary part),
what is the maximum size of the quantum register state the world’s
memory can store?

13.2 Bell States
Prove all Bell states are entangled.

13.3 Profiting using Entanglement

There is a strange trillionaire living on Pluto. She invests based
on the measurement of electron spin every month. If it is a spin up,
she will invest in the gold on the Earth. If it is spin down, she will
invest in the silver on the Earth. An investor was able to entangle his
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electron with her electron to be measured next month secretly. Once
the measurement is performed, the investor knows that his electron
will collapse to the same spin states and he will buy the
corresponding commodity before anyone else who receives the
result through a radio wave from Pluto. Is this really useful? In other
words, is this a riskless investment for the investor on the Earth?

13.4 Inner Product between Two Spaces

What is the inner product between the basis states of two
electron spins? For example, what is the inner products of |0}, and
[0)0?
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14.1 Learning Outcomes

Have a deeper understanding of the linear algebra and quantum
mechanics concepts and skills; able to understand and apply the
basic concepts and skills in advanced examples; understand the
difference between pure and mixed states; and know how to
calculate the density matrix and entanglement entropy.

14.2 Concepts Review Using Entanglement

We are done with the basic linear algebra and quantum mechanics
that are necessary for us to understand quantum computing
algorithms. Here, [ would like to use an example of entanglement to
review some of the most critical concepts and skills we have learned
before moving to the next “steps.”

The question we want to ask is that if there is a Bell state on a
certain basis, is it possible to express it on another basis so that it is
not entangled? Or if it is entangled in a certain basis, is it always
entangled no matter how you change the basis?
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Let us take |¥ ~} as an example. From Eq. (13.13),
0

I
|4J?_} = —'J.,=1 f This is a 4-dimensional space vector. Which basis
o T

0
are we using when we write it in this column form? We are using the
basis formed by 00)/|01)//10)//11) in the ** Hilbert space, which are
the tensor products of two (2 spaces with basis vectors, 0) and |1}

For convenience, I will call this {01} basis. Therefore, we can also
write

B Lo | L
¥ oy = E(m(m} + 1101) = 1110) +0[11)) y

I _
— Eﬂ()l) — |10))
Here I Write|¢‘_}as|w_}{m}

this vector is expressed in the basis formed by 00;/|01)//10}/|]11}in
the [ space. We already proved in the Problems in the last chapter
that|w_} is an entangled state and cannot be expressed as a single

because I want to make it clear that

tensor product of two vectors from the {2 spaces. However, is it
possible to have a Bell state on another basis (let me call it {af}),
which is entangled, such that it is not entangled in the {01} basis?

(= is a 2D space with complex coefficients. Like what we did
earlier, we can use a real 2D plane to illustrate how to change the
basis as shown in Fig. 14.1. This figure is wrong but is intended to
give you a relevant idea. In general, the new basis vectors «} and £)
can be expressed as the linear combinations (superposition) of the
old basis vectors, 0)and |1}:

) = a |0) +b|1)
1B) =cl|0)+d|l)

where a, b, ¢, and d are complex numbers. As we have been doing, the
basis vectors need to be orthonormal. Therefore, (o |e) = (#|8) = 1
and (e |} = {f|er) = 0. §) has two complex numbers. To determine
B), we need to fix 4 values (real and imaginary parts of the two
complex numbers). Equations (#|e} = 0 and (#|8} = 1 help us fix
two of them and it still has two numbers undetermined (i.e. still has
two degrees of freedom). One of them can be captured as the overall

(14.2)
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phase factor, which is immaterial (see the discussion after Eq. (6.12))
because when we calculate any physical quantities, both the bra and
ket versions of the vector are involved and the global phase factors in
the bra and ket cancel each other.

1)

10)

1B)

Fig. 14.1 Changing basis states in the (> space using a fake real 2D space illustration

Therefore, if «} is given, there is only one value left to be
determined in £). We may express £} as

) o . 3iHb>k
1B) = ' (b*|0) —a™ |1)) = (_(em *) (14.3)

a
This is given to you. If you cannot see why right the way;, this is
normal. But we can check if it is correct. First of all, it only has one

extra parameter, which is 6 as required. Then let us check if it is
normalized.

| “ ‘ B _?"H/’)*
(Bl1B) = (e._’Hb —(_)_IH(}!) ( f(_)iH _*)

= ¢ b b* 4 (—e P a)(—e'"a*) = bb* 4 aa* = 1

(14.4)

Note that we have used transpose and complex conjugation to
construct the bra version of g). Moreover, since (w|a) = 1, we have

used the factaa * + bb * = 1.
Now let us check if £} is orthogonal to .
(14.5)
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_ (,—i0g, _ —io \[¢
(Blla)y = (e7'b —e™""a) (b)
= ¢ "ba+ (—e Pa)y(b) =0

Therefore, Eq. (14.3) is a correct representation of £) when «} is
given and £)and «} form a pair of orthonormal basis from which we
will construct the new | @ _).

Up to now, I have only shown you how to construct a new basis
with a minimal number of parameters. This is nothing new to you
but just to review some important concepts and skills. Now we have
two different bases in a (** space, namely, {01} and {af5}. They are
related to each other by Eq. (14.2). We can then construct a | space
using either two {01} spaces or two {af5} spaces. The new space will
have four basis vectors. The straightforward sets are 00)/|01}/]10)/
|11} if it is formed by {01} basis or ¢« )/« f)/ fa)/|68) if it is formed by
{af} basis. Note that they are the same space but just have a different
basis or they are “viewed” at different angles.

How do we represent them in column forms? If we are using 00)/
|01)/]10}/]11), they are represented as

1 0 0 0
. 0 : 1 : 0 0
|00) = 0 ;o |01) = 0 ;o |10) = | Iy =1 . (14.6)

0 (01) 0 (01) 0 (01) 1 (01)
How about in the cter )/ ff)/ Bee) /|66 basis? It is the same, except we
want to label the basis carefully to avoid confusion.
I 0 0 0
0 [ 0 0
loery =1 e =1, ;o |Ba) | ;o 1BB) 0 (14.7)
07 sy 07 tapy 07 tapy 1 (ap)
We see that they are the same because each element in the
column form represents how much the corresponding basis vector it
has.

Therefore,

w—}{ﬁﬂ] is just

(14.8)
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¥ 7)) = f(lam |Ba)) =
0 {op}

This is similar to Eq. (14.1). Now [ want to know if this entangled
|¢‘_}{ﬂd] state is still entangled when it is represented in the {01}

basis. From Eq. (14.2) and Eq. (14.3),

o~ >ulﬁ}
?uam |Ba))
= ? (lo) @ 1B) —1B) @ ler))
= ? (la) 1B) —1B) la))

= —((@]0) + b 1) (H*|0) — a* |1)))
—(" (b 10) — a* 1)) (@ ]0) + b [1)))

By using the distribution rule and making sure not to swap the
orders of the ket’s in the tensor products during this process, some
terms are canceled and we have

S

1 s} 3 ',’ _ 1’ ~
¥ ) = 75 (a4 61" 10) [1) + € (Jal” + 1b]7) 1) |0))
—ry \lfum)—n(m) (14.9)
= IH|"I’ >{1(1}}

Note that — e % is just an overall phase factor and we can ignore it
as discussed earlier. Therefore, the Bell state is still Bell state even
after rotations or being represented on another basis. And, thus, it is
still entangled. This answers our question.

14.3 Pure State, Mixed State, and Density

Matrix

In this book, we will only deal with pure states. But I need to
introduce density matrix for entanglement measurement.
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Therefore, I would like to talk about also mixed states. These are
important concepts in quantum computing if you want to explore
further after this book.

A pure state is just a state (i.e. vector) in a space, with which we
have been dealing. For example, an electron spin of 0} is a pure state.

But an electron spin of \/0.7 |0) + /0.3 |1} is also a pure state. A
pure state is just a state in a space so it is not limited to the basis
states. It can be any linear combination of the basis states. If we
perform a measurement on the given pure state, there is a
probability of 0.7 that we will get 0) and 0.3 that we will get |1}, which
are obtained by finding the square of the magnitude of the
corresponding coefficient.

However, it is often that we do not have complete information
about the state. For example, there might be 100 electrons and we
only know that 70% of them are 0)and 30% of them are|l}. So each
of the electron is in a pure state (either 0)or|1}), but we do not know
which one is at 0) or|1). Then we say the electrons are in mixed
states. If we perform a measurement, there is still a probability of 0.7
that we will get 0} and 0.3 that we will get |1} just because we know
that 70% of them are 0) and 30% of them are|1}. Or in other words, I
know for each electron, there is a 70% chance to be in 0)and 30%
chance to be in|1).

How to represent the mixed state mathematically? It turns out
density matrix is a very suitable tool. Density matrix of an ensemble
(either mixed or pure) is defined as

p=>""yr; ¥} (¥ (14.10)

W }, each has the

portion of p ;. Therefore, sum of p ;is 1 and it also represents the
probability of finding an electron in state |u? f }

where we assume there are n different pure states,

Let us look at an example. For the system with pure state
Iy = /0.7 |0) + 4/0.3 |1}, it only has one pure state (W) = [¥})
and the density matrix is
p=10) w1 = (Y07) (V07 V03
(0.7 +~0.21
B (,\/0.21 0.3 )

(14.11)
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For the system with the mixed state, we have
p=0.7]0) 0]+ 0.3]1) (1]

N 0N
= 0.7 (0) (10)403 (1) 1) (14.12)

= 0.7 “ﬁ) +0.3 (ﬁ} ! = Uf7 _U
00 01 0 0.3

where W) = |0}, |¥) = |1}, p¢=0.7,and p ;= 0.3.
We see that although the given pure and mixed states have the

same probabilistic measurement outcomes, their density matrices
are different.

14.4 Measurement of Entanglement

To check if a pure state is an entangled state, we need to find its
entanglement entropy. If it is 1, it is maximally entangled. If it is 0, it
is a pure product state.

Entanglement entropy is defined as

Sy = =Trp(pplog(pp)) where pp="Tr(p) (14.13)

This looks complicated. But we have learned that nothing can
scare us if we try to understand each symbol one by one and
carefully. Firstly, there is something called the trace of a matrix that
we have not learned. The trace of a matrix is simply the sum of its
diagonal elements. Therefore,

~1
Tr(p) = >_iZy pi (14.14)
For example, the trace of the density matrix in Egs. (14.11) and
(14.12) are bothp 4o+ p 1,=0.7+0.3 =1. But whatis Tr 4 or Tr g?

This is called the partial trace in which the sum is only performed
over the index of A or B subspaces, respectively. Note that we are

talking about entanglement. So the space must be at least a tensor
product of two subspaces (e.g. (** = % & €'). The easiest way to

understand is to do a numerical example.
Let us consider |¢'_). We know it is an entangled state. To what

degree it is entangled? |¢'_}| is a pure vector in the (** space, which is
a tensor product of two (2 spaces and let us call them space 4 and
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space B and thus * = (7, ® '3, Firstly, let us evaluate the density
matrix of | @ )

0

I T
p=let)iel=— | _ | 5 01-10)

0

00 00 (14.15)
1o =10
S 210-110

00 00

Now let us compute p g=Tr 4(p). If we were to find the trace, it is

just 0+ 1+ 1+ 0=2 by tracing over both the first and the second
spaces (i.e. A and B). However, if we only want to trace over space 4,
which is the first space in the tensor product, we need to keep space
B indices intact. Figure 14.2 shows the methodology. Like regular
tracing, we only care about the elements with row index of space A
equal to the column index of space A. Since we are only tracing 4,
there are 2 blocks and 8 elements that meet this criterion. The
following shows the indices and the corresponding values

P{00},{00} P{00},{01} P{00},{10} P{00},{11} 00

1 | P{o1}.{o0} P{o1}.{o1} P{o1},{10} P{o1},{11} | _ 1 01

L = (14.16)
P{10},{00} P{10}.{01} P{10},{10} P{10}{11} L0
P{11},{00} P{11}.{01} P{11},{10} P{11}{11} 00

[00) |01) |10) |11) [00) [01) [10) |11)

(00| @ 0 0 (00| @ 0 @ 0
1 1

(01] @ (01 0 - @

(10| e 0

(111 \p 0 (11] \0

Fig. 14.2 Tllustrations on how to do a partial tracing. Left: tracing only the first qubit. Right:
tracing only the second qubit. Those with the same colors will be added during tracing

The element indices are shown in binary form with the first index
being that of space 4 and the second of space B. For example, p (1o,
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(11} is the element in row 2 and column 3 (note that the row and

column labels begin with 0 instead of 1). The A indices are
highlighted when their row and column values are the same and only
those corresponding element values are shown on the right. Since
we need to keep the B index intact during the partial trace
calculation, we will add the elements with the same B index and
therefore, the partial trace over A is a 2 x 2 matrix. For example, p
{00},{o0} is added to p (701 (10, because it has the same B index (i.e. 00).

Therefore,

_ (00, 10\ (50
Pp= | 1 00) =02 (14.17)

where p pis the reduced density matrix of space B because its

element still depends on the B indices.
We can then calculate the entanglement entropy accordingly.
Sa = —Trp(pslogs(pB))

v (o ( (2 )

— _Trp (PB (logé(% logi)(%))) — _Trp <pB <_01 _01» (14.18)

(1) ()

Therefore the entanglement entropy of | til_} is 1, which means

~_ O ol
N

that the entanglement is maximal. It is important to note that I take
the logarithmic values of the diagonal elements of p g directly because

it is a diagonal matrix. If it is not diagonal, | will need to diagonalize
the matrix first, take the log, and then transform it back to do the
rest of the calculations and operations. On the other hand, since the
trace of a matrix does not change when the basis is changed, we can
just work in the basis formed by the eigenvectors of p g (i.e. work

directly with the diagonalized matrix of p g) without converting back
to the original basis to save time.

14.5 Summary

We have used a more advanced entanglement example to review
most of the fundamental concepts and skills we have learned so far. [
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hope in this process you have discovered that you have been
equipped with many useful mathematical tools and you are able to
appreciate the critical concepts much better. We see that the Bell
state is always fully entangled no matter how you rotate the
coordinate (or on which basis you represent it). We also learned the
meaning of pure and mixed states and how to calculate the density
matrix of pure states and mixed states. Finally, we learned how to
calculate the entanglement entropy, which is useful when we want to
know how much entanglement a pure state has. In the next “step,”
we will start our first quantum algorithm.

Problems

14.1 Entanglement Entropy of a Product State
Find the density matrix of (|00} 4 |01} + |10) + |11}). Then find

its entanglement entropy. (Hint: It should be zero because it is a
product state.) Can you also factorize it into the product of two
vectors in the (- space? Note that its density matrix is not diagonal.
Try to diagonalize it first (See Eq. (9.13)) before taking the
logarithmic values.

14.2 Partial Tracing
Find the entanglement entropy of | fb—) but trace the B space. You

should get the same answer. The equation now becomes

Sp = —=Trs(palogz(pa)) where pa=Trg(p)
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15.1 Learning Outcomes

Understand how a quantum gate is related to the physics
underneath; understand how a quantum gate is different from a
classical gate; able to describe the matrix and properties of NOT and
C-NOT gates; and understand the relationship between a quantum
gate and its corresponding classical gate.

15.2 Basic Quantum Gate Properties

What is quantum computing? In short, it is just a series of rotations of
a high-dimensional vector in a high-dimensional space. This high-
dimensional space is the tensor product of many lower dimension
spaces. For what we are interested in here, the basic low-
dimensional space is the (= Hilbert space where the qubit vectors
reside. For example, in a 4-qubit quantum algorithm, the vector of
interest is a 16-dimensional vector in the (1© space, which may be
constructed by grouping four electron spins together. At the end of
the rotations, we then perform a measurement to obtain the answer
we are looking for (Fig. 15.1).
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I‘P)-._,.,,_

Flow of time instead of space
Fig. 15.1 Overview of quantum computing. U 7 and U L, etc. are quantum gates, which are

unitary

Of course, we need to perform meaningful rotations, so that we
obtain the result we want. Besides that, the rotation needs to be
unitary as we have discussed before. A unitary matrix, U, obeys U ~1
=U ' (Eq. (9.14)). The most important property of a unitary matrix is
that it preserves the inner product of vectors and this is required in
the laws of physics. Since it is unitary, it means its inverse exists. This
is another requirement of the quantum gate. This is because
quantum mechanics requires that every evolution (rotation) of the
wavefunction is reversible. Again, this is natural if we think about
the operations as the rotations in a hyperspace. For a rotation, it is
always possible to rotate it backwards if we are given the result (the
output) and the nature of the rotation (the type of the gate). Every
step in quantum computing is unitary and reversible. However, at the
measurement, this is no longer true (Fig. 15.1).

A quantum gate is a gate that performs a unitary operation. In a
classical computer, in general, the electrical signals flow through
some physical gates (e.g. a NAND gate formed by 4 transistors) in the
space. In quantum computing, usually, the qubit and its “signal” do
not flow in the space. Instead, we apply operations such as
microwave or laser pulses to operate/manipulate/change the qubit.
Therefore, the flow of a quantum algorithm usually represents the
flow of time instead of a physical layout in the space (Fig. 15.1). The
qubits are usually stationary (except that in a trapped-ion quantum
computer, the trapped ions are moved around but this still does not
completely resemble the flow of signals in a classical computer).

In principle, we can stop here and continue to introduce
individual quantum gates. But we can dive a little bit deeper to
understand how a quantum gate is related to physics.
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When the external pulses or fields are applied to a physical qubit,
this is just physics and we know that it creates a system in which the
qubit state will evolve accordingly. In physics, how the state changes
depends on the total energy landscape of the system. The total
energy has a more fancy term and it is called the Hamiltonian. You
do not need to understand this, but it is good to know this term
when you talk to the physicist. Basically, it is just the total energy.
The law that describes how the state in the system evolves is called
the Schrodinger equation, which is equivalent to Newton’s Laws in
classical mechanics. Schrodinger equation is written as

inl — H |y (15.1)

where h is the reduced Planck’s constant, H is the Hamiltonian, and
W) is the state (vector) of the system. The left-hand side of the
equation is the rate of change of the state. The right-hand size tells us
that the rate of the change of the state can be obtained by
multiplying the Hamiltonian on the state. This is as simple as
Newton’s F = ma! However, we need to be careful in understanding
the meaning of each symbol. ¥} is a vector and can be expressed in a
column form. H is an operator and, thus, is a matrix. Therefore, it is
not difficult to understand the Schrédinger equation, except that we
need to be very careful when using it by asking the question I have
been asking since the beginning, i.e., which are scalars, which are
vectors, and which are matrices?

What is the solution to Eq. (15.1)? I will just give you and then we
will check if it is correct. The solution is

—i

W) =e T W) (15.2)

Therefore, the wavefunction (or the state vector) at time ¢, [¥ (1)},
is just equal to , =4 multiplied by the initial wavefunction at time 0,

| (0)}. Here we need to ask again, which one is a matrix and which
one is a vector. Definitely, |4 (t)} and | (1)} are vectors and, thus,

o~ must be a matrix (it can also be a scalar, but it is not in this

case). How do we compute ,=5#? In other words, how do we
exponentiate a matrix? We have encountered something similar in
Eq. (14.18) already when we take the logarithmic value of a matrix.
Similar to that situation, if the matrix is diagonal, we just need to
exponentiate the diagonal elements. If not, we need to diagonalize it
first. But let us do not worry about it. I only need you to believe that
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we can do any mathematical operations on a matrix like we do on a
number if it is diagonal. Let us assume we are working in the basis
formed by the eigenvectors of H so that H is diagonal. By substituting
Eq. (15.2) in Eq. (15.1), we have

—iHt

irw He™ K |‘P(U)>

) Jar
ih ’He = |tp((})>—He 7 1w (0)) (15.3)
IW(())>

‘
He i W) = He 1

In the first line, we take the derivative just like how we do to a
scalar in 367(” — e because the matrix H is assumed to be diagonal
and then use the fact that — ii = 1. This shows that Eq. (15.2) satisfies
Eq. (15.1).

Therefore, all vectors evolve in the way described by Eq. (15.2)
and we can say .=/ is a general expression of any quantum gate

and let us call it U. Let us check if it is unitary. Before that, we need to
recognize that H, which is the operator for energy, is Hermitian
because energy is an observable. Therefore, H=H t. We have

UuUt
—iHt , —iHt
— e ht<e ﬁf)T
i iHT
e e (15.4)
—iHt iHt
= e h e h
1

This section is an attempt to connect physics to quantum
computing. You might not fully appreciate every step. This will not
affect your understanding of quantum computing algorithm. But I
hope you have a stronger belief that a quantum gate is just a physical
operation and it is unitary in nature.

15.3 NOT (X) Gate

15.3.1 Definition

The first quantum gate we will study is the NOT gate. It is called X
gate for a reason to be clear soon. Again, since every quantum gate is
a unitary gate, I will label its matrix as U yor. It is called the NOT gate

because it is defined in this way:
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Unor 10) = [1) (15.5)
Unor |1) = 10)

15.3.2 Matrix

You see that it is exactly the same as the classical NOT gate if we just
treat the basis states as the classical values. This is consistent with
what we discussed in Chap. 13 that a quantum register is exactly the
same as a classical register if it is only allowed to store the basis
states. To achieve the function in Eq. (15.5), we found that

Unor = ((1) é) (15.6)

You may treat that as given. Or since a qubit state is in the two-
dimensional - space, the matrix (operator) must be 2 x 2 and if you
go through all the possible combinations, you find that this is the
only matrix that will satisfy Eq. (15.5). Let us check if this is the case.

How do we represent 0)in a column form? It is (2) . And let me

remind you that this makes sense because 0} is the first basis state
and the column elements tell us that it has one component of the
first basis state and zero component of the second basis state.

Similarly, we represent|1) = G') Therefore,

Uvor |0) = (‘f (])) 0)
01 0 (15.7)
(HJ():C):M
and
Unor|l) = ((1) (]))
(15.8)

=(16) ()=o) =

15.3.3 Circuit and Properties
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Just like the power of a quantum register is that it can store the
superpositions of the basis states, the power of the quantum gates is
that they can process the superpositions of the basis states. Now let
us see what happens if U yoris applied to a general state

W) =a|0) + 81}

01
Unvor|¥) = (l O) )

()E)-0)-rm e

Therefore, we can also understand U yor as a gate that will swap

the coefficients of the basis states (i.e. « becomes [ and vice versa).

Now, you probably have already figured out why the NOT gate is
also called an X gate? This is because the matrix in Eq. (15.6) is just o
x Figure 15.2 shows the NOT operation and its circuits.

(15.9)

|¥) = al0) + BI1) . |@) = B10) + al1)
X

y D LSB
= 5]00) +y|01)
+ B|10) + a|11)

=

Fig. 15.2 NOT gate and its circuits. Top: 1-qubit NOT gate. Bottom: 2-qubit NOT gate. Note the
bottom qubit is the MSB

|¥)
= a|00) + B|01)
+¥|10) + &|11)

Besides the one-qubit NOT gate, we can also construct a two-
qubit or n-qubit NOT gate. We just need to perform a tensor product
of two one-qubit NOT gate to obtain a two-qubit NOT gate because a
two-qubit vector resides in a {** space, which is a tensor product of
two (2 spaces. Therefore,

(15.10)
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Unor, = Unor @ Unor =

0
1
01
07 0) 1
01
1(50) o

Let us now apply the 2-qubit NOT gate to a general vector
W) = |00} + 801} + 3 [10) 4|11}
0001 o
0010 B
0100 %
1000 b)

Unvor, |¥) = (15.11)

RL ™ X &

We see that it just reverses the order of the coefficients. This is
the same in an n-qubit NOT gate. If you want to invent a quantum
algorithm eventually, it is very important to have an insight on how
each quantum gate effectively changes the input vector instead of just
knowing how to perform matrix multiplications.

Figure 15.2 also shows the circuit of a 2-qubit NOT gate. If the
qubit is not entangled, e.g. | ) = (ag [0} + bg [1)) & (a; |0} + by |1}),
I can assign the first qubit to be ag |0) + by | 1) and the second qubit
to be ay |0) + b |1). However, if it is at least partially entangled, I
need to just write the 2-qubit state as
W) = |00} + £ (01} + 3 [10) 4 11}

Also, please note that we will follow IBM-Q/qiskit’s convention to
assign the lower bit in the circuit diagram to be the most significant
bit (MSB). The MSB means that that qubit is written on the left in a
tensor product form. For example, the qubit ag |0} + b |1} is the MSB
in|d) = (ag |0} + by |1)) & (ay |0y + by |1}), while ay [0) + b [1)is
the least significant bit (LSB).

15.4 XOR (CNOT) Gate
15.4.1 Definition

In classical logic, the XOR gate is a 2-input gate. Similarly, an XOR
quantum gate is 2-qubit. It is more commonly known as the CNOT
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gate, which stands for Controlled-NOT gate for an obvious reason to
be explained soon. An XOR quantum gate is defined as

Uxor |lab) = |aa & b) (15.12)

[ deliberately wrote it in a very confusing notation with which I
expect you to be very familiar eventually. What is |ab)? It is a vector
in the (** space and a and b are either 0 or 1.|ab} can be any of the
basis states, namely, 00}, |01},|10), and |1 1}. This equation tells us that
after the XOR gate is applied to one of the basis states, it will become
another basis state |aa & b). |aa & b)isjust|a, a & b)or|a} & |a & b}
After the operation, the first number is still a, but the second number
becomes a @ b, where @ is the classical exclusive or (XOR) logical
operation. As areminde, 0 0=0,09 1=1,160=1,and1P 1=
0. Let us see how it changes the individual basis state.

Uxor100) =10,0& 0) = |0,0) = |00)
Uxor|01) =10,08 1) =10, 1) = |0I)
Uxor|10) = |1, l @()) =|1,1)=111)
Uxor|ll)=[1.1& 1) =I11)=1[10)

We see that U yog swaps the third and the fourth basis and keeps
the rest unchanged.

(15.13)

15.4.2 Matrix
The matrix of U ypp is

1000
0100

Uxor = 000 1 (15.14)
0010

We can treat this as given. Or since this is a 2-qubit gate for
operating on a vector in the four-dimensional {** space, the matrix
(operator) must be 4 x 4. Moreover, it only swaps the third and the
fourth basis states. Therefore, this is an appropriate construction. Let
us try a numerical example.

(15.15)
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1000\ /0 0

_ 0100} o 0
U o= """l =1"|=n1
xor|10) o001l 0 I

0010 0 1

This is because |10} is the third basis state and thus it is and

ot O N =

111} is

(G2 NG I NI

15.4.3 Circuit and Properties

You see that the output depends on a @ b, where a is the value of the
first qubit and b is the value of the second qubit in the basis state.
Based on the operations discussed, this is also equivalent to saying
“if a is zero, keep b unchanged and if a is one, negate b (i.e. apply
NOT to b).” Therefore, it is also called Controlled-NOT. Whether we
will apply NOT to the second qubit depends on a (i.e. controlled by
a). Therefore, the first qubit is called the control qubit and the
second one is called the target qubit. For example, for |10}, a is 1.
Therefore it will apply NOT to b, which is 0. b will be negated to 1 and
the state becomes|11). But for 00), a is 0. Therefore, b is unchanged
and is still 0 and thus the basis state is still 00).
In general, for a 2-qubit vector,
W) = o |00} 4 £ |01} + | 10) + § |11}, we have
1000 o o
0100 I’ B
Uxor 0 ="10001 {7 |5
0010 ) v
=ao|00) +p101) +8110) +y |11)
As expected, the coefficients of the last two basis states are
swapped. Figure 15.3 shows the circuit of a CNOT operation. Note

(15.16)
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that again the bottom qubit is the MSB and that qubit acts as the
control qubit.

| S— P n N ) LSB
= |00) + $|01) T = a|00) + B|01)

-5 103 48111} + 6]10) +y|11)

MSB

Fig. 15.3 CNOT gate and its circuits

15.5 Summary

We learned that a quantum gate is nothing but just the application of
energy to a quantum state to rotate it in the hyperspace. Therefore, a
quantum state evolves by following the physics law, and the quantum
gate must be unitary and reversible. We introduced the NOT gate and
the CNOT gate, which have their classical counterparts. Firstly, we
understand them by checking how they change a basis state, based
on how they are named. And then apply them to a more general
superposition state. We learned their corresponding matrices and
circuits. When we draw the circuit, we need to be extremely careful
to annotate the location of the Most Significant Bit and the Least
Significant Bit. In this book, we follow the convention in IBM-Q, with
the MSB drawn at the bottom of the circuit diagram.

Problems

15.1 Unitarity of the NOT Gate
Use hand calculation and co-lab to show that a 2-qubit NOT gate
IS unitary.

15.2 Unitarity of the CNOT Gate
Use hand calculation and co-lab to show that the CNOT gate is
unitary.

15.3 Implementation of a Quantum Circuit

Use IBM-Q, by choosing “IBM Quantum Composer” to implement
a 2-qubit circuit in which a 1-qubit NOT gate is applied to the MSB
and then a CNOT gate is applied to the two qubits with the MSB as
the control qubit. Refer to Problem 2.3 for how to construct a circuit.
Firstly, based on what you have learned, what result do you expect?
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Add measurement to check if you get the desired result. Hint: since
the input begins with 00}, the output is 100% |11}. And note that in
IBM-Q, the bottom qubit is the MSB.
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16. SWAP, Phase Shift, and CCNOT
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16.1 Learning Outcomes

Able to describe the matrix and properties of SWAP, Phase Shift, and
CCNOT gates.

16.2 SWAP Gate
16.2.1 Definition

A SWAP gate, as its name implies, swaps the numbers in the basis
states of a 2-qubit register. If we consider only the basis states, it is
equivalent to swapping the states of two electrons. The definition is

Uswap |lab) = |ba) (16.1)
where a and b are just the numbers of the first and the second qubits
in the basis states, respectively. They can be either 0 or 1. The easiest
way to gain a deeper understanding is just to plug in all the basis
states and we get

Uswap 100) = |00)

Uswap [01) = [10)

Uswap[10) = |01)

Uswap [11) = |11)

(16.2)
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Therefore, only |01} and |10} are changed (to each other) under the
SWAP operation. For 00)and |11), they are unchanged because
swapping “0” and “0” or “1” and “1” is equivalent to doing nothing.

16.2.2 Matrix

The matrix of U gyyp is

Uswap = (16.3)

o O O
S = O O
o O = O
— o O O

We can understand it in this way. Since this is a 2-qubit gate for
operating on a vector in the four-dimensional (** space, the matrix
(operator) must be 4 x 4. Moreover, it only swaps the second and the
third basis states. Therefore, only the second and the third rows are
different from the identity matrix. Let us try a numerical example.

1000 0 0
0010 0 1

Usw 10)y=1.. =1 | =10l
swap |10) o100l 0 101) (16.4)
0001 0 0
1
This is because |10} is the third basis state and thus it is g and |01
D
1
is 2
0
5
16.2.3 Circuit and Properties
In general, for a 2-qubit vector,
&) = o |00} 4+ A |01} + 9|10} + & |11}, we have
(16.5)
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1000 o o

0010] (g y

Uxor |¥) = —

Yor W) =10100]1, 5
0001/ \s 5

=« [00) +  |01) + B10) + 5 [11)

As expected, the coefficients of the second and the third basis
states are swapped. Figure 16.1 shows the circuit of a SWAP
operation. Note that again the bottom qubit is the MSB. As we have
been emphasizing, a quantum circuit represents a flow of time not a
flow of signal. Therefore, unlike the classical swap operation, the
implementation of a SWAP gate is complicated and is not as simple as
how the circuit shows. To perform a SWAP operation, we need to
apply some correct external pulses so that the states of two electron
spins are swapped.

|#) _ |2) LSB
= a[00) + Bl01) "\ "= a|00)+y|01)
+y[10) + 8[11) N HAI10) +8]11)
- - MSB

Fig. 16.1 SWAP gate and its circuit

16.3 Phase Shift Gate

16.3.1 Definition

The phase shift gate, which is also called the P-gate or the phase gate,
is a 1-qubit gate that shifts the relative phase between the two basis
vectors. It is defined as the following:

Ups,o |0) = 10)

i 16.
Ups,a 1) = ¢/ |1) (16.6)

where @ is the phase and e ? is the phase factor. When the phase
shift gate is applied to the basis vector 0}, it performs nothing. But
when it is applied to the basis vector|1}, it adds an additional phase to
it. Adding an additional phase means that the vector is multiplied by e
® Why do we only apply the additional phase to the second basis?
What is the meaning of shifting the relative phase between the two
basis vectors? It is easier to understand if we look at its matrix form
and observe how it evolves a general vector.
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16.3.2 Matrix
The matrix of U pg ¢ is

1 0
Ups,s = (O ei@) (16.7)

You can check it easily that Eq. (16.7) satisfies Eq. (16.6). For
example,

1 0 0 0 o (0 :
Crs.ell= (0 (,up) (1) B (M)) = (1) =<?1h - (168)

16.3.3 Circuit and Properties
In general, for a 1-qubit vector, |¥} = o |(}} 4+ 4 |1}, we have

I 0 o o
Ups,aI¥) = ((_) e?igb) (ﬁ) - ((?jcp[i) (16.9)

=« |0)+ P81

In the original vector, a and £, which are complex numbers in
general, can be represented as the product of a phase factor and their
magnitude. For example, o = ¢/’1|a| and 3 = ¢%2|3| , where 6 ; and

0 , are the phases of a and S, respectively. Therefore, their phase
difference is 6 | — 0 ,. Due to the phase shift gate, the phase of a is
unchanged but the phase of § is changed to @ + 6 ,. Therefore, their

relative phase is changed by @. This also explains why the phase shift
is only applied to the second basis state to be meaningful. If it is
applied to both, there will be no change in the phase difference.

@ is a parameter of the phase shift gate. When @ =, the gate

(1 0 > (1 0 > ‘ o
becomes ] = because ¢ — cos + isinT = —1-
0 e™ 0 —1
And this is just the o , matrix, one of the important Pauli matrices.
And it is also called the Z-gate.

The phase shift gate shifts the relative phase of 0j and |1} by @. And
thus the Z-gate shifts the relative phase by . This makes the Z-gate
very special and it turns out that in the 4} / |-} basis, the Z-gate acts
as a NOT gate (X-gate). This might sound confusing. Let us recall what
the meaning of a NOT gate is. When the NOT gate is applied to a basis
state, the basis state is converted to the other basis state. Since it is a
1-qubit gate, there are only 2 basis vectors. This means that the NOT
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gate converts the basis state to each other. For example, in the space
formed by the basis vectors 0)and |1}, the NOT gate converts 0)to |1}
and vice versa. Therefore, a NOT gate in the 4} / |—} space is expected
to convert +} to |-} and vice versa. Let us check if the Z-gate behaves
as a NOT gate in the +} / |—) basis.

I
Ups =U =Uz— I
ps,x |4) lz |+) z’\/§(|0> + 1)
— —(|0) = 1)) = |—
7 (10) = 11)) =1-)

We see that the Z-gate does convert + to |—}. Here I do not use the
matrix representation. [ use my understanding of the Z-gate that it
will add a phase shift of  to the coefficient of the second basis state
(i.e.|1}). Therefore, I just multiply -1 to|1}. ] hope you can start
training yourselves on this skill because such an understanding and
insight are important for you to be able to design new quantum
algorithms. Matrix multiplications are just like circuit simulations
that we should let the computer do it. Understanding the nature of
the gate is just like how we understand an analog circuit through
inspection.

Figure 16.2 shows the circuit of a phase shift gate and Z-gate.

(16.10)

|¥) = «|0) + B|1) = B10) + e'®a|1)

|¥) = al0) + B[1) | @) = Bl0) — al1)

|¥) |P) LSB

= «|00) + B|01) = a|00) + B|01)

+y|10) + &|11) 4+ y|10) + e'®5|11)
MSE

Fig. 16.2 Phase shift gate circuits. Top: 1-bit phase shift gate. Middle: Z-gate. Bottom:
controlled-PS gate

16.4 Controlled Phase Shift Gate

16.4.1 Definition

Since Z-gate is the NOT gate in the +} / |-} basis, it is then natural
that there may be a “controlled-Z-gate,” which is a CNOT gate in the
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+} / |—) basis. And in general, there must be a controlled phase shift
gate. Indeed, we can define a 2-qubit controlled phase shift gate as
the following:

Ucps.o lab) = "D |ab) (16.11)

where a and b are just the numbers in the first and the second qubit
in the basis states, respectively. They can be either 0 or 1. Here, “-”
means the classical logic AND operation. Therefore, a - b equals 1 only
when both a and b are 1. Let us see how it changes the basis states.

Ucps.e 100) = ¢ 0% 100) = |00)
Ucps,e 101) = OD?101) = |01)
Ucps.o 110) = /PO 110) = [10)
Ucps,o |11) = IDP |11 =P |11)

(16.12)

Therefore, only |11} is changed with an extra phase. We can also
understand in this way. When the first qubit is 0 (i.e. in the 00} and
|01) cases), nothing is applied to the second qubit. But when the first
qubit is 1, a phase shift gate is applied. Therefore, a phase shift gate is
applied to the second qubit when the first qubit is “1.” So, the first
qubit is the control qubit and the second qubit is the target qubit in
this controlled phase shift gate. Why only |11} is changed? Again, in a
phase shift gate, the phase shift is only applied to the second basis
state. Therefore, |10} is unaffected and only|11) gets the extra phase
shift.

16.4.2 Matrix
The matrix of U ¢pg ¢ is

100 0
010 0

Ucps,e = 001 0 (16.13)
000 @

Again, since this is a 2-qubit gate for operating on a vector in the
four-dimensional {** space, the matrix (operator) must be 4 x 4. And
as discussed, only|11) gains an extra phase after this gate. Therefore,
it is almost like an identity matrix except the last row. Let us try a
numerical example.

(16.14)
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100 0\ /0 0 0

0100 |[o 0 o .
Ucpsollly=]" =1 7 | =2 | =911
cese L =101 0 | o 0 ol =¢ Y

000 | el? |

16.4.3 Circuit and Properties

In general, for a 2-qubit vector,
) = o |00} + £ |01) + 3 |10) + & |11}, we have

100 0O o a

010 0 3
Ucps,o V) =1 .. . Pl=| /

001 0 % y (16.15)

000 B ei?s

=« |00} + B101) + ¥ [10) + ' P5|11)

Therefore, a controlled phase shift gate only adds a phase to the
|11) component. Figure 16.2 shows the circuit of a controlled phase
shift gate operation. Note that again the bottom qubit is the MSB.

16.5 Toffoli (CCNOT) Gate

16.5.1 Definition
A Toffoli gate is a 3-qubit gate. It is also known as the CCNOT gate,
which stands for Controlled-Controlled-NOT gate. As discussed
earlier, when a CNOT gate is applied to the basis states of [ (a 2-
qubit space), it will apply a NOT operator to the second qubit if the
first qubit (the control qubit) is 1. Therefore, we can expect that a
CCNOT will apply a NOT operator to the third qubit if both the first
and second qubits of a (¥ (a 3-qubit space) basis state are 1. We will
check this later.

Let us begin with the definition:

Tlabe)=T|a)Q|b)R|c)=Tla,b,c)=la, b, (a-b)Dc)(16.16)

T is the unitary operator of the Toffoli gate. |abc) is the basis state
of a (% space, which is formed by the tensor products of three (=
spaces due to three qubits (See the more complex (!¢ example in
Table 13.1). a and b are either 0 or 1. |zbc) can be any of the 8 basis
states running from 000}, |001}, to|111}. I deliberately put commons to
separate the g, b, and c in the ket for clarity, which is completely
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legitimate as [ am allowed to use any descriptive language to name
the basis states. After applying T to |a. b. ¢}, the basis state becomes
lz. b, (a - b) & ¢). This means the values of the first 2 qubits remain
unchanged. But the last qubit value becomes (a - b) @ c. The “”
operator is the AND operator in the classical logic. Therefore, it is only
one when both a and b are one. @ is the classical XOR operation.
Again, 0 0=0,091=1,160=1,and 1 @ 1=0. As discussed
earlier in the XOR (CNOT) gate, this means that a NOT operator is
applied to the value of the last qubit if a - b is one. Therefore, this is a
controlled-controlled-NOT gate with the first and the second qubits
being the control qubits. Let us check this numerically.

T 10,0,0) = [0,0, (0-0) & 0) = |0, 0, 0)
T10,0,1) =10,0,(0-0)& 1) = 10,0, 1)
T10,1,0) =10,1,(0-1)@0) =0, 1,0)
T10,1,1)=10,1,0-DH&1)=10,1,1)
T1(1,0,0) = [1,0,(1-0)@0) = |1,0,0)
T11,0,1) =[1,0,(1-0)@ 1) = 1,0, 1)

) = |

) = |

(16.17)

rinio=I[L1a-1)e0 I, 1, 1)
Tl =I[L1a-1)ael

We see that T keeps the basis vectors intact except swaps the last
two basis vectors because only the last two basis vectors have both
the first and the second qubit values being one to enable the NOT
operation on the last qubit value.

1, 1,0)

16.5.2 Matrix

The matrix of T is

(10000000\

01000000

00100000
700010000 (16.18)

00001000 '

00000100

00000001

\0 0000010

Since the Toffoli gate is a 3-qubit gate in the eight-dimensional (**
space, the matrix (operator) must be 8 x 8. Moreover, it only swaps
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the last two basis states. Therefore, it is different from an identity
matrix only in the last two rows, which has the NOT gate matrix
embedded. Let us try a numerical example.

(10000000Y [0\ [O)
01000000} |0 0
00100000 |0 0
00010000]]0 0 _
P =1o0001000| o] = [0 =" 1619
00000100]1]0 0
00000001]1]0 1

\0oooooo10/ \1/ \o/

16.5.3 Circuit and Properties

In general, for a 3-qubit vector,

W) = o [000)+8 001+ (010545 [0113+¢ [100)+¢ [ 10147 [110}+6 |111}
, we have

01000000 B B
00100000 Y %
T\Ww) = Q (;) (;) l 0 (;) (;) (;) ) _ 5
00001000 € €
00000100 e ¢ (16.20)
00000001 n 0

\00000010/ \6) \n/
= « |000) + B1001) + y [010) + & [011) + € [100)

2 101) 40 [110) + 5| 111)
—a|0) B +y2)+813) +eld) +C 15 +016) +n|7)

As expected, the coefficients of the last two basis states are
swapped. Figure 16.3 shows the circuit of a CCNOT operation. Note
that again the bottom qubit is the MSB and the two most significant
qubits act as the control qubits. Here | deliberately rewrite the kets in
their decimal form to remind you that we should choose a basis state
naming convention that is convenient.
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LSB

T\
%) N o)
= a|000)+{3‘|00‘1_) = «|000) + £]|001)
+ y]|010) + 6|011) ® +y|010) + 6]011)
+ £[100) + ¢[101) + €[100) + ¢[101)
+1|110) + 9|111) +9|110) + n|111)
L

MSB
Fig. 16.3 Toffoli (CCNOT) gate circuit. The swapped coefficients are highlighted

There is a very special property of the Toffoli gate. It is the
universal gate of the classical logic. What does it mean? Remember
that, so far, we define all gates in terms of how they change the basis
states in the space of interest. For example, a Toffoli gate keeps all 8-
dimensional basis states unchanged except swaps|110}and 111}
Quantum computing gates, which have classical analogs (i.e. for the
gates we have discussed so far), and quantum registers are exactly the
same as the classical gates and classical registers, respectively, if they
are only allowed to process the basis states. Quantum computer is only
special because they can also process the superposition of the basis
states (and also because there are quantum gates that have no
classical analogs, which we will discuss soon). Therefore, if we limit
the quantum computers to only processing the basis states, there is
no difference between the quantum computer and the classical
computer (but this is only true for the gates we have discussed so
far).

We can make a Toffoli gate to act as a classical AND gate by setting
¢ =0. In this case,

T |abe) = T [ab0) = |a. b, (a -b) ®0) = |a.b.a-b)  (16.21)

This is because any number XOR with 0 is unchanged. Therefore,
the third qubit value equals a AND b and thus it can act as a classical
AND gate, with the first two qubits as the inputs and the third qubit
as the output.

Similarly, if we seta=1 and b =1, we have

Tlabe) =T [1e) =1, 1,(1-H@c) =11, 1@®c) =1, 1,5)(16.22)

This is because 1 @ ¢ = ¢, where ¢ is the negation of c. If we treat
the third qubit as the signal to be processed, the Toffoli gate negates
the value of ¢ in the output and thus it is a NOT gate.
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Since any classical logic can be implemented with a combination
of the AND and NOT gates, thus, the Toffoli gate is a universal gate for
classical logic.

[ hope you appreciate deeper the connection between the
quantum gates and classical gates through this exercise.

16.6 Summary

We learned a few more complex quantum gates, namely the SWAP,
Phase Shift, and Toffoli gates. The Toffoli gate is a 3-qubit gate. Similar
to how we understand and treat simpler gates in the previous
chapter, we can always define the gates as how they rotate the basis
states of the corresponding space. These gates all have classical
counterparts. In particular, they are the same as their classical
counterparts if they are restricted to only process the basis states.
Also, it is very important to note that for these quantum gates with
classical counterparts, the basis states are just swapping among each
other or stay intact just like in the classical case. We find that we can
even use the Toffoli gate to construct any classical logic. In the next
chapter, we will see a gate that has no classical counterpart.
Problems

16.1 Z-Gate
Use hand calculation and co-lab to show that the Z-gate converts
|—to +.

16.2 Controlled-Z Gate
Construct a controlled-Z gate from the controlled phase shift gate.
Then show thatitis a CNOT gate in the +} / |—} basis.

16.3 Implementation of a SWAP gate

A SWAP gate can be implemented using 3 CNOT gates in sequence.
We will discuss this later. But try it now to challenge yourselves. The
first and the third CNOT gates have the first bit as the control bit, but
the second CNOT gate has the second qubit as the control bit. Try to
create the matrix of the second CNOT gate and then prove the circuit
is indeed a SWAP gate.
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17.1 Learning Outcomes

Understand that the Walsh-Hadamard gate has no classical
counterpart; remember the special properties of the Walsh-
Hadamard gate; be familiar with the mathematical skills for deriving
the Walsh-Hadamard gate properties.

17.2 Walsh-Hadamard Gate

17.2.1 Definition

The Walsh-Hadamard gate is commonly called the Hadamard gate.
The symbol of a Hadamard gate is H. Hadamard gate is so special
because it has no classical counterpart. The Hadamard gate is a 1-
qubit gate, but, of course, we can also form a multi-qubit Hadamard
gate through the tensor products of 1-qubit Hadamard gates. We will
discuss this later. Firstly, let us look at the definition of a 1-qubit
Hadamard gate.

I
H|0) = —=0) + 1)) = |+)

oo (17.1)
H|l) = E(I“) — 1) =1-)

-5

We see that when the Hadamard gate is applied to the basis
vectors 0) and |1}, they are rotated to a superposition of the basis
vectors. Note that for the gates we have studied so far, when the
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quantum gates are applied to the basis vectors (e.g. NOT gate to 0)),
the basis vectors are only transformed (rotated) to other basis
vectors (e.g. Uy o |0) = |1}). Since the basis vectors have a one-to-
one correspondence to classical logic binary values, those gates have
their classical counterpart (e.g. NOT(0) = 1). However, there is no
classical counterpart for the Hadamard gate because it is impossible
to find a classical gate that gives “ \%(0 +1)” as “0 + 1” is meaningless

in the classical Boolean logic.

We note that the Hadamard gate also equivalently transforms @)
and |1} to +}and |-}, respectively. As a review, let us remark that 0)
and |1) are the eigenvectors of o , and +} and |-} are the eigenvectors
of o, and they can be represented as the superpositions of the others.
We used a fake real-2D plane to illustrate this idea in Fig. 5.1 and
repeat this in the inset of Fig. 17.1. While the fake 2D plane

illustration is incomplete, the equations derived turned out to be
correct. For example, using vector addition, we can easily show that

4} = 5(10) + 1)) and|—) = (10} — [1}).
|
|¥) = a|0) + B|1) Id)):ﬁ((a+ﬁ)10)+(a—ﬁ)ll>)
n:a|+)+ﬁ|_> m

1) ) LSB
= a|00) + 3|01) =a|++) + B+ =)

+y110) + 6]11) L= =)
= s

Fig. 17.1 Hadamard gate circuits. The inset shows the relationship between the +} / |—} basis
and the |0) / |1} basis on a fake real 2D plane

17.2.2 Matrix
The matrix of H is

11
H = % (1 _1) (17.2)

We can understand it in this way. Since this is a 1-qubit gate for
operating on a vector in the two-dimensional (- space, the matrix
(operator) must be 2 x 2. And we can easily prove that this is correct
by doing the numerical substitutions.
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W Ly y oy o (17.3)
H10) = (b4)b)_¢50)_\ﬁwn+m)

Hm:i(l 1)(0):L(1):L(|g>_|1>)
Asu)U) =B\ T 5

Again let us recall that we are working on the basis formed by the
eigenvectors of o , when we write the operator and the vectors in

Nlie

|
their matrix and column form, respectively. Therefore, |0} = ( ) and

0-() |

17.2.3 Circuit
In general, for a 1-qubit vector, |¥) = o |0} + 4 | 1), we have

_L 1 1 o _L o+ B
H1Yr="1 (1 —1) (ﬁ) G (oe —ﬁ) (17.4)
=al+)+6]-)

[ will leave it as an exercise for you to show the last step. You can
do this by expressing the +} and|—} as the superpositions of 0)and |1}
However, I can also obtain the final expression easily by recalling how
H rotates the basis states. That is, it will transform 0)to +} and |1} to
|-}, respectively, based on Eq. (17.1). This is the insight you need to
have in order to design a quantum algorithm.

Figure 17.1 shows the circuits of the Hadamard gate. Note that
again the bottom qubit is the MSB in the multiple-qubit case.

17.3 Properties of the Hadamard Gate
17.3.1 Inverse of Hadamard Gate
The inverse of the Hadamard gate (H 1) equals the Hadamard gate
itself, i.e.
H=H"1 (17.5)

This is a special property that we will use in some quantum
computing algorithms. Since for any matrix, when it is multiplied by
its inverse, it becomes an identity matrix. Therefore, we have

(17.6)
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HH! =1
HH =1

This means that if you apply the Hadamard gate twice, the input
state vector is unchanged!

The construction of the inverse of a general matrix is fair
cumbersome and we will not discuss it here. But we will try to do so
for a 2 x 2 matrix as it is relatively easy. The inverse of a 2 x 2 matrix,

U:(CéZ)iS

1 d —
U = :
ad — cb (—c a > (17.7)
For a Hadamard gate, @ = b = ¢ = % and d = —\%, therefore,
1 1
1 ) -
H! = V2 2
1 -1 _ 11 1 1
2V2 V22 \Tps &
1 -1 _i
_ L (75 (17.8)
—5 35 \—L L
2 V2
1

which is the same as Eq. (17.5).

17.3.2 Multiple-Qubit Hadamard Gate

Multiple-qubit Hadamard gate is just a simple tensor product of 1-
qubit Hadamard gates. Therefore, for an n-qubit Hadamard gate,
denoted by H ®", it is found by:

H® = HH® ---@H

-0 A)eq(h)eres ()M

Note that in H ®™ n means there are n H s instead of n ®’s. For
example, when n =2, a 2-qubit Hadamard gate is
(17.10)
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H® = HoH

1(1 1> 1(1 1)
1 (11 1 (/1 1) 1 1 -1 1 -1
_E<1 —1>®E<1 —1)‘5 1(1 1) _1(1 1)
1 -1 1 -1
1111
11 -1 1 -1
211 1 -1 —1
1 -1 -1 1

When it is applied to 00}, i.e. the first basis vector of the (** space
formed by two qubits, we get
1 1 1 1
Ny I — — ' I
H®2|00) = - I -1 1 —1 (:) _ !
211 1 —1—1 0 2
I —1—1 1 0

1
= 5(100) +101) + 10) +[11)

— — — —

(17.11)

We see that it creates an equal superposition of all the basis
vectors in the [ space like in the 1-qubit case for the (= space.

We want to gain more insight into how it operates on a general
state, &) = o |00} + £ |01} + 3 |10) 4+ & |11}. This is complicated as it
will create superpositions for each of the basis states. On the other
hand, we can use the fact that a Hadamard gate transforms 0} to +}
and|1)to |-} to help us gain more insight.

H® @) =H ® H(@|00) + £101) +» [10) + 5 |11))
—HQHwO)Q0+100|)+y D@ |0)+5]1)® (1))
=a(H [0)) @ (H|0) + B(H0) @ (H 1)) + y(H |1)) @ (H|0))

+5(H 1) ® (H |1))
=PRI+ +BIHR[+ YR +5 )R (=)
=al++)+Bl+=) +y|l—+) +8]|——)

(17.12)

We have used the fact that each 1-qubit Hadamard gate is only
applied to the vector in the corresponding space. It shows that, by
applying the Hadamard gate to any state, we only need to replace 0}
by +}and |1} by |—}. Figure 17.1 shows the 2-qubit Hadamard gate
circuit.

17.3.3 Properties of n-Qubit Hadamard Gate
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The first property [ would like to spend time to discuss is that when
an n-qubit Hadamard gate (H ®") is applied to |0},, it will create an
equal superposition of all basis vectors in the 2"”-dimensional space
(the 2" space).|0}, is the first basis vector in the 2"-D space. It is
formed by the tensor product of n |0} s in the subspaces. This is a

special basis vector because this is usually what we obtain after the
initialization of a quantum register.

10}, =100---0) =10} ®10) ® --- @ |0) (17.13)
Applying an n-qubit Hadamard gate to |0},, we have

H®0), =H® |0)®10)® - ® |0)
—HH® - - H)|0)®0)®---®10) (17.14)
= (H|0) @ (H]0) ® --- @ (H |0})

Here I am using the fact that each H is applied to the
corresponding space. For example, applying a Hadamard gate to an
electron spin might correspond to a certain sequence of external
pulses. An n-qubit Hadamard gate can be just n copies of such pulses
applying to n electrons in parallel. So it is natural that each H only
operates on the corresponding subspace (belongs to the spin of the
corresponding electron).

Based on Eq. (17.3), Eq. (17.14) becomes

] | |
HE [0}, = (—=(10) + 1)) @ (—= (10} + 1) @ -~ ® (—=(|0) + [1}))
V2 V2 V2 (17.15)

|
= 9—,i(|(ﬁ)> + 1) @ (0) + 1) @ --- @ (J0) + [1) @ (10) + [1))

Recalling the distribution law of the tensor products, the above
equation can be expanded in the same way as how we distribute
multiplication into parenthesis of addition. So this is nothing but just
performing the permutations of 0’s and 1’s. Let us firstly expand the
rightmost two terms. We have

(10} + 1)) @ (10 + [1}) = [0} [0} + [0} [1} 4 [13 [0} + [1) [1} = |00} + |01} +
[10) +|11)
. We realize that it contains the binary representations of 0, 1, 2, and
3. If I include the third rightmost term, this term will distribute its 0)
and|1)to|00) 4+ |01) 4+ |10} 4 |11} from the left and it becomes
000} + 001} + 010} 4 011} 4 [100) 4 [101) 4+ [110) + |111) by
prepending “0” and “1” in front of the tensor product of the rightmost
two terms. And it contains the binary representations of 0, 1, 2, 3, 4, 5,
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6, and 7. We see that every time we multiply |0) + |1} from the left, it
doubles the number of the terms by prepending “0” and “1.”
Therefore, after all terms are expanded, Eq. (17.15) becomes

]
HE|0), = 7—,i(|(:)(:)- --00) +100---01) +100---10) +|00---11) +---+

- 10y 4|11 ---11)
| |
=0+ D) +12)+ 13+ + 2" =2)+ 2" = 1)) (17.16)

n
23
211
|

Py pBREY
= x=0

Therefore, we can use the n-qubit Hadamard gate to create an
equal superposition of all basis vectors from |0}, . Note that at the end,
[ use decimal representation in the ket’s for compactness.

Naturally, we will then ask what happens if the H ®" is applied to
an arbitrary basis vector |y). Note that we are talking about a basis
vector but not a general 2"-D vector, which is a superposition of the
basis vectors. Here |y} can be represented in a binary (e.g.|00101)) or
decimal (e.g.|5)) form. It really does not matter how it is represented
as long as we know how many qubits are being used (e.g.|5) = [101)
for 3 qubits and |5) = |00101} for 5 qubits). Again, ket is just a
notation and we can write anything as long as there is no ambiguity.
So the question we are investigating can be represented
mathematically as H®" |y). To derive the result, I will first represent y
in its binary form.

VY = [Yn—1Yn—2""+y1)o) (17.17)

Here, y ; for i=0 to n - 1, are the binary digits and can only take
“0” or “1." Recalling Eq. (13.1), ¥ ,-1Y n-2""V 1Y o IS a string of
numbers representing the value y ,_; x 2" 1 +y _,x 272 +... +y 1 x 29,
For example, in a 3-qubit case, |4) = |100).So,n=3,y,=1,y 1=0,and
¥ 0=0 and thus it represents 1 x 2371+ 0 x 2372+ 0 x 20 = 4, Based on

what we discussed earlier, each H only applies to the corresponding
qubit. However, the qubit may be 0} or|1). And it becomes

% (|0} +[1})and % (|0} — [1}), respectively, after applying the
Hadamard gate (Eq. (17.3)). And, this is equivalent to

H |yi) = (0} + (=D [1)) (17.18)
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because (—1)% =1land (—1)% = —1fory;=0andy;=1,
respectively. Therefore,
H®"|y) = H®" |yu—1yu-2---y0)

= (H |yp-1)) @ (H |y,—2)) & --- ® (H | y0))

I 1
= (—= (0 + (=D 1)) & (—=(0) + (=D 2 ) @ - -
(,\/E(l )+ (=D ) (,\/§(| )+ (=D )

1 " Vo
®(E(IU> + (=D 1))

Lo _ _ \
= 2—%,(|U> + (=D ) @ (10) + (=17 1)
® - ® (10) + (=1)" 1))

(17.19)

Now we are in a similar situation as in Eq. (17.15). If we expand
the terms (using the distribution law of tensor product into the
parentheses), we will again get the permutation of the 0’s and 1’s and
all basis vectors x) (from 0}, |1),[2), to |1”_] }) will appear. Therefore,
just like H®" |0}, , we also obtain a superposition of all basis vectors
in H®" |y}. However, the coefficients will not be constantly 1 (after

neglecting the factor QL%). It will be either +1 or -1. And we see that

only when there is (—1)% in the multiplication of the coefficients
would it have a chance to get -1.

Let x) = [x,—|X,—2 - - - x1xg). We see that (—1)% will appear in the
coefficient if x ;= 1. But (—1)¥% maybe 1 or -1 ify;is 0O and 1,
respectively. Therefore, in order to get a —1 as the coefficient for x)
due to x ;, we need bothx;=1andy;=1, or (x;AND y ;) =1 in classical
logic. Finally, the final coefficient of x)is 1 if there are odd number of
(x ; AND y ;)=1. And this can be found by applying the classical XOR
operation to all operations. We define an operation

Ty = (2, 1ANDy, 1) ® (2, 2ANDy, ) ® - - D (10 AN Dyp)(17.20)

Note that this is not a dot product in the regular sense. But it has a
similar property of a dot product, namely that it performs AND
operation elementwise (which is just the element-wise multiplication
as x ;and y ; only take either 0 or 1) followed by XOR operation (which
is just an addition modulus 2 operation). The addition modulus 2
operation means to take the remainder after dividing the addition by
2. For example, 1+1+1=3 and 3/2=1 remains 1. Therefore, 1+1+1 = 1.
So in a more general sense, x - y indeed is a dot product if you treat x
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and y as the vectors and x ; and y ; as the corresponding
elements/components. Therefore, we have

M|

H®" |y)y = Z (=D |x (17.21)

To enhance the understanding, let us look at an example.

Example 17.1 Find g®- |3} using Eq. (17.21).
We see that n = 2. We may just plug in the numbers:

_l)iq X Z(_])\%
2‘ x=0

=§<(—1)0'3|0>+(— )”|1>+( D> 12) 4+ (=137 13))

221

H®? |3) =

Forn= 2, we have 010 = 002, 110 = 012, 210 = 102, and 310 = 112
Therefore, based on Eq. (17.20)

O-3=(OAND1)@(OAND1) 0p0=0

1-3:(OAND1)@(1AND1) 0Opl=1

2:-3=(1AND1)® (0AND1)=160=1

3:3=(1AND1)® (1AND1) =16 1=0
Therefore,

H®?3) = $(10) — [1) — 12) + 13))

Example 17.2 Now use Eq. (17.19) to calculate g%~ |3},
This can help us appreciate deeper how Eq. (17.21) is derived.
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H®213) = H®?|11)

= ulﬁlm) ® (H |1))
= —(0)+ (=D 1H @ 10y + (=D 1))

~
£y

= (1) + (=D ) @ (110) + (=D 1))

= E(l x 110)10) + 1 x (=1)[0) |1) 4+ (=1) x 1]1) |0)
+(=1) x (=D [1) 1))
— %(m()) —101) — [10) + |11))

For 00}, x 1=0 and x 4=0. Its coefficients come from that of 0} after

applying H, which is + 1. Therefore, regardless of the y values, it must
have a final coefficient of + 1, which is the products of two + 1. For |11},
x 1=1 and x ;=1. The coefficients contributing to the final coefficient of

|11) come from those of |1} after applying H. Since y = 3, these
coefficients are — 1. Here we see that we need x ; and y ; to be both 1 in

order to get a factor of — 1. So the final coefficient of |11} is + 1, which
is a product of two - 1. For |01}, x { = 0 and x ( = 1. Its final coefficients

is the product of the coefficients of 0} and |1} after applying H, which
are + 1 and - 1, respectively. Therefore, the final coefficient is - 1.

17.4 Summary

We have spent a whole chapter just learning the Hadamard gate. This
is because it is one of the most important gates in quantum
computing. It does not have classical counterparts. It creates
superposition after applying to a basis vector. Indeed, it is used to
create superpositions in many quantum algorithms by acting on the
initialized quantum register at|(},. Using the superposition state, we
can then perform the parallel computation to speed up many
operations or use it for constructive or destructive interferences to get
the answers we look for. We also learned some very important
mathematical skills in deriving the Hadamard gate properties, which
will be used again in more sophisticated algorithms. We also learned
that the inverse of the Hadamard gate is itself.

Problems

190



17.1 1-qubit Hadamard Gate
Show Eq. (17.4) by substituting +} and |-} in terms of 0)and |1).

17.2 n-qubit Hadamard Gate Numerical Substitution 1
Use Eq. (17.21) to compute > |2}. What is n in this case?

17.3 n-qubit Hadamard Gate Numerical Substitution 2
Use expansion method in Eq. (17.19) to compute g%~ |2}. Try to
identify the fact that only when x ; and y ; are both 1 would it get a

contribution of — 1 to the final coefficient.

17.4 n-qubit Hadamard Gate Numerical Substitutions 3
Compute g~ |2} but use matrix multiplications.
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18. Two Quantum Circuit Examples
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18.1 Learning Outcomes

Able to describe the meaning of little-endian convention; be aware of
the existence of big-endian convention; contrast the flow direction of
the vector in an equation and a circuit; able to construct a quantum
circuit based on a given simple equation; and able to understand a
quantum circuit through both matrix method and intuition.

18.2 Quantum Circuit for Rotating Basis

Let us consider a circuit that can be used to transform the standard
(" basis to the Bell states introduced in Chap. 13 and discussed
further in Chap. 14. The standard basis vectors are 00},|01),|10), and
|11). And they can be written in the column form as
I 0 0 0
Ny 0 , 1 , 0 0
00)y=1_1: 1oh=1|_1; 110y=1]_1; 1) =1
100) 0 101) 0 110} | [11) ol (18.1)
0 0 0 1
As a reminder, this column representation is trivial because the
value in each row represents the amount of the corresponding basis
vector the vector in question has. For example, 00} is 100% of the
zeroth basis vector; i.e. 00}. It has no component of other basis vectors
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and thus |00} =

1
0 : :
ol The Bells states are given in Eq. (13.13) and

0
repeated here for convenience:

o= |0 Jo)=
(18.2)

A H AR

0 0
Here I assume we already know which circuit can perform the

transformation. It is given as U yop(H ®I). U ypp is a 2-qubit quantum

gate (i.e. the CNOT gate in Eq. (15.12)). His a 1-qubit Hadamard gate
and I is a 1-qubit identity gate (i.e. doing nothing). Therefore, H QI
forms a 2-qubit gate to rotate the input vector, which is then further
rotated by the U y,r gate. Let us perform some numerical

substitutions to check if this is correct.

Example 18.1 Find the matrix representation of U y,r(H &®I).

From Egs. (15.14) and (17.2), we have
(18.3)
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UxorH ® 1

OOk, O OO O O o = O
_— O O O kR O o o = o o o

Example 18.2 ShowU x gk

Uxor(H®I)|01)

0)
ol 1 /1 1 10
)6l
0
0 (1<10> 1(10)
0] 1 01 01
1|2 1(10) _1<10
0 0 1 01
0< >101 0
ol 1 o1 0 1
12110 -1 0
0) \01 0 —1
01 0
1 0 1
1 0 —1
0 -1 0
(H@I)|01) = |wT).
(101 0Y (0
B 01 0 1 1
—Alor o —1]lo
\10—-1 0/ \o
(0
_1 l _ +
=5 | = |v7)
\0

We are very familiar with the matrix operations now. How to

construct a quantum circuit

and the U yyp on the right in

for this? We should note that in matrix
operations, the states evolve from the right to the left in the equation,
but in a quantum circuit, the states evolve from the left to the right in
the circuit diagram. Therefore, we should put the H QI gate on the left
the circuit diagram. Figure 18.1 shows

194



the corresponding quantum circuit. There are three things we want to
pay attention to.

|®) = Uxor(HQI)|¥)

+yl@e)+ 6|¥7)

@) M _|P) LSB
= a|00) + £]01) . = a|@*) + BlPT)
+¥]10) + 6]11) T

- e

|¥) |D) MSB

= a|00) + |01) = a|®*) + B|l¥YT)

+ y|10) + 6]11) +yle~)+ S|¥)
b LSB

Fig. 18.1 The quantum circuits for rotating regular |+ basis vectors to Bell states. The top one

is the convention we have been using (IBM-Q) with MSB at the bottom and the bottom one is
the other version often seen in other books. Both are using little-endian convention

Firstly, besides drawing the circuit in the conventional way we
have been using (i.e. the MSB at the bottom), I also draw the one
commonly used in other textbooks. They are exactly the same if you
label the MSB correctly and associate the rightmost qubit in the bra-
ket notation with the LSB. Both approaches are the so-called little-
endian convention. In this example, the I operator (for the rightmost
qubit) is always associated with the LSB. If one associates the
rightmost qubit to the MSB, then it is called the big-endian
convention. We need to be careful in converting these two cases to
each other.

Secondly, as emphasized, the state evolves from left to right in the
circuit.

Thirdly, [ give a general expression of the circuit and you can see
that it rotates each regular basis vector to the corresponding Bell
state. And we can prove it as the following.

Example 18.3 Show that
Uxor(H®I)(e [00)+ 5 [01)+y [10)+8 1) = |@F)+4 [0 T)+y [@7)+
5w

For the left-hand side, we have
(18.5)
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Uxor(H® (@ |00) + B101) 4+ 3 [10) +8]11))
(101 0\ [

010 1|8

01 0 =1y

\10—1 0/ \s

fa+y

Ll B+s

NGE B

\0’—]’

Sl -

For the right hand side, we have
al@t)+pleT)+y|oT)+5|w)

/1 0 1 0
BN U0 NN B N O R
Alol T Al T Ao S| -1
\1 0 —1 0 (18.6)
fa+7
_ LB+
V2B
o —y

Therefore, they are the same and the equation is proved.

18.2.1 Run on IBM-Q

Let us build the circuit on IBM-Q. Figure 18.2 shows the circuit built
on IBM-Q. g0 and g1 refer to the right- and left-most qubits,
respectively, in a bra-ket notation. Note that it uses the little-endian
convention and therefore, the bottom line is the MSB (i.e. the leftmost
qubit g1 is associated with the MSB). It also has 2 classical bits to
store the measurement results and it also uses the little-endian
convention. In the setup, we assign the measurement results of g0
and g1 to the classical register bit 0 and 1, respectively. Therefore, if
we get (01), in the classical bits (this is a binary number and I add

the subscript 2 to remind you), it means g0 is measured to be 1 and
ql is measured to be 0. These are the convention we have been using
in this book so far. You may recreate this circuit by dragging the icons
to the places as shown. For the U y,p (which is CNOT), you need to
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double click on the icon to set it to have the MSB (g1) controlling the
LSB (q0).

Simulation |Real Computer

+ 2
1

c2

Fig. 18.2 The quantum circuit in Fig. 18.1 built in IBM-Q. The simulation result is shown in the
middle and the real quantum computer execution result is shown on the right

By default, the input state to any quantum circuit is |0}, for an n-
qubit circuit. In this case, it is 00). Therefore, we expect the output to

be |®*}as discussed. And we know that|® ") = ﬁﬂﬂﬂ} + 11y

therefore, we should only get 00) and |11} in the measurements.
Indeed, if the circuit is submitted to a simulator, only 00jand |11} are
found (non-zero and equal values in the histogram).

However, if this circuit is submitted to a real quantum computer
(e.g. ibmq_casablanca that might have retired when you read this
book), it also has non-zero values for |01} and |10). This is due to the
error in the quantum computer, which effectively rotated the state to
a state with |01) and |10} components. This is a simple quantum
circuit. We can imagine that for any useful algorithm, the error will
accumulate and eventually make the quantum computer useless.
Therefore, it is very important to have error corrections, which is a
more advanced topic and will not be covered in this book.

18.3 Quantum Circuit for Implementing a
SWAP Gate

The definition of a SWAP gate is given in Eq. (16.1) and its circuit is
shown in Fig. 16.1. The equation is repeated here for convenience,
Ugwap |laby = |ba). As we mentioned, the SWAP gate seems to be
very simple. And one might think it is as simple as just crossing over
two wires in a classical circuit. So maybe it is as easy as just swapping
two electrons physically. However, the meaning is deeper than that.
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What it means is that I want electron 1 to acquire the state of electron
2 and electron 2 to acquire the state of electron 1 after swapping.
Sometimes we may get confused and argue that the electrons are
indistinguishable, so there is no difference between these two
approaches. But let us do not make this too complicated and just
assume the situation that the electrons are in two different atoms or
in two different quantum wells, which is usually the case in a real
quantum computer. In this case, they are distinguishable. How do we
swap the states of the electrons in two different atoms? In principle,
you can also argue that we can just physically swap them. But this is
not easy technically, especially if it is a larger system with many other
electrons involved. Therefore, we need to implement a quantum
circuit to perform the SWAP operation.

Here again, I will give you the circuit. Our goal is just to
understand it, appreciate it, and implement it. The circuit is given in
Fig. 18.3.

|01) o 101) |11) - 110)  ;¢p
U ¢ \
|¥) |Pq) |D;) |@)
= |00) = 2|00) = «|00) = |00)
+ £|01) + 3]01) + y|01) + y[01)
+y]10) + 5]10) + 5|10) + B110)
+ 6111) +y|11) + p]11) + 8|11)
o a ®
e MSB

Fig. 18.3 Implementation of a SWAP gate using CNOT gates. The purple ket’s on top shows an
example of how a single basis vector evolves in the circuit

We are pretty good at understanding the quantum gate now. Let
us try to understand the circuit intuitively. The circuit is composed of
3 CNOT (U xor) gates. The first one on the left has the bottom (MSB)

as the control qubit and the top (LSB) as the target qubit. This means,
for the basis vectors, if the control qubit is 0, it will do nothing to
them. If the control qubit is 1, it will flip the LSB. Therefore, 00} and
|01) will not be changed, but|10) will become|11}and|11} will become
|10). This is equivalent to swapping the coefficients of [I0}and |11} in a
general vector, which we have discussed when we introduced the
CNOT gate. Therefore, for a general input,

&) = e |00} 4+ £ |01 + 3|10} + § |11}, and after the first CNOT gate,
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itbecomes|®} = « |00) + 3|01} + & |10} 4+ 3 |11)as §and y are
swapped.

For the second CNOT gate, the control qubit is LSB. Therefore, it
means 00} and | 10) will not be changed because the LSB is 0. |(}1) will
become|11)and|11)will become |01) because the LSB is 1 and it will
flip the MSB. Therefore, for a general vector, it will swap the
coefficients of |01} and|11). So the f and y in|®,} are swapped and it
becomes |@5) =« |00} 4+ y |01} + 8 |10) + g |11).

Finally, the rightmost CNOT gate swaps the coefficients of |10} and
|11} just as the leftmost CNOT gate. So the f and § in |&,} are swapped
and it becomes|®} = « |00) + 3 |01} 4 g |10} 4 & |11). This is the
result of a SWAP gate as shown in Fig. 16.1. And let us recall the
function of a SWAP gate again. It is to swap the values of the LSB and
MSB in the basis states. Therefore, only |10)) and |(}1) will change and in
a general vector, their coefficients are swapped. And this is exactly
what this circuit does to the input vector ¥ ) coming from the far left.

Based on what we have discussed, we might be able to guess how
people came up with this circuit for a SWAP gate. The SWAP gate
effectively swaps the coefficients of |10} and |01). We know that a
CNOT gate swaps the coefficients of | 10)) and |1 1) if the MSB is the
control qubit and it swaps the coefficients of [01}and |11} if the LSB is
the control qubit. Both of them involve |1 1}. Therefore, we can treat
|11} as a “middleman” or a “buffer” to complete the swapping using
only CNOT gates. This is similar to how we swap the contents of two
memories through copy operations by using a buffer in a classical
computer. We need this type of insight if we want to invent any new
quantum circuits.

Although we already have the intuition on how the SWAP circuit
worKks, it is instructional to understand it from the matrix perspective.
Again, in an equation, the input vector evolves from the right to the
left. Therefore, the matrix of the leftmost CNOT in the circuit appears
at the rightmost position of the equation, i.e. U xop right U xor center U

» «

xoR Jefp Where “right,” “center;” and “left” indicate the locations of the
CNOT gate in the circuit in Fig. 18.3.

Example 18.4 Find the matrix representation of the circuit in Fig.

18.3.
(18.7)
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1000 1000 1000
0100 0001 0100
UXOR,rightUXOR,cente'rUXOR,left = 0001 0010 0001
0010 0100 0010
1000 1000 1000
10001 0100 10010
S J0100J0O0OO0OLf JO100
0010 0010 0001
= Uswar

which is the same as Eq. (16.3).

How do we obtain the matrix for U ypg cepter» Which is a CNOT with the

LSB as the control qubit? We obtain this by the fact that it will swap
the coefficients of |01) (the second basis vector) and |11) (the fourth
basis vector) and thus it is different from the identity matrix by
swapping the second and the fourth rows. Try to follow how we
derived the matrix of CNOT with MSB as the control qubit in Chap. 15
to see if you can get U ypg center

Finally, let us try to appreciate the circuit from another
perspective.

Example 18.5 Assume the inputis|01) (Fig. 18.3), how does it
evolve?

Note that the MSB is 0, and therefore, the first CNOT gate has no
effect and it is still |01) after the first CNOT gate. However, the LSB is 1
and thus it will flip the value of the MSB from 0 to 1 after the second
CNOT gate, which has the LSB as the control qubit, and thus it
becomes|11). Finally, since now the MSB is 1, it will flip the LSB to 0
after the last CNOT gate and thus the state becomes|10). It is thus
working as a SWAP gate.

18.3.1 Run on IBM-Q

We implement the circuit in Fig. 18.3 using IBM-Q and the results are
shown in Fig. 18.4. An additional NOT gate is added to the LSB on the
left of the circuit so that the input to the SWAP gate circuitis|01) (as a
reminder, the initial vector going into the whole circuit is always
initialized to |0}, for an n-qubit circuit). Although I only added a NOT
gate to the LSB, effectively, I also included an identity gate to the MSB.
So the gate I inserted to this 2-qubit system is actually I ®X. We
expect to obtain |10} as output after the SWAP circuit. Indeed, when
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this circuit is executed using a simulator, all the measurement results
are “10,” which means that the output vector only has the |1(})
component. However, when it is executed in a real quantum
computer, it also has components of 00}, |01}, and |11} due to errors.

|
Simulation ~ i Real Computer

o

ment outcome

Measure

&
o
=

S S

c2

|
|
|

0 1.

200 400 600 800 1000

Frequency Frequency

Fig. 18.4 The quantum circuit in Fig. 18.3 built in IBM-Q. The simulation result is shown in the
middle and the real quantum computer execution result is shown on the right

18.4 Summary

In this “step,” we have constructed two simple quantum circuits. We
learned that the input vectors evolve from the right to the left in an
equation but evolve from the left to the right in a circuit diagram. We
also need to remind ourselves that a quantum circuit, unlike a
classical circuit, is not a layout of real space. It describes how a state
evolves as a function of time from the left to the right. Therefore, a
SWAP gate cannot be simply implemented by crossing over two wires.
We tried to understand the circuits based on intuition, matrix
multiplications, and numerical substitutions. We also implemented
them in IBM-Q and found that the errors are not negligible even for
such simple circuits. In this chapter, we also emphasized again the
importance of tracking the MSB and the LSB in the circuit diagram.
Problems

18.1 SWAP Gate Implementation

We may change the implementation of the SWAP gate using LSB-
controlling CNOT gate followed by MSB-controlling CNOT gate and
then followed by LSB-controlling CNOT gate. Please repeat what we
have done in the main text and prove that using the intuition method
and matrix multiplication.

18.2 LSB-Controlling CNOT Gate
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Repeat the definition and derivation of the CNOT gate matrix in
Chap. 15 to obtain the matrix of LSB-controlling CNOT gate. That is to
derive U ypg center in Eq. (18.7).

18.3 Quantum Computing Exercise 1

Run the basis transformation circuit in Fig. 18.2 on IBM-Q using
real hardware and simulation. Do necessary modification to change
the input to|11) and check the output.

18.4 Quantum Computing Exercise 2

Run the SWAP circuit in Fig. 18.3 on IBM-Q using real hardware
and simulation. Do necessary modification to change the input to |10}
and check the output.

18.5 Quantum Computing Exercise 3

Run the SWAP circuit in Fig. 18.3 on IBM-Q using real hardware
and simulation but use the SWAP gate directly instead of using CNOT
gates. Compare the outputs to Fig. 18.4.
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19.1 Learning Outcomes

Able to prove No-Cloning Theorem and describe which type of
quantum states cannot be cloned; Understand quantum
teleportation and compare against “real” teleportation; Understand
the limitation of the simplified version of quantum teleportation;
Know how to measure a qubit in its +} / |-} basis using the
apparatus in the|() / | 1} basis.

19.2 No-Cloning Theorem

We have finished the discussion of quantum gates. We will start
discussing quantum algorithms. One of the first algorithms we will
discuss is the Quantum Teleportation, although not everyone will
agree that it is a type of algorithm. But an algorithm is a process to
perform certain computations, however simple, complex, local, and
non-local it is. So I will still call this our first quantum algorithm.

Before that, we need to study a very important property of
quantum mechanics, namely the No-Cloning Theorem. It says that
not all quantum states can be cloned or copied. This is different from
our classical experience. We can copy the contents of any classical
register or memory to another classical register or memory. We do
this every day when we copy a document from our cell phone to our
laptop or when we submit the assignment electronically. But
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quantum mechanics tells us that we cannot copy any arbitrary
quantum state from a system to another identical system. This looks
absurd but, philosophically, it makes sense. In the old time, when we
were not able to submit an assignment electronically, we put the
paper into our instructor’s office. So once [ submitted it, I lose the
copy of my paper. Of course, I can make a photocopy of my
assignment before submission. But this is not a real copy (clone) as it
is on a different paper and thus the arrangement of the molecules
and electrons is not exactly the same. So we are familiar with the no-
cloning theorem since ancient times. In the electronic age, while we
can copy the information, we are not copying the matters. The
memory in my computer is not exactly the same as the memory in
my cell phone, at least at the molecular level. So, I am not really
cloning a system when I copy a file from my cell phone to my
computer. I only copy the information.

At the microscopic level, where quantum mechanics dominates,
we know that particles are identical. That electron in your body is
the same as this electron in my body. They are both electrons
mathematically. However, they might have different states (e.g. 0|1},
or any linear combinations of 0jand|1}). If I am able to copy the state
of the electron in your body to my body, although I might be just
thinking of copying the information like how I copy a picture from
my phone to my laptop, since the electrons are identical, it is not
different from cloning an electron. The effect is just as cloning my
assignment, not just with the same solutions but also on the same
matter (same arrangement of molecules). So this is consistent with
our daily experience since the old time that cloning is impossible.
This is not rigorous logic. I just want to point out that non-cloning is
not a very absurd phenomenon.

You might not agree with my philosophy (or my sentiment to be
more appropriate). But I hope you agree that copying a state in the
microscopic scale has more meaning than just copying information
on the macroscopic scale.

Now let me show you the proof of the no-cloning theorem by
finding what can be cloned. Assume there are two electrons, A and B.
Their initial states are |¥ ) 4 and |0} z. I do not know what |¥} 4 is but I
know it must be a linear combination of 0)and|1}. That is

g =al0)s+ B4 (19.1)
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Note that subscripts A and B are used to make it clear that we
have two subspaces due to electron 4 and electron B. The state of the
whole system (i.e. electrons A and B) is a tensor product of both,
whichis|¥) 4 ® [0)5 = [¥) 4 [0) 5.

The question is can I clone the state (wavefunction) from
electron A to electron B? If so, it means that after cloning, the state of
the whole system becomes|¥ ) , |¥} 5. In a classical computer, we
need to read before copying. But in a quantum computer, we cannot
clone by reading the state first because the state will collapse to
either 0} or|1), after which we would have destroyed the original
state, and thus it is not a cloning operation. Cloning must be done
through an operation (not a measurement) and we can write it as an
operator (matrix) like other quantum gates, and it must be unitary
(if it exists). It must also be a rotation of the vector in the
corresponding hyperspace. Let the cloning operator be L, which is an
operator in the (* space. We have

L(¥)410)g) = [¥) 4 1¥)p (19.2)

We can expand the final state as

L), 100) =1¥)4 W) p = (|04 +B11) ) @ (x|0)p+ B1)p)
= (@[04 |0p+a 0Bl + B aclO)p+pI1)4BI1
= o (04 [0)g +aB 04 1) g+ Bar [1) 41005 + B 1) 4 1) g
= o |00) 4+ «f |01) + Ba |10) + g% [11)

')(19.3)

In the last line, I omit the subscript again because we know that
the first electron is labeled as A and the second one is B.

On the other hand, the initial state before cloning can also be
written as

) 41005 = (@[04 + A1) 105 = a10)410)5 + B11)4 10} 5

=« |00) + 8110} (19.4)

Since the cloning operator is just a regular operator, it obeys the
rules of matrix-vector multiplication including the linearity and
distribution law. Therefore, after cloning on the state in Eq. (19.4),
we have the following:

L(x |00y 4+ B110)) = La |00) + LB |10)
a |00) + B |11) (19.5)
=a|00)4+01[01)+0[10) +p111)
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where we use the distribution rule in the first line and use the
definition of cloning in the second line (i.e. 5 |1} 4 |0} 5 becomes

B 11} 4|1} g). But Egs. (19.3) and (19.5) are expected to be the same
because they have the same initial state and the same cloning
operator. Comparing the coefficients of |01}, it means aff = 0, which
further means either @ =0 or = 0. This means that we can only clone
the basis vectors|1) (a=0) or 0} (f =0) but not any general vector.
And this is consistent with our expectation. If electron A is in a basis
state (0) or|1)), we can read it without destroying its state (because
the basis state will stay the same after any measurement) and then
just use any appropriate method to set electron B to that basis state
to complete the cloning process.

Therefore, it is possible to clone the basis states but NOT other
superposition states.

The no-cloning theorem has many important applications in
quantum computing and quantum communication. For example, an
eavesdropper will not be able to copy your message without
destroying your original information. We can thus use this to avoid
eavesdropping in quantum communication. The no-cloning theorem
also prevents the design of any quantum algorithms that will allow
useful information to propagate faster than the speed of the light.
Indeed, the discovery of the no-cloning theorem was due to a paper
in which an algorithm was invented to allow information to
propagate faster than the speed of the light by assuming it is possible
to clone a quantum state.

19.3 Quantum Teleportation

What is teleportation? It is the transfer of matters and energies
without traversing the space in between. This also leads us to
associate the transfer of matters and energies faster than the speed
of light. We know this is contradicting the Theory of Relativity. In this
section, we want to explore the relationship between quantum
teleportation and hypothetical teleportation. We will understand
the algorithm and find out if quantum teleportation will allow
information to be transferred at a speed faster than light.

19.3.1 A Simplified Version

To make it easier to understand, we will start with a simplified
version that performs quantum teleportation by assuming the
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existence of an ideal CNOT gate that can act over two qubits
separated by a very long distance. After that, we will reuse a part of
this algorithm in a useful quantum teleportation circuit in the next
chapter.

Assume Alice has an electron with the state
|¥) 4 = |0)4 + A1) 4. This is a general state that no one knows
what a and S are. The purpose of quantum teleportation is to
transfer the state to Bob’s electron, which might have an initial state
of |0) 5. Here I use subscripts 4 and B to make it clear that the states
belong to the electrons of Alice and Bob, respectively. We want to
transfer the state of Alice’s electron to Bob in no time regardless of
the distance between them! To ensure you will continue to read
instead of thinking that [ am teaching you pseudoscience, let me
explain the essence first and then show you why what I just said
does not contradict the Laws of Physics.

First of all, why it is called teleportation? In my opinion, since
electrons are identical, if Alice can transfer the state of her electron
to Bob’s electron, the final result is not different from moving her
electron to Bob’s hand. Therefore, the final result is just like the
hypothetical teleportation. Assume [ am made up of 1000 particles.
Each of the particles has a certain quantum state. Therefore, the
1000 particles with their respective states define me. If [ can transfer
the states of these 1000 particles to another 1000 particles on Mars,
[ believe the 1000 particles will act like me (same shape, same
mentality, same emotion, etc.). The net result is that I am teleported
to Mars!

However, do not forget the no-cloning theorem. When the state
of Alice’s electron is transferred to Bob’s electron, the original state
in Alice’s electron will be changed (i.e. no longer ¥}). Otherwise, we
violate the no-cloning theorem. Similarly, if | am quantum teleported
to Mars, the 1000 particles on the Earth will lose their original states
and [ am no longer who [ am on the Earth. Therefore, quantum
teleportation indeed has the sense of teleportation in which cloning
does not happen.

In the quantum teleportation process, it seems that the state
information will be teleported in no time. However, the information
can only be confirmed (i.e. completion of the information transfer
process) through two classical communications. Since classical
communication cannot be faster than the speed of light, the whole
quantum teleportation process is only completed at a speed slower
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than light. Therefore, it does not violate the Theory of Relativity. But
we still call it teleportation because the action of copying the
quantum state is instantaneous regardless of the distance. In the
simplified version, only one classical communication is needed.

Now let us start describing the algorithm and please try to
associate it to what I have just mentioned.

Step 1: Entanglement Between |¥} , and |0}z  The first step is to
create entanglement between Alice’s and Bob’s electrons (Fig. 19.1).
We can use a CNOT gate (U yog) to achieve this purpose. Before the

CNOT gate, Alice’s electron and Bob’s electron form a (** space as
there are two qubits and their state is

W) @10)5 = (@]0) 4+ B11)4) ® [0)5 = [0)410)5 + B 1) 410}
If I keep Alice’s qubit as the MSB and Bob’s qubit as the LSB, without
ambiguity, I can also just write itas« [00) + £ |10). We are using
Alice’s electron as the control qubit (Fig. 19.1). Based on the
definition of a CNOT gate, we expect the state will become

e |00) + £ |11)because the control qubit is 1 in the|10) term and
thus it flips the LSB to 1 and the basis state becomes|11}. This is an
entangled state because whenever Alice’s measurementis 0 (or 1),
Bob’s is also 0 (or 1). We can also show the entanglement process
using matrix multiplication.

Step 1: Entanglement formation

Bob T\ LSB
10), TaIO)AIO)B = 1/V2I4),(@l0); +BI1)p)

Alice a ﬁll)All)B + 1/\/§|—)A(a|0)3 - 5|1)B)
LaM MSB
= al0), +BI1),

Step 2: Alice Measures in |+)/]|—) Step 3: Alice calls Bob to complete the process

y oty 10, Jl- <0, 0,
al0), — A1), —ﬂ-alO)B +BIL),

Fig. 19.1 Quantum teleportation algorithm for transferring a quantum state from Alice’s lab
to Bob’slab
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Example 19.1 Use matrix multiplication to show that the CNOT
creates entanglement between Alice’s and Bob’s qubits.

The initial state is e |00) + £ |10)and itis (@ 0 f0) in column
representation because it has @« component of 00) and f component
of | 10%. Therefore,

( 1000 o

0100 0

0001 5]

\0010/ \0

( o
0 . |

=1o]= a |00) 4+ B 11)

\s

You can see that to achieve this entanglement operation, we need to
have a CNOT gate that is able to span a very large distance between
Alice’s lab (maybe in San José, California) and Bob’s lab (maybe in
San José, Costa Rica). It is almost impossible to build a quantum gate
with high fidelity in this way. We will solve this problem later.

Uxor(a|00) 4+ 110)) =

(19.6)

Step 2: Alice Measures Her Qubits in the +) / |—} Basis After Alice
has entangled her qubit with Bob’s, Alice will try to measure her
qubit in the +} / |—) basis. In order to calculate the result, we need to
perform a suitable substitution. Since |0} = #{H} + |—))and

1) = ﬁ{I-H' — |—1), we have

@]00)+ A1 =a |0, 10)g + A1 4115

] , |
= OZ(E(]H-)A + =405 + ﬁ(%(ll-l-)fx —[=)a)) |]>B(19.7)
=+ E(Of 0)g +BI11)g) +1-)4 E(Ol 0) g — B 11)p)

Here we just collect the terms so that it is partitioned into two
parts and each of them contains an orthogonal state in the +)} / |—}
basis for Alice’s qubit. By doing so, we see that Bob’s qubit starts
getting some information related to Alice’s qubit’s original state, i.e.
it has a and f as the coefficients. Now if Alice performs a
measurement on her qubit in the +} / |—} basis, she will obtain
either|+} 4 or|—} 4 and Bob’s qubit will become either
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o|0)y +5|1)gora |0y — B |1)g This is a result of the collapse of
the wavefunction and it is instantaneous. Why the factor \%
disappears after measurement? This is because once the
wavefunction is collapsed, we need to renormalize the vector. When

weset|¥), =w|0), + p |14 we assume the vector is normalized
already and therefore, 04]2 + \ 5‘2 — 1. Therefore, after

renormalization, the \% is gone. And if Alice obtained +}, her state is

teleported to Bob faster than the speed of light. However, there is no
transfer of useful information yet because Bob does not know Alice
has performed the measurement and also does not know if his qubit

hasastateofﬁ[ur 0y + B “::'B}Ol‘ﬁ[ﬂ’ |0) g — B |1) g) even Alice

has measured.

Step 3: Classical Communication to Complete the Teleportation Alice
will then call Bob and let him know her outcome through a classical
channel, which is slower than or the same as the speed of the light. If
Alice obtains +}, Bob knows that his electron is in the state of ¥}, and
the quantum teleportation process is completed. Or equivalently, he
will apply an identity gate to his qubit.

However, if Alice obtains |-}, Bob knows his electron is in the

state of % (@ [0) g — B |1) g), which is not ¥). He will apply a Z-gate
(U 5 Eq. (16.10)), which is a phase shift gate with angle being 7 to

convert it to ¥). A Z-gate negates the coefficient of the basis vector|1)
but not 0). Therefore, @ |0}z — 3 |1}y becomes & |0} 5z + 2 |1} g, which
is &). Now, the quantum teleportation process is also completed.

Of course, Alice’s qubit’s original state has also been destroyed
due to the measurement.

19.3.2 Measurement in the +} / |-} Basis

In the quantum teleportation algorithm, Alice needs to measure her
qubit in the +} / |—} basis in Step 2. If the apparatus can only
measure in the |0} / |1} basis, how do we achieve this? This is
important because, in many quantum computers, we are only
allowed to program to measure in the |0} / |1} basis throughout the
circuit. The trick is to apply the Hadamard gate before the
measurement. Figure 19.2 shows the simplified version of quantum
teleportation built in IBM-Q. In Step 2, instead of just performing a
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measurement in the 4} / |—} basis, a Hadamard gate is applied
followed by a measurement in the |0} / | 1} basis.

Stepl Step2 Step3

I

Bob «do ?I

Alice « :- =
.
|

00 I8 i

m |
B

Fig. 19.2 Quantum teleportation circuit corresponds to Fig. 19.1 with ¥} = |0}
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|
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e
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Example 19.2 Prove that for an arbitrary wavefunction
|d) = a |0) + b |1), the probability distribution in the +} / |—} basis
measurement is equivalent to that in the|(}) / |1} basis measurement
after it is transformed by a Hadamard gate.

We first represent p) in the +} / |-} basis to find out the

probabilities of getting +} and |-). Since, |0} = ﬁ{|+} +|—))and
1) = J5(1+) = |=)), we have

) = al0) +DIT)

1 1
za(ﬁ(l+>+l—))) +b(\—f2(|+>— |—>)) (19.8)

_ %((a + ) |4) + (@ — b))

If we perform a measurement on the +} / |—} basis, the
probability of getting +) is |a + b|?/2 and that for|-}is (f|f) > 0.

What if we apply a Hadamard gate to |¢#) and then perform the
measurement in the |0) / |1} basis? Eq. (17.4) shows that
H|py = H(a|0)+ b|1}) =a |+} + b|—) (i.e. a Hadamard gate
transforms 0)and 1) to +}and |-}, respectively). Since,
4} = —5(10) + 1)) and|—) = (10} — [1}), we have

(19.9)
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Hp)=al+)+b]-)

| |
=da (,\/5(“)) + Il))) +0b (ﬁum — |1>))

I
= —a+b)|0)+ (a—b)|1))
2

If we perform a measurement on the |0} / |1} basis, the
probability of getting 0} is |a + b|*/2 and that for [1}is (f|f) > 0.
This is the same as the distribution of performing a ) measurement
on the +} / |-} basis.

Above we only show that the measurement probability distribution
is the same. How about its effect on the state of the system? They are
still equivalent. We can understand this by considering the basis
states. Since this is a 2-qubit system, the basis states are either in the

form of |1 X} or 0X), where X can be 0 or 1. Since |1} = %{I—H' — =)
,ifitis|1X), we can replace the first qubit (Alice’ qubit) accordingly
and get % (|+} — |—)) @ |X}. If we perform a measurement using

the +} / |—} basis, it will collapse to either +} | X} or — |—} | X ). From
Bob’s perspective, his qubit becomes|X} or — | X'}, respectively, after
Alice’s measurement.

On the other hand, if we apply a Hadamard gate to Alice’s qubit

first,|1 X' becomes +} | X), which is % (10} — |1}) @ | X} When Alice

performs a measurement using the |0} / |1} basis, it will collapse to
either|0) |[X}or — |1} | X}. From Bob’s perspective, his qubit again
becomes|X} or — | X'}, respectively. Therefore, the effect on the LSB is
the same. So, performing a +} / |—} measurement is equivalent to
performing a|0) / |1} measurement after the application of the
Hadamard gate.

Similarly, this is the same for the DX state. This is also true when
there is superposition or more qubits are involved.

19.3.3 Run on IBM-Q

Figure 19.2 shows the implementation of the circuit. q0 is the LSB
and represents Bob’s qubit while g1 is the MSB representing Alice’s
qubit. Since both g0 and g1 are initialized to 0}, this circuit
represents the case that Alice’s qubitis ) = |0). After itis
teleported to Bob, Bob'’s should be 0).
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Step 1 performs the entanglement and Step 2 effectively
performs a measurement on Alice’s qubit in the +} / |-} basis. The
measurement result is stored in the MSB in the classical register
because “1” is chosen in the measurement in Step 2. In Step 3, the Z-
gate is only performed if the previous measurement equals 2. That
means if the previous measurement is (10), in the binary form, the

Z-gate will be applied to Bob’s qubit. Note that the LSB has not been
measured yet and thus is 0 by default. Therefore, a measurement of 1
on Alice’s qubit in the second step is equivalent to having the
classical register storing a value of (10),, i.e. 2. As discussed, the

measurement of| 1) after the Hadamard gate is equivalent to the
measurement of |—}. Therefore, the Z-gate is applied only when Alice
gets a|—} when measuring her qubit in the +} / |-} basis. Finally, in
Step 3, the LSB is measured just to check the results. As the
simulation showed, regardless of the MSB value, the LSB is always 0.
Therefore, Bob has acquired the state of ¥} = |0). This is a trivial
case. In the Problems, we will try a more complex one.

19.4 Summary

In this chapter, we learned our first quantum algorithm, namely, the
quantum teleportation. We also learned that we cannot clone an
arbitrary unknown state due to the no-cloning theorem. They are
related in the sense that if the state of a qubit is quantum teleported
to another qubit, the original state will be destroyed so that there is
no cloning. We also learned that quantum teleportation indeed has
certain aspects similar to hypothetical teleportation. However, it
cannot propagate useful information faster than the speed of the
light because it involves classical communications to finalize the
teleportation. We also learned an important trick to measure a state
in the +} / |-} basis when only |0} / |1} basis measurement is
available. That is to apply a Hadamard gate before the measurement.
The simplified version of quantum teleportation is not complete
because it is almost impossible to create an XOR (CNOT) gate over a
larger distance in Step 1 of the algorithm. We will solve this problem
in the next chapter.

Problems

19.1 No-Cloning Theorem
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We may also prove the No-Cloning Theorem using another
method (i.e. by contradiction). We know L(|a) 4 [0} z) = |a} 4 |a) g
L(|b}) 4 |0} g) = |b} 4 |b) z and also
L(—(la) s +1)4) 0) ) = —5(la) 4 + 1b) 1) 75 (la) s + b) ) by
definition, where «} and |b) are arbitrary normalized states. Expand
the last equation and evaluate L(|a) . |0} z) + |b) 4 |0} ) to show that
there is contradiction (that @} and |b) cannot be generalized states)
and thus cloning of a general state is impossible.

19.2 Quantum Teleportation of a Superposition State

(a)
Figure 19.3 shows the simplified version of quantum
teleportation. The state to be teleported is +). Explain why this

is the state to be teleported?

Stepl Step2 Step3

1 | I -
| @ 12 LR -
Bob 1 Bl e
alice - ' «'H &' E
P l

= [ 1 =2 o

0 200 400 600 800 1000
H i Frequency
|

Fig. 19.3 Quantum teleportation circuit corresponds to Fig. 19.1 with |¢) = |+}

(b)
Construct the matrix (4 x 4) from the left to Alice’s first
measurement.

(c)

Explain the simulation results and why quantum teleportation

is successful.

(d) . . . .
Note that the MSB contains not just 0 but also 1 in the final
output. Why the two Hadamard gates do not cancel each other?

Hints: Look at the matrix constructed.

19.3 No-Cloning Theorem and Heisenberg Uncertainty
Principle
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If the state is a basis state, it is possible to clone. For any arbitrary
state, it must be a basis state of another basis. Can I clone it? How is
it related to the Heisenberg Uncertainty Principle? Please discuss.
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20. Quantum Teleportation Il and
Entanglement Swapping

Hiu Yung Wong'
(1) San José State University, San José, CA, USA

Keywords Quantum teleportation — Entanglement swapping -
Ancillary bit - Bell state

20.1 Learning Outcomes

Describe the role of the ancillary bit in the complete version of
quantum teleportation; Construct the quantum teleportation circuit
on IBM-Q; Apply quantum teleportation circuit to achieve
entanglement swapping; Understand deeper how to use the classical
register in a conditional quantum gate.

20.2 Quantum Teleportation: The Full

Version

In the full version of quantum teleportation, we will solve the
difficulty in creating an ideal CNOT gate that needs to operate on two
qubits separated by a huge distance. We will involve one more qubit
(an ancillary qubit) and also need to physically transport that qubit
from Bob’s lab to Alice’s lab before performing any quantum
teleportation. This means that we cannot quantum teleport a
quantum state to an arbitrary lab. We must prepare for teleportation
ahead by transporting an ancillary qubit to the target lab.

An ancillary qubit appears often in quantum computing
algorithms. It is an “extra” qubit but is critical for the circuit to
achieve the goal. Therefore, although it is extra, it is not redundant.
For example, in the quantum teleportation circuit, Alice’s qubit is the
source and Bob’s qubit is the target. Therefore, these are the only two
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qubits we need for quantum teleportation. However, if we want to
obviate the use of the ideal CNOT gate, we need to add an extra
ancillary bit.

In the complete algorithm, we will replace Step 1 with Step 1a and
Step 1b. The purpose is to create the entanglement in Step 1 of the
simplified version.

Step 1a: Qubit Entanglement and Ancillary Qubit

Transportation Figure 20.1 shows the algorithm. Bob will entangle
the qubit, |0} 5 he wants to write ahead with another ancillary qubit
initialized as |0} z z. Again, we need to make sure which one is the LSB.
In this case, the qubit he wants to write is the LSB. Therefore, the
state of Bob’s qubits is |0} z 3 @ |0} 5. He then applies H @I to it. We
know that H, the Hadamard gate, will create a superposition of the

basis states. Therefore, it becomes ﬁ (10 gg + 11 gg) @ |0) 5z Now let

me drop the subscript to make it more succinct as we know that |0} 4
is the LSB already. So it can be written as % (|00} + [10)). Then it goes

through the CNOT gate. Note that both qubits are in close proximity
and they are both in Bob’s lab. So there is no problem in creating a
CNOT gate with high fidelity. Again, CNOT will change the basis vector
if the control qubitis 1 by flipping the value of the target qubit.
Therefore, |10))becomes |11} and the state of Bob’s qubits is now

% (|00} + |11)), which is entangled. We have learned this state before
and it is one of the famous Bell states, |¢+} in Eq. (13.13).

217



Bob’sLab .

! 1VZ (100551005 ¢ s e e

N SO = Il"’)A 1/v2 («]000) .

Alice- al0), + BI1), + «|011) I
I + |110) !
M5B " Alice’s Lab + £]101)) I
P el il
Step 1b ﬁ @|000) + £]101) _-. a|000) + £[101)
Bob only

e a|011>+ﬁ|11o>_n. «|010) + B]111)

Fig. 20.1 Algorithm to replace Step 1 in the simplified quantum teleportation circuit in Fig. 19.
1. After this, Steps 2 and 3 in Fig. 19.1 need to be executed to complete the quantum
teleportation process

Now Bob will send the BB qubit to Alice and it will stay there and still
entangled with the B qubit in Bob’s lab until they want to do quantum
teleportation.

One day, Alice decides to quantum teleport her qubit information
to Bob. That qubit has a state |¥) , = & |0}, + £ |1} 4 like in the
simplified version. She will then perform a CNOT operation, by using
her qubit 4 as the control qubit, on qubit BB which was sent by Bob
earlier and is still entangled with Bob’s qubit B. Let us see how the
whole system will evolve when the CNOT gate is applied.

Example 20.1 Describe how the state of the 3-qubit system evolves
after Alice decided to quantum teleport the information to Bob.
Before the CNOT gate by Alice, the state of the 3-qubit system is

1
(P)a® %(IOO) + 1) = (@]0)4 + B11)4) ® —=(100) +[11))

| V2
= 0y 4+ B 11)—(00) + |11
(o;|> B 1IN —=(00) +111)) (20.1)
:E(OHOOO)+,8|100)—|—oz|011)—|—ﬁ3|111))

Here, Alice’s original qubit (4) to be teleported is the MSB
followed by the qubit sent by Bob (BB) and Bob’s qubit that still
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resides in Bob’s lab is the LSB. I gradually removed the subscripts and
the @ as we are familiar with the meaning of tensor product already.
After that, the CNOT gate is applied. The control qubit is the MSB (4)
and the second qubit (BB) is the target qubit. When passing through
the CNOT gate, whenever the basis MSB is 1, the target qubit will be
flipped. Therefore, | 100} becomes|110} and|111) becomes|101}. As a
result, the state of the 3-qubit system becomes,

1
— (@ ]000) & B 1110} + « [011) + B]101))
V2 (20.2)

- ﬁ(a 000) + B [101) +« |011) + B|110))

Step 1b: Measurement of the Ancillary Qubit Now Alice will perform
a measurement on the second qubit (BB) on the |} / |1} basis. If she
obtains 0, it means the whole system has collapsed to a state
containing only 000) and |101} in Eq. (20.2), which is & |000} + g [101)
(after normalization). If we only consider the MSB (i.e. A in Alice’s
lab) and LSB (i.e. B in Bob's lab), they are entangled! They are

a|0) 4 |0}z + 2|1} 4|1} 5 This is the output of Step 1 in the simplified
version in Fig. 19.1. Therefore, Alice will just call Bob telling him that
she got 0} and their qubits have been entangled and they can continue
to perform Step 2 and Step 3 in Fig. 19.1 to complete the quantum
teleportation.

If Alice, on the other hand, obtains|1}, it means the whole system
has collapsed to a state containing only |11} and|110} in Eq. (20.2),
whichise |011} + #|110) (after normalization). If only consider the
MSB and LSB, they are & |01} + § |10). They are still entangled
because when the MSB is 1 (or 0), the LSB is always 0 (or 1). But this
is not exactly what we want. However, Alice can just call Bob and tell
him that she got|1). Bob just needs to apply a NOT gate to his qubit to
flip the bit value in the basis states. Therefore, the state becomes
o |00) + £ |11), which again is the output of Step 1 in the simplified
version in Fig. 19.1. They will then continue to perform Step 2 and
Step 3 in Fig. 19.1 to complete the quantum teleportation.

[ would like to emphasize why we are allowed to only consider the
MSB and the LSB in the last part of the reasoning (i.e. why we can
ignore the BB qubit in the final discussion). This is because the
second qubit is fully disentangled with the MSB and the LSB after the
measurement. Therefore, we can factorize it and thus ignore it. For
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example, after Alice obtains 0} in the measurement, we obtained

e |011} + g |110). This can be rewritten as

@ |0) 4 [ grllig + 8114 |1} g |0) g. We can always re-arrange the
electrons if we want because counting them in a different order does
not change Physics. We can write it as

|0y [ g ligg BI040 g Lgp =@y [lg +81141015) 1) pg
. There is nothing wrong to do so. We just need to make sure not to
shuffle them in the equations. Now the ancillary bit is factored out,
and it is just an electron sitting somewhere and has no effect on
Alice’s and Bob’s electrons. We do not need to consider it and thus it
is the ancillary qubit that is critical to achieving our goal but is
useless in the end.

20.2.1 Run on IBM-Q

Figure 20.2 shows the quantum circuit built-on IBM-Q. It has four
steps. Step 1a and Step 1b correspond to Fig. 20.2 to perform
entanglement between Alice’s qubit (4) and Bob’s qubit (B) with the
help of the ancillary qubit (BB) to obviate the need of an ideal CNOT
gate. Step 2 and Step 3 implement the Step 2 and Step 3 in Fig. 19.1. It
is worth mentioning that the ancillary qubit goes through only
identity gates and has no contribution to the algorithm anymore after
Step 1b.

Step 1a Step 1b Step 2 Step 3
Bob(B)  °° ? H HO B = B B
Ancillary (8B) < - [ ? | & | H I
Alice (A) a2 ] : N B
' |
& 1 ==2 2 e

Fig. 20.2 Implementation of the full quantum teleportation algorithm by combining Fig. 20.1
and Steps 2 and 3 in Fig. 19.1

This circuit has three qubits, namely g2 for Alice’s source qubit, g1
for the ancillary qubit, and g0 for Bob’s target qubit. g2 is the MSB
and qO0 is the LSB. There are also, by default, three classical bits (c3).
Therefore, upon each measurement, the ¢3 (the 3-bit classical register
to store the measurement output) may bear any values between
(000), to (111),. Note that little-endian convention is being used. So
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counting from the right, the bits are numbered as the Oth, 1st, and
2nd bit.

Identity gates, I are used to fill the space for better alignment.
They are not necessary and can be replaced by wires.

In Step 1b, Alice measures g1 using the |} / |1} basis. As the setup
shows, it is stored in 1st classical bit. Therefore, if she measures|1}, ¢3
becomes (010),. If she measures 0), ¢3 is still (000),. Then Bob will
apply a NOT-gate if the value in ¢3 is 2 (in decimal), which is (010)s.
This is to simulate Step 1b in Fig. 20.1, where Bob will apply a NOT
gate to its qubit if Alice measures|1} and doing nothing otherwise.

For complex circuits, we often want to gauge the intermediate
results for debugging or to enhance our understanding. To do so, |
keep only Step 1a and Step 1b and measure all qubit bits to check the
probability distribution in Fig. 20.3. Since g3 is 0} by default, this
circuit is performing a trivial teleportation of |¥ ) , = |(). Therefore,
after Step 1b, it is expected to be either 000} (if Alice measures 0)) or
|010} (if Alice measures|1)) as the g in Fig. 20.1 equals 0. Figure 20.3
shows the circuit and the measurement results. And indeed it only
has 000} and |010} components.

-_om
-

- B

+

a v | w
Cc3 s " . Frequency

Fig. 20.3 Measurement results of Step 1a and Step 1b in Fig. 20.2

In Step 2, Alice performs a measurement on the source qubit (4)
using the +} / |—} basis. We discussed this in the previous chapter
already. In summary, the Hadamard gate is used so that we can
effectively perform a +} / |-} basis measurement while we are
actually performing a |0} / |1} basis measurement. The measurement
result is stored in the 2nd bit in the classical register, i.e. the
leftmost/MSB bit. Note again the rightmost is the LSB or the Oth bit. If
she measures |1} (corresponds to +} when there is no Hadamard
gate), c3 becomes (100), or (110), depending on the value she
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obtained previously in the BB measurement. If she measures 0}
(corresponds to |—}), c3 becomes (000), or (010),. Bob will apply Z-

gate if Alice measures|1)in Step 2. This means c3 can be either (100),
or (110),, which are 4 or 6 in decimal, respectively. Therefore, in Step

3, two conditional Z-gates are used and they are only applied when
either c3 =4 or ¢3 = 6. Note that for every single experiment, c3
cannot be 4 and 6 at the same time. Therefore, the Z-gate will never
be applied twice.

Figure 20.4 shows the simulation result. Again, by default, the
qubits are initialized as 0). Therefore, the default circuit represents
the situation that Alice tries to teleport ¥} = |0) to Bob. The
measurement shows that the LSB is always 0. Therefore, Bob’s qubit
is 0) as expected due to quantum teleportation.

000 - f 001 - q o

q 1
011
q 2

100 ey

Measurement outcome
Measurement outcome

110 — 1‘11~"

0 200 400 600 800 1000 0 200 400 600 800 1000

Frequency FLequency

Fig. 20.4 Simulation results of the circuit in Fig. 20.2 with ¥} = |0} (left) and |&) = |1}
(right). The circuit to create |¢}) = |1} is shown as the inset

We may also test with the case that Alice teleports |¢) = |1} to
Bob. We achieve this by applying a NOT-gate to Alice’s qubit before
quantum teleportation. In this case, we expect the LSB in the
measurement to be always 1. Indeed, the measurement shows that
Bob'’s qubit has acquired | 1) because all the outcomes have 1 as the
LSB.

20.3 Entanglement Swapping
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Let us look at an application of quantum teleportation, namely the
Entanglement Swapping. I spent a lot of time discussing my opinion
on the meaning of quantum teleportation. I even said that quantum
teleportation does have the meaning of hypothetical teleportation on
the microscopic scale because microscopic particles are
indistinguishable. Therefore, teleporting the state from a particle at a
place to another identical particle at another place achieves a similar
purpose of teleporting that particle between those two places. I also
claim that if the states of the particles in my body are teleported to
some particles on Mars, I believe [ would have been effectively
teleported to Mars, where I will continue to live from the last state |
was on Earth.

If that is true, is my wife still my wife after [ am teleported to
Mars? Do I still love her or does she still love me as before
teleportation? I believe so as long as quantum teleportation is
successful and faithful, although she will start complaining I do not
take her on this trip to Mars.

Assume Alice’s electron was entangled with another electron,
owned by Carlos (our new character in this play). If Alice teleports
the state of her electron to Bob, I will expect that Bob’s electron will
then entangle with Carlos’ electron. This is a natural consequence if
we agree quantum teleportation of a state in the microscopic world is
very similar to hypothetic teleportation. Or, if you agree that my wife
would still love the “me” on Mars formed by quantum teleportation.

In quantum teleportation, there are 3-qubits. Now we also have
Carlos’ electron and this becomes a 4-qubit system. Figure 20.5
shows the corresponding entanglement swapping circuit. Note that
Carlo’s qubit (C) is the MSB. While this is a big circuit, it is not difficult
to understand. Most of the part belongs to the quantum teleportation
circuit and is the same as Fig. 20.2. Its sole function is to teleport
Alice’s qubit state to Bob’s qubit. To entangle Carlos’ and Alice’s
qubits, a Hadamard gate followed by an XOR (CNOT) gate is used. We
discussed this earlier and let us take this opportunity to do it using
matrix multiplication.
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Fig. 20.5 Entanglement swapping circuit built in IBM-Q

Example 20.2 Use matrix multiplication to show that Alice’s and
Carlos’ are entangled right before the quantum teleportation block in
Fig. 20.5.

The input state to the circuitis |0}~ & |0} 4 @ |0} g @ |0} 5. The
part of the circuit performing the operationis H - QI 4 QI p5 QI 5
followed by U ypp 4 QI ggp QI 5. We are very familiar with the
notations already and we can rewrite the input state as 3000} and the
operators as (U yor @I ®?)(H QI ®3).1 hope you understand why
(again vector evolves from right to left in the equation but from left to
right in the circuit diagram). This is a 4-qubit system and the matrix
will be 16 x 16, which is too clumsy to write down. But we see that
only identity gates are applied to the last two qubits (the ancillary bit
BB and Bob’s B), therefore,

(Uxor @ I€(H @ I%%) [0000)
= (Uxor)(H ® 1)100) ® (I®1%%]00)) (20.3)
= (Uxor)(H ® I)]00)) ® (00))

So we only need to consider the leftmost 2 qubits, i.e. the qubits
that belong to Carlos and Alice.
(20.4)
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Therefore, Carlos’ and Alice’s qubits are entangled as whenever
Carlos measures 0} (or|1}), Alice’s qubit will collapse to 0} (or|1}).
Now including the BB and C qubits, the state is

\/15 (10000} + [1100)) (20.5)

Sl =

=l =

e

After quantum teleportation, Alice’s qubit state will be teleported to
Bob’s qubit. We will not go through the matrix multiplications and
measurements. But we can understand in this way. Since the quantum
mechanics that we are using is linear, it obeys the superposition law.
We can consider each basis state in Eq. (20.5) individually and then
combine them. For the j0000) term, it is actually [0}~ |0} 4 [0} g5 |0} g
We can ignore the MSB |0) ~ for now as it is not a part of the quantum
teleportation circuit and the 3 right qubits will become

| X} 4 1Y) gg |0) 5 after quantum teleportation because the qubit state
of A is copied to B while A and BB can be any values depending on the
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measurement results (see Fig. 20.4 left). Here, X and Y can be either 0
or 1. Therefore, the final state will be 0X ¥ 0) for the whole system. For
the |1100) term, similarly, we need to consider the rightmost 3 qubits
only and they become |W) . |V} zp |1} after quantum teleportation
because the qubit state of 4 is copied to B (see Fig. 20.4 right). The
state of the 4-qubit becomes |1 WV 1}, where Wand V can be either 0
or 1. Therefore, after quantum teleportation, the state in Eq. (20.5)
becomes a linear combination of 0XY0jand |l WV 1} due to
superposition. However, for every term, the LSB (Bob’s qubit) and the
MSB (Carlo’s qubit) are the same. Therefore, Bob’s qubit and Carlos’
qubit are entangled now.

One implication of entanglement swapping is that we can entangle
two qubits that are far apart from each other. For example, Alice’s and
Carlos’ qubits may be both on the Earth. We can entangle them easily
in the same lab. With entanglement swapping, we can then entangle
Carlo’s with Bob’s (which might be on Mars) by teleporting Alice’s
qubit state to Bob.

Based on this, if marriage is based on entanglement, if I am
teleported to Mars, my wife is still my wife.

20.3.1 Run on IBM-Q

Figure 20.6 shows the simulation results. We can see that all the
states have their MSB equal to LSBand X, Y, W, and V can be either 0
or 1.
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Fig. 20.6 Simulation result of the entanglement swapping circuit in Fig. 20.5

20.4 Summary

In this chapter, we completed quantum teleportation by introducing
an ancillary qubit to obviate the need in creating a CNOT gate that
needs to interact with two qubits spanning a large distance. We see
that two classical communications and one physical transport of
qubit are required to achieve quantum teleportation. Therefore, it
does not violate the Laws of Physics. We also see that it further
resembles some of the features of hypothetical teleportation. If we
teleport Alice’s qubit to Bob while Alice’s qubit was entangled with
Carlos’ qubit, Bob’s qubit will then entangle with Carlos’ qubit after
quantum teleportation.

Problems

20.1 Entanglement
Derive Eq. (20.2) using matrix.

20.2 Classical Register and Conditional Gate

227



(a)
Reproduce the result in Figs. 20.2 and 20.4

b
(b) Store the Step 1b measurement result in the Oth classical qubit
and store Step 3 measurement result in the 1st classical qubit.
How should we modify the conditional CNOT and Z-gates in
Step 1b and Step 3 so it will produce the same result? Hints: The
classical bit we want to inspect now is the 1st qubit.

20.3 Quantum Teleportation vs. Hypothetical Teleportation

Go through the quantum teleportation one more time and answer
the following questions: (1) Why the state of the original electron is
destroyed? How is it related to the no-cloning theorem? (2) If I want
to quantum teleport myself to Moon or Mars and back to the Earth,
how should I prepare for that? (3) If Alice’s state was 0), do we need
quantum teleportation to transfer the state to Bob? Do we violate the
no-cloning theorem?
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21.1 Learning Outcomes

Understand the Deutsch-]Jozsa and Deutsch problems; Appreciate
how quantum parallelism is used to speed up the solution-finding
process in the Deutsch algorithm; Understand while parallel
computations are performed in certain quantum algorithms, the
information we can extract is limited. Understand the origin of the
quantum oracle; Able to derive the equations in the Deutsch
algorithm and implement them in IBM-Q.

21.2 Deutsch Algorithm

The Deutsch Algorithm is a sub-problem of a more general
Deutsch-Jozsa Algorithm. We will only discuss the Deutsch
Algorithm and inspect the algorithm in detail. The derivation of the
Deutsch-Jozsa Algorithm can be found elsewhere and can be
understood easily if you understand the details [ am going to explain
in the Deutsch Algorithm. In the derivation, you will see that the
Deutsch Algorithm provides a two-time speedup in the computation.
In the more general Deutsch-Jozsa Algorithm, it provides an
exponential speedup over the classical one. This means that for an
n-qubit problem, classically we need 2”1 + 1 computations but only
1 computation using the Deutsch-Jozsa Algorithm. Therefore, the
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Deutsch Algorithm also provides an exponential speedup, but it just
happens that n=1 and thus it only has two times of speedup.

21.2.1 The Problem

In the Deutsch-Jozsa problem, we are given an oracle (a black box
into which we cannot peep), which maps f: {0, 1}"~{0, 1}. This
means that it takes an n binary digits (n-bits) as the input. For
example, if n = 3, the inputs can be any permutation of 3 digits of 0 or
1 (i.e. from the set {0, 1}3). For example, the input may be “000”,
“001% -+, “111" Its output is either 0 or 1 (i.e. one single-bit output).
So an oracle is just a function and we do not know which function it
implements. But we are told that it is either balanced or constant in
the Deutsch-Jozsa problem (this is given). A balanced function
means that half of its outputs are “0” and the other half are “1.” A
constant function means that, regardless of the input values, it
always outputs the same value (a constant value). Of course, for
some constant functions, the output is constantly “1” while for other
constant functions, the output is constantly “0.” The Deutsch-Jozsa
Algorithm is to figure out if the oracle is balanced or constant. The
problem is completely classical.

Example 21.1 Give an example of an oracle that is constant for the
n =3 case.

There are eight possible inputs in the n = 3 case. Let the input bits
be x ,, x 1, and x . If an oracle implements the following function:

f(lEQQ?liBo) = X2-X1-To - 0 (21.1)
where “-” is the classical Boolean AND operation, then

f(000)=0-0-0-0=0
f(001)=0-0-1-0=0
f(010)=0-1-0-0=0
f(011)=0-1-1-0=0
f(100)=1-0-0-0=0
f(101)=1-0-1-0=0
f(110)=1-1-0-0=0

f(111)=1-1-1-0=0

And this is a constant oracle, which always gives “0” as the output.
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Example 21.2 Give an example of an oracle that is balanced for the
n =3 case.

Again, there are eight possible inputs in the n = 3 case. Let the
input bits be x 5, x 1, and x (. If an oracle implements the following

function:
f(zar170) = T2 D 1 D X9 (21.2)
where “@” is the classical XOR operation, then
f(000)=000=0

This is a balanced oracle. A half (4) of the inputs results in “0” and a
half (4) of the inputs results in “1”. How did I come up with this
function? Eq. (21.2) is just counting whether the number of “1” in the
input bits is odd or even. If it is even, it gives “0” and if it is odd, it
gives “1.” We have encountered something similar earlier when we
tried to find the expression when an n-qubit Hadamard gate is
applied to an arbitrary basis state |x}, in Eq. (17.20).

Here I want to remind you again that we do NOT know what function
the oracle implements. But we are told that it can be either balanced
or constant. [ show you the examples is just to let you know two of
the possible functions.

Yes, | am supposed to only discuss the Deutsch problem instead
of the Deutsch-Jozsa problem, but [ want to give you a deeper
understanding of the background so you can explore more in the
future.

Now, let us turn to the Deutsch problem. It is a special case of the
Deutsch-Jozsa problem with n = 1. Therefore, the oracle maps f: {0,
1}+{0, 1}. It only has 1 bit of input and thus it only has two possible
inputs (either “0” or “1”). As a result, it only has two possible outputs
(f(0) and f(1)). Our goal is still to find out if the oracle is “balanced” or
“constant” (f{0) =f(1)). Since it only has two possible outputs, the
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“balanced” case is the same as a “non-constant” case as there is only
one non-constant case, i.e. f{0) # f{1). While in the Deutsch-Jozsa
problem with n > 1, non-constant is not necessarily balanced.

21.2.2 Classical Algorithm

To find out if the solution is constant, in a classical way, we need to
provide the input one by one and measure the outputs. If both
outputs are the same, then it is a constant oracle. Otherwise, it is
balanced (or non-constant). Therefore, we need to use the oracle to
perform two computations to know the answer. If I only have one
computer and each of the computations will take 50 years, [ will not
know the answer before I die. Why do [ bother? Well, maybe that
oracle will perform a very sophisticated computation to tell me if the
girl likes me.

Example 21.3 In the Deutsch problem, what are the possible input
and output combinations?

Since there are two inputs and two outputs, there are only 4
types of functions.

f4(0) =0 and fa(1)=0
f3(0)=0 and fp(1)=1
fo(0)=1 and fo(1) =0 (21.3)
fp(0)=1 and fp(l)=1

We see that f 4 and f , are constant functions while f z and f - are

balanced functions (or non-constant functions). And there is no way
that we can determine if the function is constant or not without
performing two calculations (i.e. computing f{0) and f(1)).

21.2.3 Quantum Computing Solution

Luckily, we have quantum computers. By using the Deutsch
Algorithm, we only need to perform one computation by using
quantum parallelism and I will know the answer within 50 years!

Step 0: Create a Quantum Oracle We will discuss the quantum
oracle in detail in the next chapter. Now we will only learn the
essence of quantum oracle so we can understand the Deutsch
algorithm. Figure 21.1 shows a quantum oracle embedded in a
quantum circuit of 2 qubits. A quantum oracle is just a quantum gate!
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It needs to be unitary. The quantum oracle encodes the problem we
are trying to solve. Therefore, a quantum oracle is so special is just
because we might not know how to construct it using fundamental
quantum gates as it is given by the nature. Often, if we can construct
the quantum oracle in a short time using simple quantum gates, then
we do not need a quantum computer. For example, if | can construct
the quantum oracle corresponding to the f{x) in the Deutsch
problem, then it means I already know what it is and I probably
know if it is constant. Of course, it is also possible that I can
construct it in a short time but I am not able to evaluate it fast. Then,
we still need a quantum computer. Anyway, we will just treat it as a
black box and we assume some physical systems in nature can be
used to create this oracle in the quantum computer if we do not
know how to create it from simple quantum gates.

LSB

1) y) Uy 1)y @ f(x))
MSB

MSE
0)ly) Uy Oy ® Fx))
LSEB

Fig. 21.1 The quantum oracle of a 2 qubit circuit used in the Deutsch algorithm. The top is the
convention we have been using (IBM-Q) with MSB at the bottom and the bottom one is the
other version often seen in other books. Both are using the little-endian convention. Note that
x) |v) are basis vectors

Since a quantum oracle is just a quantum gate, the definition of a
quantum oracle is still defined by how it transforms the basis states
just like how we defined a simple quantum gate. Figure 21.1 shows
the definition. The symbol of the oracle is U 4 signifying that this is a

unitary gate corresponding to the oracle function, f{x). For any basis
vector, x) |y}, the outputis|x) |y & f(x)), where @ is the classical
XOR and f{x) is the function we are evaluating. That is

Uplx)ly) =1x)1y® fx)) (21.4)
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This means that when the input is a basis vector with x being the
MSB and y being the LSB, the output will be another basis vector
with the MSB unchanged (still x) but the LSB becomes y @ f(x),
which depends on the f{x) of the oracle.

Example 21.4 If f{x) is a constant function that always gives “0” (i.e.

f4(x) in Eq. (21.3)), how does the oracle transform the basis vectors?
There are only four basis vectors in a 2-qubit system, namely 00,

|01), |10}, and |11). By tracing the change of x and y carefully, we have

Uy 10)10) =10) 10 £(0)) = 10) [0 0) = 10} |0)

Uyrl0)11) =10} [T & £(0)) = 10) [1 @ 0) = [0) [1) (21.5)
Up1)10) =110 (1)) =11) 02 0) =[1)]0) '
Urlh D =hTe )= 1e0)=[HI[I)

We see that we can implement this oracle by an identity gate. But
we still do not know what is f(x) in the oracle. We only know how it
behaves.

Step 1: Create a Superposition Input We will create a special
superposition state as the input to the oracle. It is not surprising that
a superposition state is needed because we want to use quantum
parallelism to evaluate the function with different basis vectors at
the same time.

The superposition state to be created is [+} |—). Let us represent it
in the original |(}) / |1} basis.

I I
[+ 1) = —=(0) + 1) —=(10} — 1))
V2 V2 (21.6)

— %(|()()) — 101) +[10) —[11})

We can see that it has equal weight for every basis vector, but the
phases are not the same.

Step 2: Evaluate Using the Quantum Oracle Now let us apply U rto

H3 =
(21.7)
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Lo ,
Usl+)l-) =Uy (2<|00> —101) +[10) — |11>>)
= ;(Uf 00) = U £ 101y + U |10) = U ¢ |11))

1
= 5(|O, 0@ F(0)) =101 (O +11,0 f(1)) = [1.1& f(1)))

Here, we firstly used the linearity of quantum mechanics that I
can apply U rto individual basis vector first before performing the
superposition. Then, we applied the definition of the quantum oracle
in Eq. (21.4). Since we are very familiar with the bra-ket notation
already, I write, for example, |0} |0 & fix)}as|0,0& fix)} without
ambiguity.

We know anything XOR with “0” is itself and anything XOR with
“1” is its negation. Therefore, Eq. (21.7) can be further simplified as

Upl+)|—) = % (|(), F(0)) — ‘(), f(())) L (1) — ‘1.]"(1)))(21.8)

where Ul_1 is the negation of f{x). Note that f{x) is either 0 or 1 in

the Deutsch problem. For example, if f{x) = 1, the f(z) = 0.

Step 3: Measure on the Right Basis to Get the Answer By inspecting
Eq. (21.8) carefully, we start seeing some clues of how it works. If f{x)
is a constant function, then f{0) = f{1) and f(0) = f(1).1can then

perform a factorization on the tensor product on Eq. (21.8),

U111 = 5 (10 700 = 0. FO@) + 11 ra) - [1. 7))

(10. 7)) - ‘(). m} + 1L FO0) — ‘1%))
(1001 £ = 10} [ 7)) + 1) L £ 00 — 1) | F0)))
= 5 (40) + 1) 17 O)) = (10} + 1) [T O0))) &2

[ =2 | —to | —o |

2
- \1@ (1411700 = 14 [70))
= |+4) \}E (170) = [70))

Here, | have used the fact that f{0) =f{1) and I write both as f{0)
for the factorization and similarly for the f(0) = f(1) case. We see

the result is a tensor product of +} (the MSB) and
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E{H () — ‘j {D})} (the LSB), which is just a linear superposition of

the basis vectors. Therefore, if f{x) is a constant function, the MSB is
+1. Here, we also see that the oracle is only evaluated once but both
f(0) and f{1) are evaluated at the same time to achieve quantum
parallelism! We also see that the oracle keeps the MSB unchanged if
it is constant (i.e. both the input and output are +}).

If f{x) if balanced (non-constant), then f(0) = f(1) and

f(0) = f(1). For example, if f{0) =1 and f{1) = 0, then

f(0) = f(1) = 0 = 1.1 will perform a factorization on the tensor
product on Eq. (21.8) in another way.

=5 (10. £©@) = |0. FO) +11, £(1) = 1, 7D))

Usl+)|—) =
= 3 (10 = 1) 17 ) = 101 = 1) |7 O)))

1 - - (21.10)
-5 (]|—> |f.((_))> - |—.>\f(n)>)
=12 (17 o) - [FO))

Here, [ have used the fact that f(()) — f(l) and I write both as
f(0) for factorization and similarly for the f(0) = f(1) case, I use
f(()) for both. Therefore, when the oracle is non-constant, the MSB is
flipped from +) to |—).

21.2.4 The Quantum Circuit

In summary, the quantum oracle in the Deutsch algorithm takes +—}
as the input and keeps the MSB as +} if f{x) is constant and flips it to
|—}if it is balanced (non-constant). This is simple but we need to do
two things to complete the circuit. Firstly, we need to create +—}and
secondly, we need to measure in the |0} / |1} basis to determine if the
MSB is +} or|—}.

As mentioned before, we prefer to start the quantum circuits by
initializing the input qubits to |0}, with n =2 in this case, i.e. 0} |0}. In
order to prepare the [4+} |—) state, we will use the Hadamard gates.
We know that H |0} = |[+}and H |1} = |—} (Eq. (17.1)). So we need
to create |1} first, and this can be done easily using the NOT-gate (X).
Step 1 in Fig. 21.2 shows the corresponding circuit. We can also
represent Step 1 of the circuit using the following equation:
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Step 1 I Step 2

Step 3
LSB

|0)
|0) if constant

|01)
|1) if balanced

10) MSB
I I
: : MSB
|0) |0) if constant
|1) if balanced
|0)

. LSB
I |
Fig. 21.2 The Deutsch algorithm circuit. The top is the convention we have been using (IBM-

Q) with MSB at the bottom and the bottom one is the other version often seen in other books.
Both are using little-endian convention

(HH)(IX)|0)|0) = (HH) |0) [1) = |+) |—) (21.11)

In this equation, we carefully apply each operator to its
corresponding qubit. We can do this because the 2-qubit operators
used can be factorized to be tensor products of two 1-qubit
operators. For example, the first operator is represented as I @ X and
second operator, which is H Q2 s represented as H QH.

How do we determine if the MSB is +} or |-} while we can only
measure in the |0} / |1} basis? The trick is again to use the Hadamard
gate. We discussed this in the quantum teleportation algorithm
already and it is shown in Egs. (19.8) and (19.9) that measuring a
state in the +) / |—) basis is the same as measuring in the|() / |1} basis
after applying a Hadamard gate. Therefore, in Fig. 21.2, we apply a
Hadamard gate after the quantum oracle and then perform a
measurement on the MSB. If the result is 0} (corresponds to
measuring +} before the Hadamard gate), we know the function is
constant. If the resultis |1} (corresponds to measuring |-} before the
Hadamard gate), we know the function is balanced.

Example 21.5 Show thatin Step 3 in Fig. 21.2, if f(x) is constant,
measuring the MSB will always result in 0).
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After the quantum oracle, the state becomes
%{|D, F(0y) — ‘l]. f'{ﬂ}) + |1, f(1)) — ‘l. j'[l})} (Eq. (21.8)).

Applying a Hadamard gate to the MSB (which means we also need to
apply an identity gate to the LSB), we have

HI (;( 0, (0)) — ‘0, f(())> + 1, f(1)) — ‘11‘(1)> ))

-~ % (14 £on - \+, WF = F(1) = \—WD

_ ; (14 (1ron = [FO )+ 1=) (170 = [FD)))

- (%um Fin (1o - [F@)) (2112)
+\%(|0) — |1>)(|f‘(l)> - ‘WD)

_ 231/2 (00 +1) (1700 - [FO))

+(10) — |1>)(|f(1)> - ‘“I)D)

If f(x) is constant, then| f(0)) — ‘m) = |f(l)} — ‘m) as f(0)
= f(1). Therefore, by factorizing| f (0)} — ‘W), Eq. (21.12) becomes

7 (00 + 1+ 10 = 1) (170 - [70)) ))
— 231/2 o) (170) - [70))) (21.13)
= \lﬁ( 0) (170 = |70)))

Therefore, we always measure 0} for the MSB if the function is
constant!

21.2.5 Run on IBM-Q

A quantum circuit corresponding to an oracle with f{x) =0 (i.e. f 4 in
Eq. (21.3)) is implemented on IBM-Q (Fig. 21.3). Again, in IBM-Q, the
bottom qubit is the MSB (corresponding to the top circuit of Fig.
21.2). As we mentioned, we usually do not know the quantum oracle.
Here, we just make a quantum oracle using basic gates to
demonstrate the idea. As mentioned after Eq. (21.5), f 4 is equivalent
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to an identity gate. Therefore, the quantum oracle is constructed
simply using an identity gate. The measurement result is always 0 for
the MSB, which confirms that the oracle is constant. Note again, since
we are not measuring the LSB, so by default, it is set to 0 in IBM-Q.
Therefore, we only get 00). Similar to what we saw in other circuits,
due to errors, the hardware sometimes measures |10}, which is
wrong.

Simulation Real Computer

Step 1 Step 2 Step 3

QM !
H =
+

y

c2 Y Frequency
1

—— e —
M

Fig. 21.3 Deutsch algorithm implemented in IBM-Q with a constant quantum oracle f{x) = 0.
Simulation and hardware results are shown on the right. MSB is at the bottom

21.3 Summary

We understand that the Deutsch-]Jozsa problem is for checking if a
function is constant or balanced. The Deutsch problem is a special
case of it with n = 1. However, we need 2 qubits to implement. It will
calculate f{0) and f{1) in parallel by taking a superposition of the
basis states as an input. If f{x) is constant (or balanced), we always
measure 0} (or|1}) in the MSB. Although this is a simple speed up, we
can imagine that with more qubits (e.g. 30 qubits), we can perform
many computations at the same time (e.g. 23~ 10) for some more
complex problems. We have first encountered a quantum oracle. It is
nothing but usually a black box. It is also just a unitary quantum gate.
To demonstrate the algorithm, we may construct an equivalent
quantum gate to represent the quantum oracle. But usually, we rely
on a real physical system to be the quantum oracle in a quantum
computer.

Finally, [ want to emphasize one very important observation.
While parallel computation is performed in the Deutsch algorithm, we
do NOT know the values of f(0) and f(1). We only know if f(x) is
constant or balanced. This is the nature of many quantum
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computing algorithms from which we usually can only extract a
limited amount of information.
Problems

21.1 Other forms of f(x)
Repeat what we did in Eq. (21.5) for f 5, f , and f p.

21.2 Creation of superposition
Repeat Eq. (21.11) using matrix.

21.3 Hadamard gate applied to 2-qubit basis state

Creating the superposition in Step 1 in Fig. 21.2 after the NOT-
gate is equivalent to applying a 2-qubit Hadamard gate to state |01).
Show that you can get the result in Eq. (21.6) by using Eq. (17.21).

21.4 Non-Constant Function in the Deutsch algorithm
Repeat Example 21.5 for a balanced function.
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22.1 Learning Outcomes

Able to distinguish the two types of quantum oracles, namely the
XOR and phase quantum oracles; Able to explain why a quantum
oracle needs to be unitary and reversible; Able to construct the
matrix of any quantum gate when the definition is given.

22.2 Quantum Oracle

We introduced the concept of quantum oracle in the previous
chapter. Since it is an oracle, very often we do not know how it is
implemented. We only know that its behavior has some correlations
to the problem that we try to solve. The problem we are solving
usually is related to a function f{x) (such as the f{x), which we want
to know if it is constant or balanced in the Deutsch algorithm). It can
be as simple as a p-qubit identity gate (I ®P) (e.g. in Fig. 21.3, p = 2).
But usually, it is complex and we can use some physical systems to
implement it. We will create an equivalent oracle when we need to
test the circuit. But most of the time, we can just treat it as a black
box.

There are two types of quantum oracles. One is called the XOR
quantum oracle while the other is called the phase quantum
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oracle. A quantum oracle is nothing but just a quantum gate.
Therefore, it must be unitary and reversible. Thus, a quantum
oracle is represented as U s which is a unitary operator

corresponding to the function f{x).

22.2.1 XOR Quantum Oracle

For any function f{x), it maps n bits of inputs to m bits of outputs.
Mathematically, it is written as f: {0, 1}''={0, 1}™. For example, in the
Deutsch problem, we have n=m = 1. That is, both input and output
have 1-qubit. In general, n # m. Classically, we can build a classical
gate to map the n-bit inputs to the m-bit outputs. But we cannot do
this in quantum computing. Why? This is because every quantum
gate needs to be reversible. And this is only possible if n = m. For
example, for n > m, many different inputs can produce the same
output. Then for a given output, we cannot find the corresponding
input in the reverse direction (see Fig. 2.2). Or we may say that an n-
qubit input m-qubit output matrix is not square (it is m x n) and thus
it cannot be unitary.

This issue can be solved by implementing an XOR quantum oracle.
It has (n + m)-qubit input and output (Fig. 22.1). Like for other
quantum gates, we define the XOR quantum oracle by describing
how it transforms a basis vector to other basis vectors. Note that
now the XOR quantum oracle is (n + m) x (n + m). If f{x) has n-bit
inputs and m-bit outputs, we denote the input basis vector as
lx), |¥},, (i.e. the n MSB are denoted as x)and the m LSB are denoted
as|y),,). Here|x), is the query, which represents the input to f(x)
and|y},, are the auxiliary qubits. It is natural to add the m auxiliary
bits because we need to store the result f(x) somehow. An XOR
quantum oracle is defined as that it will keep the n MSB unchanged
but the m LSB will be changed to y @ f(x). So the output becomes
lx), |y & fix)},. Note thaty @ f(x) is a classical bit-wise XOR
operator. Similar to Eq. (21.4), we can represent its behavior as
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,M  LSB

%), ly @ F()), .
,n
" MSB
n n MSB
¥ V4
1), 1), Us ), |y @ Fx),,
. m I
4 4 LSB

Fig. 22.1 A general XOR quantum oracle. The top one is the convention we have been using
(IBM-Q) with MSB at the bottom and the bottom one is the other version often seen in other
books. Both are using the little-endian convention. Note that |x}, |y},, are basis vectors

Uf |.X)” |y)m - |x)n |y @ f(x)>m (221)

where|x), |¥},, is a basis vector in the (2" space. In Eq. (21.4), n
=m-=1.

Example 22.1 Forn=3,m=2,andletx=3 and f(3) =3, find the
corresponding input and output basis vectors of the XOR quantum
oracle corresponding to f(x).
The m LSB part of the input is not given in the question, so we
assume it is |0},,.. Therefore, the input basis vector is
lx), |¥im = |35 |0}> where we substituted the decimal values of x, n,
and m. This can be written as|011} |00} = |01100), which is a 5-qubit
(m+n=>5) input.
The output vector is also a basis vector and can be found as
Upl3)31002 =13)310@ f(3)) =13)3108 3)2
= [011) [(00) & (11))
= 011)[11)
= |01111)
where (00) @ (11)=(0 1)(0 6 1) =(11) is a bit-wise XOR

operation. Therefore, this XOR quantum oracle transforms |(}1 100 to
|01111)in this example.

(22.2)
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Now, let us prove that the XOR quantum oracle is indeed reversible.
We first apply U twice to the input.

UrUpyplx), ¥y =Uglx), |y @ fx)),
— |x)n vy & f(x) D f(x)}m
=[x}, [y @ 0),, (22.3)
= | V)

= TPV 1y vy

where we use the fact that f(x) @ f(x) =0 and y € 0 =y because
anything XOR with itself results in 0 and anything XOR with 0 is still

itself. Therefore, U (U j=1 ®(n+m) (j.e, an (n + m)-dimensional identity
matrix). But we know that UfUJj1 — [®ntm) where U;l is the
inverse of U Therefore, U ; = U;l. This also means that the

inverse of U f exits. Therefore, U fis reversible.

We have used too much math in the last paragraph. Actually, Eq.
(22.3) shows that we can get back |x}, |v},, when the input is
bl [y @ Flxdy, (e Uy lx), |y & flxh, = |x), [¥},). Sothe
inverse exists and it just happens that in this case, the inverse is the
quantum oracle itself. [t means that the quantum oracle looks the
same whether you look from the left or the right!

Based on the derivation, you can also see that the XOR quantum
oracle is reversible by construction. The XOR quantum oracle is also
unitary by construction. We will try to prove this in the Problems.

22.2.2 Phase Quantum Oracle

In some applications, we encode f{x) so that it changes the phase of
the input basis vector based on f{x) and uses it as an output. In this
case, we only need n qubits for both the input and the output. The
phase quantum oracle matrix has a dimension of n x n. Again, the
phase quantum oracle is just a quantum gate and it is defined by how
it transforms the basis vectors.

Uy lx), = (=D/ ), (22.4)

where |x}, is an n-qubit basis vector.

In the phase quantum oracle, we see that if f(x) is even, the
output is the same as the input. And if f(x) is odd, the output is the
same as the input with a phase shift of m. The phase shift is = because
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& = cosm + isinm = — |- Figure 22.2 shows the phase quantum
oracle.

(~1)f@x),

Fig. 22.2 A general phase quantum oracle. Note that |x},, is a basis vector

At this point, [ hope you can appreciate that a quantum oracle can
be used to “express” the effect of f(x) (i.e. the answer to our query) in
any form as long as it can help us achieve the final goal. For an XOR
quantum oracle, f{x) is stored (or encoded) in the m-qubits and it is
just f{x) if y=0. But in a phase quantum oracle, f(x) only affects the
phase of the output (therefore, less information is retained).

Similar to the XOR quantum oracle, a phase quantum oracle
needs to be reversible and unitary. To show that it is reversible, we
again apply it twice to the input.

UsUylx), =U (1)),
= (=)W Ix),
= (=D)/M (=D |x),
= (=D |y,

= |X>u
— I@n

(22.5)

|~"7>n

Therefore, it is reversible because its inverse exists (and equals
to the oracle itself) by using the reasoning we used in the XOR
quantum oracle case. It is also unitary. The proof is straightforward.
We will prove by showing that the set of the basis vectors is still
orthonormal after being transformed by the phase quantum oracle
and thus the phase quantum oracle is unitary (see Problem 9.4).

For any two basis vectors, «} and |b), their inner product is {a|b}. If
they are transformed by a phase quantum oracle, they become
(— 1)) |g)and (— 1)/ %) |, respectively. The inner product of the
transformed basis vectors is (— | }ffiﬂi*'l'f“ﬂ] {a|b) But note, f(a) and
f(b) are real numbers, because they are the outputs of the mapping
f:{0, 1}"—{0, 1} and are just real binary numbers. If a = b, then
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<_1)f(a)*+f(b) — (_1)f(@)+f(b) — (—1)?/(@) = 1 and the inner product
is still the same (i.e.(— |}.J‘[fﬂ'*"'.f'“”a1 (alb) = 1 x {ala) = 1).-Ifa#b,
then the inner product is still 0 as (a |k} = (. Therefore, the phase

quantum oracle keeps the inner products of the basis vectors
unchanged (so still orthonormal) and, thus, it is unitary.

22.3 Construction of Quantum Gates and

Oracles

I have not told you how to systematically construct the matrix for a
quantum gate (also for a quantum oracle that is just a quantum gate).
It is easy as each quantum gate is defined by how it transforms the
basis vectors. Since every basis vector has only 1 non-zero entry in
its column form, how it is transformed defines the corresponding
row of the matrix. For example, the 2nd basis vector (we count from

1
Oth) in a 4-dimensional space has the form 3 . When it is

5

transformed by a matrix of a quantum gate, it only affects the output
through the 2nd row (again we count from 0th row) of the matrix
due to the way it is multiplied. Based on this understanding, we can
guess the equation for a quantum gate construction. For a quantum
gate, U, with a dimension of N x N,

U=y Gl (22.6)

where i} and |/} are the basis vectors. |} {i] is the outer produce to
define the location of the element in the matrix (j — th row i - th
column). (j| U |i} tells us how much of i} will contribute to the
formation of |} after the transformation.

But this is just Eq. ( 12.20 ) except I swapped i and j that is
immaterial! Yes, | am just telling you how to construct a matrix from
another angle, but they are the same.

Let us look at some examples and it will be clearer.

Example 22.2 Construct the matrix for a 1-bit NOT-gate.
We repeat the definition of NOT gate here (Eq. (15.5)),
(22.7)
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Unor 10) = [1)
Unor 1) =10)
We see that 0) is transformed wholly to |1} and |1} is transformed

wholly to 0). Now let us apply Eq. (22.6) with N = 2 as this is a 1-qubit
gate with only 2 basis vectors.

2—12—1
Unor =) _ ) (ilUvor li)1j) (il
i=0 j=0
= (0 Uy ot 10)10) O] + (1] Un o7 [0} 1) (0)
+O|Uxor 11110 (1| + (1| Uyor (1) (1) (1] (228)
= (0 1) 10} O] + (1] 11) 1) (O]
140110} 10y (1] 4 (1[10) 1) ¢1]
= |1) (0] + |0} (1]

(00 01

= 10)+(o 0) (22.9)
(01

- (1)

Here we have used Eq. (22.7) from the 2nd line to the 3rd line.
Then we use the orthonormal properties of the basis vectors from
the 3rd line to the 4th line.

Example 22.3 Construct the matrix for a 1-bit Hadamard gate. We
repeat the definition of the Hadamard gate here (Eq. (17.1)),

_ L
H0) = E(I(D + 1) =[|+)

o (22.10)
H|l) = E(I“) — 1) =|-)

Now let us apply Eq. (22.6) with N =2 as this is a 1-qubit gate
with only 2 basis vectors.
(22.11)
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2—12-1
H=7) % GIHI)I

i=0 j=0
= (0| H 10) 10) (O] 4+ (1| H |0} |1} (O]
+ OLH 1) |0) ([ + (11 H [1) [1) {1}

I I
= (0] (—=(0) + 1)) [0} (O] 4+ (1| (—=(0) + |1 1) {0
H(,\/E(H 1)) 10) (O] H(,\/E(H 1)) 1) (O]

I 1
+ {01 (—=0) — [1)) 10) (1] + {1 (—=(0) — [1))) [1) (]
(I(,\@(H 11)))10) (1] (I(,ﬂ(H )Y 1) (1]

(10) (O] 4+ 1) {0 + 10} (1] — 1) (1])
1 , 0\, . A 0\,
= ((0) (10)+ (]) (10)+ (0) (01) - (1) (0 1))
I (10 00 01 00
- ﬁ((o o) + (1 0) + (0 0) B (o 1))
()
o [ —1

Here we have used Eq. (22.10) and the orthonormal properties of the
basis vectors.

5 =5l -

>

Now let us try to construct the matrix for a quantum oracle. We
already did that in the previous chapter when f{x) outputs constantly
0 (Eq. (21.5) and Fig. 21.3). The oracle can be easily constructed by
using an identity gate. If we use Eq. (22.6), we will get the same
answer. We will try a more complex example.

Example 22.4 Find the matrix of a XOR quantum oracle in the
Deutsch algorithm corresponding to f 5 in Eq. (21.3). Then construct

the oracle using fundamental quantum gate(s) and simulate on IBM-

Q.

Equation (21.3) is repeated for convenience.
fB(0)=0 and fp(1)=1 (22.12)

Therefore, the quantum oracle transforms the basis as
(22.13)
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Us10)10) =10) [0 £(0)) =10) |0 0) = 0) |0)
UrplO)[1) =10)[1& f(O) =10)[1&0) =10) [1)
Uph10) =110 f(1)) =110 1) =[1)[1)
UrlY Iy =H)[1& f(D)=[1)1&1)=][1)]0)

where we substituted f{0) =0 and f{1) = 1 based on Eq. (22.12). This
is the definition of this oracle.

In this case, N = 4 with 4 basis vectors (00), |01),|10), and |11)) and
there are 4 x 4 =16 elements in the matrix. This is too cumbersome
to write down. But the definition of this oracle is simple. The basis
vectors are transformed to themselves or the other as a whole
(instead of a linear combination of basis vectors like in the
Hadamard gate). So there are only 4 non-zero elements. Based on the
definition of this oracle (i.e. Eq. (22.13)), only these 4 terms are non-
Zero:

(0] {0] (Uf 10} 10)) = (0] (0] |0) |0) = (00] |00) =1
(0] {1] (Uf 10} 1)) = (0| (1]10) 1) = (01]1]01) =1
ALALU I o) = a1y =anny =1 @214
(1] (0] (Uf |1y 1)) = (1| {0||1) |0} = (10]|10) = 1

For example, in the 3rd line, this term is non-zero because we
know that|1) |0)is transformed to|1) | 1). Therefore, the oracle is
(using Eq. (22.6) but omitting the zero terms)

U s = {01 (0] (U 10 10)) 100} (00] 4+ (O (1] (U 7 10y 11)) 101} (01|
+ (I (LU ¢ 113 10)) [11) (10[ + (L0 (U ¢ [1) [1)) [10) (11}
= |00) {00] 4 101) (01| + [11) (10] 4 [10) {11]

/1 0
0 -
=1, (1000)+ |
\0 0
/100 0\ 0000
_|0000|  for00
0000 0000
\0 000/ 0000
/100 0\
[o100
10001
\0 010/

(0100)+

0000
0000
0000
0010
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(0010)+

0000
0000
0001
0000

0

(0001)

0

(22.15)



This is just a CNOT gate. So we can implement the Deutsch
algorithm for this type of function by using the CNOT gate as the
oracle. Figure 22.3 shows the Deutsch algorithm for the
corresponding f{x) implemented in IBM-Q. Note that the MSB is at
the bottom, and it is always measured to be “1.” This is consistent
with the fact that the quantum oracle corresponds to a balanced
function. When it is run on a real computer, occasionally it measures
“0” due to errors. If you compare the error in this circuit to that in
Fig. 21.3, it is much larger. This is because the CNOT gate introduces
additional errors.

Simulation Real Computer
Step 1 Step 2 Step 3
COH @
+ [l H A
+

~ Frequency
c2 Y
1

Fig. 22.3 Deutsch algorithm implemented in IBM-Q with a balanced quantum oracle f{0) =0
and f{1) = 1. Simulation and hardware results are shown on the right. MSB is at the bottom

22.4 Summary

We learned the definition of XOR and phase quantum oracles. We
understand that they are unitary and reversible by construction.
This is expected because quantum oracles are just quantum gates.
We also learned and practiced how to create the matrix for any given
quantum oracle or gate based on its definition (i.e. how it transforms
the basis states).

Problems

22.1 The General Form of XOR Quantum Oracle

Assume x=5, f(5) =3, n=3, and m = 3, find the corresponding
input and output basis vectors of the XOR quantum oracle
corresponding to f(x).

22.2 Unitarity of XOR Quantum Oracle
Prove that the XOR quantum oracle is unitary. Prove it using the
same methodology we used for the phase quantum oracle.
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22.3 Construction of SWAP-gate
Construct the matrix for SWAP gate using Eq. (22.6).

22.4 Deutsch Algorithm
Find the quantum oracle for f -and f p in Eq. (21.3). Implement

them on IBM-Q.
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23. Grover’s Algorithm: I

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Computational complexity — Basis encoding - Grover’s
algorithm - Grover diffusion operator

23.1 Learning Outcomes

Able to perform simple computational complexity analysis;
Understand the meaning of exponential and quadratic speedups;
Understand the concept of basis encoding; Able to describe the
meanings and roles of the three important vectors and the two
important matrices in Grover’s algorithm; Able to explain Grover’s
algorithm pictorially.

23.2 Grover’s Algorithm

23.2.1 Computational Complexity

Grover’s algorithm is a quantum search algorithm. In the big data
era, it is not difficult to appreciate the importance of an efficient
search algorithm. Grover’s algorithm provides a quadratic speedup
over the classical one. Let us spend some time understanding the
terminologies of computational complexity.

A computation problem usually takes more time as its size
increases. For example, assume we do addition by adding each pair
of single digits in a step. To do a 1-digit addition (e.g. 3 +4), it might
take you 1 second because you only need to add 1 pair of single
digits. For a 2-digit addition (e.g. 13 + 24), it will take you about 2
seconds because you need to add two pairs of single digits and it
takes two steps (let us ignore the time due to carry over). If your
computation efficiency does not decrease as the number of digits

252


https://doi.org/10.1007/978-3-030-98339-0_23

increases, it takes you about N seconds to compute an N-bit addition.
We say the computational complexity of this problem is O(/V). This

means that the computation time goes up linearly with the size of
the problem (N). If I find a method in which the computational
complexity becomes O(log N ), then the new algorithm achieves an

exponential speedup over the original one. This is called so because
¢o, . .., €,—1- The original complexity is exponentially more than the
new algorithm'’s. For example, to compute a 1-trillion-digit addition,
in the old algorithm, [ need to spend 1 trillion seconds. With the new
algorithm, I only need to spend log 1012 = 12 seconds! As discussed

earlier, the Deutsch-Jozsa Algorithm provides an exponential
speedup over the classical algorithm. And its computational
complexity is not just O(log N) but O(1), which means it is
independent of the size of the problem! This is the most attractive
part of quantum computing.

However, not all quantum algorithms can provide an exponential
speedup. Assume you invented another algorithm. For a 1-digit
addition, you need /2 second. For a 2-digit addition, you need /2

seconds. For an N-digit addition, you need /N seconds. Then this
has a complexity of O(1/N). We say that this algorithm has a

quadratic speedup over the original one because (/N)? = N.

Therefore, for a 1-trillion-digit addition, I only need to spend
v/1012 = 109 seconds. Grover’s algorithm is such an algorithm that

provides a quadratic speedup over the classical one.

[ also want to emphasize that, in reality, just comparing the
algorithm speedup is incomplete. We also need to compare the
amount of hardware required. If | can get hardware for free to do
parallel classical computations, then quantum computing is not so
attractive. This is not a trivial topic but I would like you to keep this
in mind.

23.2.2 The Problem

Assume we have an unstructured database of N entries. An
unstructured database means that the data are not organized in a
certain way. We have no additional knowledge on how the data are
stored besides we know that the data we are looking for is
somewhere in the database. A structured one may be a sorted
database (e.g. the names are sorted) and we can utilize certain
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classical algorithms (e.g. binary search) to speed up the searching
process. Since it is unstructured, I need to search from the beginning
to the end. If I am lucky, the first entry might be the one [ am looking
for. Then it will take me only 1 unit of time. If I am unlucky (or
equally lucky), the target entry might be at the end of the data]l\)[ase

and it will take me N units of time. On average, it will take me = units

of time to find a target entry. Therefore, the complexity in a classical
search is O(%) ~ O(N). Note that in complexity calculation, the

constant coefficients are usually not important. Indeed, there is no
difference between whether the boy needs to spend 1 million years
or 2 million years to find out if the girl likes him. They are both
equally too long for him.

What is the meaning of search? It is a series of computations on
each entry until we find what we want. When the computation meets
certain criteria, we say that we have found the entry. For example, |
need to find the grade of a student. I will look for the student’s ID in
each entry. And this is a computation. The computation might be
doing subtraction between the ID of each entry and the ID I am
looking for. If the result is 0, then I know I have found the ID. This is a
simple computation. Other computations can be more complex and
take more time. For example, it can be finding the image or movie of
a student using an inference neural network. No matter how
complex it is, any search is related to the computation of a function
f(x), where x is the index of an entry in the database. Note that even
the function depends only explicitly on x, it will take the entry
content (e.g. the student ID or an image in the entry x) for
computation. Of course, the content of each entry is a function of the
index. Therefore, f(x) completely describes the complex computation
process. Our goal is to search for the entry that matches certain
criteria. Let us set the criteria as f{x) = 1 if x is the index of the entry
we are searching for. Assume entry with index a contains what we
are searching for, then f{a) = 1. And f(x) =0 if x # a. Figure 23.1
illustrates the searching process.
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Content

Fig. 23.1 Illustration of a searching process in a database with N entries. A function f{x) is
used to determine if the target is located at entry x

23.2.3 An Overview of Grover’s Algorithm

We will first discuss the general idea of Grover’s algorithm. And then
we will construct the individual parts. In the next chapter, we will
perform numerical substitutions and implement them in IBM-Q. We
will use the notations in Mermin'’s book, “Quantum Computer
Science: An Introduction”. Assume what we are searching resides in
entry with index x = a. For simplicity, we assume N =2". We can
always make up redundant entries so that N = 2". Therefore, x is
between 0 and 2" - 1.

Firstly, we need to encode x for quantum computation. We will
encode it as the basis vectors. This is called basis encoding.
Therefore, we only need n-qubit for the encoding. In this process, the
index of the target entry, i.e. a, is encoded as the basis vector ). ) is
the first important vector in Grover’s algorithm.

Example 23.1 If there are 13 entries to search and the target is at
entry 9, how should we encode the problem for quantum
computing?

Since there are 13 entries, we can use 4 qubits that have basis
vectors from 0000} to|1111). The target is encoded in the basis vector

11001},

The second important vector in Grover’s algorithm is the « | }.
This is a vector formed by the equal linear superposition of all basis
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vectors except «}. Therefore, it is orthogonal (perpendicular) to a}
and it has a zero inner product with a}.

{arlay =0 (23.1)

It is expressed as

M|

] 1
|ClL> == ﬁ Zu\‘ZO(A‘#CI) |X} (23.2)

Note that the coefficient is \/% (instead of \/%7 = 27%) because

there are only 2" - 1 terms after excluding «.
Figure 23.2 illustrates the Grover’s algorithm. Note that «} is
drawn perpendicular to « | } in the 2D plane.

9,y @

WV|¢)

26 |P)
3 |14
J2) |aJ_>
Vig)

Fig. 23.2 Illustration of the Grover’s algorithm. The first two steps are shown. Applying V to
k) rotates kp) to its mirror image about « | . Applying W to the new vector rotates it to its
mirror image about kp). This effectively rotates ) by 26 closer to the solution ). This is
repeated until it aligns with the solution «}

The third vector that is important to Grover’s algorithm is
the |¢) (Fig. 23.2). This vector is the superposition of all basis vectors.
Therefore, for an n-qubit problem, it is represented as

¢) = 73

1
2?

> ) (23.3)

Again, each x is the decimal form of the basis vector from 0 to 2"
— 1 and the corresponding basis vectors in binary form are from
00---00yto|11--- 11} with n qubits.

Note that @ }, @}, and ¢} are drawn on the same plane as
illustrated in Fig. 23.2 because ¢} is a linear combination of & } and
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a}. Therefore, ) lies on the plane formed by « | } and a).

The idea in the Grover’s algorithm is to reflect ) about « | } (Fig.
23.2). If the initial angle between ¢} and « | } is 6, this is equivalent to
rotating ) clockwise by 26. We assume this can be accomplished by
a matrix V. Then we further reflect the new vector (V |¢}) about ).
We assume we can find a matrix W to perform this operation. The
final vector becomes WV ¢}, which is equivalent to rotating ¢} by 26
closer to a}. This process is repeated many times. Each time after WV
is applied, the vector will be rotated by 26 closer to @} and eventually,
we hope that it will align with «}. In this case, the wavefunction
contains only ¢} and we have found the entry. It is also instructive to
say that as the vector is rotated closer and closer to a}, it has a larger
and larger component of a} as the projection to the y-axis is
increasing while it has smaller components to the basis vectors that
are orthogonal to «}. Therefore, the idea of Grover’s algorithm is to
begin with a wavefunction in an equal superposition of all basis
vectors and then transform it gradually by suppressing the non-
solution. Eventually, we have 100% certainty to get our solution
when we perform a measurement as the final wavefunction is
composed of only a}.

It is obvious that the function f{x) needs to be a part of this
algorithm. As you might have guessed, it will be embedded in a
quantum oracle. Moreover, the fact (or requirement) that f(a) =1
must be embedded in V because « | } (which is strongly related to «})
is the vector about which V reflects the vectors. Let us now try to
realize j¢), W, and V and understand the meaning of 6.

23.2.4 Implementation of Grover’s Algorithm

Creation of |} How do we create an equal superposition of all
basis states? Yes, we can use the Hadamard gate. This was derived in
Eq. (17.16) and repeated here for convenience.

H®"(0), = 5 Y0 1) = I¢) (23.4)

Therefore, all we need to do is just to initialize the n-qubit system at
the ground state |0}, and then apply an n-qubit Hadamard gate to get

k).
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Properties of 8 and Algorithm Complexity If the problem we
care about has many entries (i.e. N is large), then we expect 0 to be
small. This is because 0 is the angle between « | } (which is a linear
superposition of all basis vectors except «}) and k) (which is a linear
superposition of all basis vectors). Their inner product must be close
to 1 when the dimension is high as they only have a difference in 1
basis vector among N. This can be shown in this way. We note that
the inner product of two normalized vectors on a 2D plane is cos &
(like Eq. (3.12) but with vector magnitudes being 1). Therefore,

omn_ 2M_]
cost = (¢la) = <x|)(
Z — ZM
1 |
= 5 ———0"—1) (23.5)
23 /20 — ]
2 ]
Y

Here, | have substituted Eqgs. (23.3) and (23.2). I also change the
dummy variable from x to y when [ use Eq. (23.2). Then, using the
orthonormality of the basis vectors, there are only 2" - 1 terms left
after expanding the first line.

Using the identity, sin 2@ + cos -6 = |, we find that

—

sinf = T (23.6)
When N = 2" is large, this is a small number. We know that
sin®@ = @ when 60 is small. Therefore, for a large N,
0~ = (23.7)

22

Since 6 is small, the angle between ) and «} is w2 - 8 = w2. Each
WV operation rotates jp) by 26 towards «}. Therefore, the number of
WYV operation required to rotate k) to «} is

T on
2 -l _ /N (23.8)

This explains why the complexity of Grover’s algorithm is
O(v N ), where we assume each WV is a significant computation in

this problem like the single-digit addition in the addition problem
mentioned earlier.
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Implementation of V' As shown in Fig. 23.2, the V operation
reflects |¢) about « | }. V must be a quantum gate or a set of quantum
gates and, thus, it is defined by telling how it transforms basis
vectors, x). The following is the given definition:

|4 |,’€'>” — (_l)‘f(‘r} |-’C>” (239)

This is given. We are not good enough to invent it yet but we are
good enough to understand why it works. It is obvious that V keeps
all basis vector unchanged except when x =a, where f{a) =1, itadds a

phase shift of 7 to &} (i.e. the coefficient is multiplied by - 1 =e ™).
Let us apply V to an arbitrary vector g), which can be ) or the
rotated |¢). £) can be expressed as a linear combination of the basis
vectors.

8) =i Bili) (23.10)

where /s are the complex coefficients and i}’s are the basis vectors.
Then

2" —]
VIB)=V Y pili)
=0

21|

N (23.11)
=) =B
i=0
2" —|
=( Y Bili) = Bala)
1=0,i7a

Here we used the fact that fla) =1 and f(x # a) = 0. Therefore, the V
operator keeps all components perpendicular to a) intact but flips the
sign of a}. This is equivalent to reflecting about a .

How do we implement V in the form of Eq. (23.9)? You might
have found that it is just a phase oracle we discussed before (Eq. (22.
4)). Indeed, we will use the quantum oracle to implement V.
Therefore, V =U ; where U is the quantum phase oracle of the

problem and we assume it is given and available. The quantum oracle
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is assumed to contain the information of f(x) and can compute f(x).
Therefore, it knows the value of a that gives f(a) = 1. Our goal is to
query the quantum oracle so that it reveals the value of a, i.e. the index
of the entry that contains the content we are looking for.

Implementation of W and the Quantum Oracle The action of W
is to reflect any vector on the plane in Fig. 23.2 about |¢). A vector, y},
on that plane can always be expressed as a linear combination of the
two orthonormal vectors, j¢) and ¢, ). For example,

V) =vol¢) +riloL) (23.12)

where y ; and y ; are complex coefficients. We expect that after

applying W, it will become 31, |¢h) — 37 |¢h; ) because reflection about
kb) means that the |¢) coefficient should be unchanged and the | )
coefficient should be negated (gain a phase shift of ). To achieve
this, we can set

W=2|¢){pl -1 (23.13)
Example 23.2 Shows that W given in Eq. (23.13) reflects y} about )

Wiy) = Qlg) (@l —Dly)
=2(p) (¢l ly) —11y)
=21¢) (@l (Vo ld) +viloL) — Gole) +rvileL)) (23.14)
=2|p)vo — (Vo lg) +vildL))
=1 l¢) —yiloL)

We have used the orthonormality that {¢?|¢h, } = O and (¢h|ch} = 1.

How do we implement W as quantum gates? Here I will further
expand Eq. (23.13) as the following, which will help us construct W
using more fundamental gates and we will discuss this in the next
chapter.

W =H®"Q2|0), (0|, — )H®" (23.15)

This is called the Grover diffusion operator.

Example 23.3 Derive Eq. (23.15).
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Since|¢) = HE" |0}, (Eq. (23.4)), substitute into Eq. (23.13), we
have
W =21p) (¢l — I |
= 2(H®"|0),)((0], (H®")") -1
= 2(H®"0),)((0], H®") — I1
= 2(H®"0),)({0], H®") — TH®" H®"
= 2(H®"|0),)((0], H®") — H®" I H®"
= H®"(210), (0|, — DHH®"
Here we have used many important linear algebra properties we

have learned in this book. The second line uses the property that the
bra version of H®" |0}, is (0|, (H®")". The third line uses the

property that H is Hermitian, so H= H T. The fourth line uses the
property of the Hadamard gate that HH=1.

Again we express the Grover diffusion operator in the form of Eq.
(23.15) is just to prepare ourselves to implement it using more
fundamental quantum gates in the next chapter.

(23.16)

23.2.5 Circuit for Grover’s Algorithm

By combining what we have learned, Fig. 23.3 shows the circuit for
Grover’s algorithm when a quantum phase oracle U fis available.

Although it looks sophisticated that we need to implement WV many
times, this is actually not a problem for a quantum circuit. As
discussed earlier, unlike in a classical circuit, the horizontal direction
in a quantum circuit represents the flow of time instead of the space
and a quantum gate is nothing but just a sequence of pulses (e.g.
microwave or laser). The repetition just refers to the application of
pulses multiple times to the same atoms or electrons. Therefore,
even N = 1012, we just need to apply the sequence of pulses

corresponding to WV for 10° times instead of having 10° gates in the
circuit.
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Repeat g VN times

Fig. 23.3 Circuit to implement the Grover’s algorithm when a quantum phase oracle, U f is
available

23.3 Summary

In this chapter, we have learned Grover’s algorithm. But more
importantly, through this process, we have learned that we need to
encode a problem in a quantum computing algorithm. Here we use
the basis encoding so that each basis vector represents a value of a
variable (i.e. entry index x). We also understand that Grover’s
algorithm can only provide quadratic speedup over the classical one
but can be very useful already when the database is large. We find
that there are three important vectors (j¢), @}, and @1 }) and two
matrices (W and V) that play important roles in the algorithm. We
already know how to implement all of them. In the next chapter, we
will try using numerical examples and run on IBM-Q.

Problems

23.1 Rotation of ¢)
Make a table to show the angles between the rotated ji#) and a}
and between the rotated ) and « | } after applying V, WV, VWV, WV

23.2 Another form of V
Show thatV = I — 2 |a} {a. Compare this to Win Eq. (23.13).

23.3 Numerical Substitution I
Ifn=2and a=3, find |}, &}, and « | .

23.4 Numerical Substitution II
Continue from Problem 23.3, express ¥V |¢} as a linear
combination of k) and | .
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23.5 Computational Complexity
If algorithm A has a complexity of O(e") and algorithm B has a

complexity of O(2/V). What type of speedup does algorithm B have
over algorithm A?
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24.1 Learning Outcomes

Gain a deeper understanding of Grover’s algorithm; Able to perform
numerical substitutions; Able to construct the algorithm on IBM-Q
and analyze the data; Able to contrast the difference between a
phase quantum oracle and an XOR quantum oracle in Grover’s
algorithm and how they affect the quantum circuit construction.

24.2 Numerical Example for Grover’s
Algorithm

Assume there is a database with four entries. Therefore, it has
indices, 0, 1, 2, and 3. It is unstructured and we do not know where
what we are looking for is stored. Assume it is stored in entry 1, i.e.
index a = 1. I assume there is a phase quantum oracle, U g
corresponding to f{x=1) =1 and f{x # 1) = 0 available. Let us
construct Grover’s algorithm using numerical substitution.

Firstly, N = 4 in this problem. Therefore, n = 2 as 2% = 4. So we only
need 2 qubits. As a =1, therefore,

la) = 01) (24.1)

For & }, which is a superposition of all basis vectors but
excluding |«} = |01}, based on Eq. (23.2), it is
(24.2)
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2" —1
1
20 Z |’()

x=0(x#a)

2

1
= ———(|00) + [10) + |11
,ﬁ(l )+ [10) +[11))

I
= — (|00 10 11
‘\@(I ) +110) +[11))

For k), which is a superposition of all basis vectors, based on Eq.
(23.3),itis

|¢) = Ny Z_: By

.
= —(100) + [01) + [10) 4+ [11)) (24.3)

25

— 5(IOU) +101) +110) +[11))

We actually do not need to construct these to emulate Grover’s
algorithm. But these help us gain a deeper understanding and we
will also use them to check against the matrix multiplication results.

24.2.1 Construction of Quantum Oracle
In reality, we do not know the structure of the quantum oracle, U z It

will be realized through some physical systems. But it should behave
as expressed in Eq. (23.9). We are supposed to have no knowledge of
the value of a. But to construct the oracle for calculation and
simulation, we need to use the knowledge in this example that a = 1.
Based on Eq. (23.9), we have

-

Uy = (24.4)

o O O
o O |

| —
S = O O
_ o O O
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This is because [00) = |01} =

e R e L

111y = and particularly,

oo o

I
Uy [01) = (=D V01 = (=Dt 01) = — |01},
[ can also construct this matrix using Eq. (22.6) by substituting
Eq. (23.9). I will leave this as an exercise for you.
And of course, V =U » I want to further decompose U to more

elementary gates. U slooks like a controlled-Z-gate, CZ, (Problem 16.

2, which is also a controlled phase shift gate with phase shift being m,
U cps ) except that it gains a negative sign when the MSB is 0 and the

LSB is 1 instead of when both are 1. In this case, I can perform a NOT
operation on the MSB first and then apply a controlled-Z-gate. After
that, I will apply a NOT gate again to bring the basis vectors back to
themselves (Fig. 24.1). Therefore,

Us = (Unor @ INUcps,x(Unor @ I) (24.5)

Grover’s Diffusion Operator
W =
H®2(2]0),(0], — I)H®?

Fig. 24.1 Circuit to implement the Grover’s algorithm for the given example

Example 24.1 Prove Eq. (24.5)
(24.6)
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(Unor @ INUcps,x(Unor @ I)

100 0
_(01 010 0 o1®10>
B 10 001 0 10 01
000 —1
(0010) (100 0Y) (0010
o Jooo1]]o10 0 0001
“ 1000|001 0 1000
o100/ \ooo—=1/\o100
0010\ /0 0 10
~looo1||o o0 01
“l1oo00f]l1 0 00
0100)\0—100)
1 0 00
0—-100
= oo 10l7Yr
\0001

You can see that the rightmost NOT gate in the equation (which
will be the leftmost NOT gate in the circuit) shuffles the basis vectors
so that|(1) can get the negative sign from the €Z gate in line 3
(therefore, in line 3, I performed the multiplication of the rightmost
2 matrices first). The last NOT gate then shuffles the basis vector
components back to the original position (lines 4 and 5).

24.2.2 Construction of the Grover Diffusion Operator
In Egs. (23.15) and (23.16), we show that the Grover diffusion
operator can be expressed as

W = H®"2|0), (0], — HH®" = H®>(2|0), (0|, — HH®* (24.7)

It is easy to implement the leftmost and rightmost Hadamard

gates, which are just
(24.8)
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Example 24.2  Find the matrix for 2 |0}, (0| — I

1 1000

210, (0, — I =2 3 (1000) - 83?3

0 000 1
(2000 1000
{0000 0100
“loooo] loo10 (24.9)
\0 000 000 1
(10 0 0
0—10 0
00 —1 0
\0 0 0 —1I

This is enough for numerical substitution. But to implement it using
more elementary quantum gates, we need to further decompose it.
To get three — 1’s and one 1 in the diagonal, one possibility is to use
the tensor product of two Z gates (which will give us two - 1’s) and
then apply CZ =U ¢pg ,, gate again to get another - 1. Therefore,

2|00, (0, = I =Ucps,n (£ @ Z) (Fig. 24.1).

Example 24.3 Show that2 [0}, (O], — I =Ugps (£ & Z).
(24.10)
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Ucpsa(ZRZ)

100 0 \

010 0 1 0 1 0
~loo1 0 (04)®Cy4)
000 —1/
(100 0Y (10 00
0100 |lo=1 00
001 0 |]loo =10
\000—1/\0 0 0 1
(10 0 0
\0 0 0 —I

24.2.3 Evolution of the Wavefunction
Let us now use matrix multiplications to see how the wavefunction

evolves in Fig. 24.1.

I
The wavefunction is first initialized to |0}, = |00} = E at the
0
far left. After passing through the Hadamard gate, it becomes
/ 1 1 1 I
,ooo =11 =1«
HE |00) = ~ -1 1 —1 (:)
2110 1T —1—1 0
\1—-1-1 1/ \0o
(l (24.11)
o I 00 01 10 11
51 _E(l">+|')+|')+| »)
\I

This is just the j¢) in Eq. (24.3). Then it goes through the quantum
oracle (i.e. Vin Eq. (24.6)) and it becomes

(24.12)
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I
Vig) = Uf(§(|00> +|01) +[10) +|11}))

1 000
0-100
0010]2
0001

—

1
1
1
1

It is clear that it flips the sign of |z} = |01) while keeping other

basis vectors intact.

We then apply the Grover diffusion operator using Eqgs. (24.8)
and (24.10),

H®?(210), (01, — H)H®*(V |¢))

1

1

1
211
1
1
1
1

0

11
11 =1
| —1 —1
1 =1 1
Lo11
11 =1
| —1 —1
=1 1)
L1 1)
11 —1
| —1 —1

1 =1 1)

= |01) = |a)

10 0 0
0—1 0 0
00 —1 0
00 0 —1
(10 0 0
0—1 0 0
00 —1 0
\0 0 0 —1

(l
—1
1

\—1

o =

1 =11

1 —1—1

1

—1
11 —1—1

1

(24.13)

Interestingly, we have achieved the solution by applying WV only
one time instead of the approximately 2 times predicted by Eq. (23.
8). This is because N is small here, and it is no longer valid to ignore
0 in the calculation of the number of WV operations required. That
is, w2 - 6 = /2 is no longer valid.
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Let us find 6 using Eqgs. (24.2) and (24.3) and the orthonormal
property of the basis vectors.

cost) = {a|¢)

l I
= — I 1)) = 1 1 11
'\/g((OOH-( 0 4 ( |)2(|00)+|0 )+ 110) + | >)(24.14)

V3

2

Therefore, 6 = 6. One WV operation will rotate it by 26 = /3 and
it will be aligned with a} because w6 + w3 = w2 (see Fig. 23.2).

24.3 Simulation on IBM-Q

The implementation of the circuit in Fig. 24.1 in IBM-Q is
straightforward as I have already made the bottom qubit the MSB.
The difficult part is to implement the CZ gate because IBM-Q does
not have the gate handy (in IBM Quantum Composer). But as
discussed before, CZ is just a CNOT-gate, U yop, in the +} / |—} basis

(see Chap. 16). Therefore, we only need to apply H before and after a
U xor gate to emulate a CZ in the |0} / |1} basis. We have,

CZ =(I® H)\Uxor(I ® H) (24.15)

We will prove this in the Problems. Figure 24.2 shows the
implementation and hardware execution results on IBM-Q. We can
see that most of the time it gives|(01), which is the desired solution.
However, due to errors, it also has a substantial probability of
showing 00) and other values. If you submit it to a simulator, it will
give only |01}, which confirms our derivation in Eq. (24.13).

| B === |
EE QM MW
Hom o

q 1
*+ - e s . - -_— e . - .

z
A

5
e = = = = | D ———————— l o 1

Fig. 24.2 Circuit corresponds to Fig. 24.1 implemented in IBM-Q. The hardware result is
shown on the right
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24.4 Implementation Using XOR Quantum

Oracle

So far, we have been assuming that the quantum oracle is given as a
phase oracle. It is also possible to implement Grover’s algorithm
using XOR quantum oracle. Since it is given by a physical system, we
do not need to worry about it (except when we want to simulate it,
then we need to create it ourselves like what we did for the phase
quantum oracle). However, we need to think of how to incorporate
the XOR quantum oracle in V. This is because we are relying on
using the oracle to implement V to make Grover’s algorithm works.

Firstly, the XOR quantum oracle is a quantum gate of n + m qubits,
where n is the number of qubits we need to encode the index of the
database (i.e. 2= N) and m is the number of the auxiliary qubit to
encode the output f{x). Since f(x) is either 0 or 1, we only need 1-
qubit and thus m = 1. For convenience, the definition of an XOR
quantum oracle in Eq. (22.1) is repeated here

Uysley, ly)=1x), 1y @ fx)) (24.16)

where we have used m = 1. Therefore, the oracle has n + 1 qubits. In
order to use the oracle in ¥V, we need to apply |-} to the input of the
m =1 auxiliary qubit. To obtain |-}, we can apply a U yor gate

followed by a H gate to the initial 0) state of the auxiliary qubit (Fig.
24.3). The following proves why it needs to be done in this way.

Repeat E /N times

Fig. 24.3 Circuit to implement the Grover’s algorithm with a XOR quantum oracle, U f(instead
of using the phase oracle in Fig. 23.3)

For any basis vector |x},, it combines (performs tensor product

with) the auxiliary qubit as the input to the oracle. Therefore,
(24.17)
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1

Us(lo), |1-)) = Ulmm 10 —11)
— ?(U‘mm 10) = U ¢(lx}, [1)))
i ?(Ix)” | f(x) @ 0) — |x), [fx) D 1))

= 5 () 1f(0) = 10 1 () @ 1)

%

Here we have used the distribution and linear properties of
operators and the definition of an XOR quantum oracle.

If f{x) =0, then f{x) @ 1=1 and (-1Y™ = 1. Therefore, continuing
from Eq. (24.17)

1 _
Uf('v’c)n |_>) — _9(|JC)” |(}) - |JC)” |l))

V2 I
= |x), E(|()} — 1)) (24.18)
— |~’C>n |—)

= (=17 x), =)

If f{x) =1, then f{x) @ 1=0 and (-1Y® = -1. Therefore,
continuing from Eq. (24.17)

1 _
Uyr(lx), =) = _Q(LV)” [1) — |x},, 10))

V2 1
= —|x), 72(10) — 1)) (24.19)
— - |X>” |_)

= (=D |x), 1)

Combining Eqgs. (24.18) and (24.19), regardless of the value of
f(x), we have

Us(l), =) = (=) [x), 1-)
= (VX)) @ |-) (24.20)
=V&Ilx),|-)
This means that, by adding the auxiliary bit with |-} as the input
value, the XOR quantum oracle behaves exactly as a phase quantum

oracle on the n query qubits. Therefore, Fig. 24.3 behaves exactly the
same as Fig. 23.3 for the n MSB, which we care about. The output of
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the auxiliary qubit is unchanged (still |-}). Therefore, we can repeat
the WV as before by about /)y times to find the solution.

24.5 Summary

In this chapter, we have performed numerical substitution in an
example for Grover’s algorithm. We also implemented the circuit in
IBM-Q. By tracing the wavefunction (state vector) evolution
throughout the quantum circuit, we developed a deeper insight into
how Grover’s algorithm works. We also learned how to modify the
circuit when an XOR quantum oracle is used instead of a phase
quantum oracle. I encourage you to perform numerical substitution
as we have done here when you encounter a new algorithm. We also
gained a better understanding of the meaning of oracle and its role.
Literally, a quantum computing algorithm is to query the oracle in a
smart way to extract the desired information. In this example, it
evolves the equal superposition wavefunction to only «} to extract
the index a, which has the property f{a) = 1 known by the oracle.
Problems

24.1 Construction of Oracle
Derive Eq. (24.4) using Eq. (22.6) by substituting Eq. (23.9).

24.2 Rotation of VW |}
Perform another WV operation to the wavefunction obtained in
Eq. (24.13). Is it over-rotated?

24.3 Numerical Substitution of Grover’s Algorithm
Repeat what we done in the numerical substitution with a = 3.

24.4 Construction of CZ Gate
Using matrix multiplication, prove that the circuit in the CZ block
in Fig. 24.2 indeed works as a CZ gate.

24.5 Write your own Grover’s Algorithm Simulator

In the numerical substitution part, we have derived the matrices
for all gates. Please use Google Colab to write a simulator to simulate
the quantum circuit. The minimal function of your simulator should
perform the matrix multiplications and give the correct output
wavefunction. You may also add measurement using a random
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variable to see the statistics (although if you do it right, it always
gives|01)).

24.6 Implement Grover’s Algorithm with XOR Gate
Implement the circuit in Fig. 24.3 on IBM-Q. You need to first
construct the corresponding XOR oracle. Set a = 1. Note that this is a

3-qubit circuit due to the addition of the auxiliary bit.

275



© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
H.Y. Wong, Introduction to Quantum Computing
https://doi.org/10.1007/978-3-030-98339-0_25

25. Quantum Fourier Transform I
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Complex number - Destructive interference - Constructive
interference

25.1 Learning Outcomes

Able to describe some important identities of the N-th root of unity;
can describe the differences and similarities between Discrete
Fourier Transform and Quantum Fourier Transform; able to describe
inverse Quantum Fourier Transform; understand why Quantum
Fourier Transform gate is unitary and symmetric.

25.2 The N-th Root of Unity

The purpose of this section is to review some of the important
properties and identities of the complex numbers, particularly those
related to the N -th root of unity. This is a very important warm-up
to understand the Quantum Fourier Transform (QFT).

A complex number; ¢, has two components, namely the real and
the imaginary parts. For example, c=a + bi = 1.5 + 1.4i, in which a and
b are the real numbers and a=1.5,b=1.4,and ; = \/—1. This is

equivalent to a 2D real space vector, and we can draw it on a 2D
plane with the imaginary (real) part as the vertical (horizontal) axis
(Fig. 25.1). Each point on the plane represents a complex number (or
a vector pointing from the origin to that point). But I need to remind
you that this is NOT a quantum state vector, and it is still just a
number (although it is a complex number and it is equivalent to a 2D
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real space vector). It is used as the coefficients for the state vectors.
Remembering that we even use Pauli matrices as the coefficients of a
Pauli vector in Eq. (7.15), it is not surprising that we can use a 2D
real space vector (equivalent to a complex number) as the
coefficients for the quantum state vector.

Im

Fig. 25.1 Illustration of the complex plane and the N-th root of unity with N =12

We may also represent a complex number using the length of the
vector, |c|, and its angle to the positive real axis, 6. That is
¢ = |cle’” = |c|(cosB +isinb) (25.1)

There is a special set of complex numbers with lengths equal to 1,
and they lie on the unit circle in Fig. 25.1. And they can be expressed
simply as ¢ — cos@ + i sin@ because |c¢| = 1. Among them, some of
them (yellow dots), z, are even more special because they are the N-
th roots of unity, which means

N (25.2)

We can easily check that z = e >V, with m being an integer,
satisfies Eq. (25.2) because

N = (ePTMNHN = 2T — cos 2m 4 isin2mm =1 (25.3)

The N-th roots of unity reside and spread evenly on the unit
circle. We define w = e ?™", and all can be expressed as w ™, where m
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runs from 0 to N - 1. For example, when m=0, w 0=1. Figure 25.1
shows the distribution of the N-th roots of unity on the unit circle

when N=12.
There are three properties we want to review. First, as m

increases, w ™ moves counter-clockwise, and eventually, it repeats
after one cycle (corresponds to increasing the exponent by N). This
can be seen from the picture or proved using

m+N i2m(m+N)/N iQWm/N€i27TN/N i2rm/N _ WM (25.4)

The second property is that the sum of all N-th roots of unity for
a given N is zero. This can be seen from the picture again. Since they
are all evenly and symmetrically distributed, their corresponding
vectors sum to null. This can also be proved as

SV W = Lot 0N
w' —w 11 (25.5)
= 5 = ()
WO —w 1—w

w =€ =c =c

Here we have used the summation equation of a geometric series
with the first term being w 0 the ratio being w, and the number of

terms being N. We also used Eq. (25.4) thatw V= "N = ©,
Similarly, for any integer g # 0,

Z%;é W — 0l (V-1

For this geometric series, the first term is w 04 the ratio is w 9,
and the number of terms is N. (w 9)" =1 is just because (w OV = (w

M4 =149=1. Equations (25.5) and (25.6) represent the destructive
interference we see in many quantum algorithms.
However, if g =0,

N-1
Zm ow™ Zw 21:]\7 (25.7)
m=0

because there are N 1’s. This represents the constructive
interference we see in many quantum algorithms.

The final property is that w ¥ = @ =™, This can be seen
pictorially that going counter-clockwise by N - m steps from the
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positive real axis is the same as going clockwise by m steps. It can be
proved as

wN—m _

6i27r(N~m)/N _ eiQWN/NeiQW(—m/N) 6i27r(~m/]\7)

w™"(25.8)

25.3 Discrete Fourier Transform

Discrete Fourier Transform (DFT) is the transformation (or
mapping) of a discrete data series (perceived as in one domain e.g.
time) into another data series (perceived as in another domain e.g.
frequency). For example, if you sample the voltages of an electrical
signal throughout the time, you will get a series of data (a series of
voltages). By performing a DFT on the voltage series, you will get
another series of data corresponding to the strength of the signal
due to various frequency components. Both data series contain the
same amount of information.

Figure 25.2 shows an example. The signal is constant (so it is a
DC voltage). It is sampled at different times, from ¢ ; to t _;, and the

sampled values form a series of numbers, {x o, X 1, ..., X y_1}. After
DFT, this series is transformed into another series of numbers {y o, y
1 -»Y n-1J- In this particular case, each y ; represents the strength of
various frequency components from f; to f _;. Since it is a DC signal,
only f,=0 Hz has a non-zero value as expected (meaning that it has
no contribution due to any AC components). We can say that the t;’s
and the f;’s form two sets of basis vectors with x ; and y ; being their
“magnitudes,” respectively. They are just like the 4, ¢, and 2 in the
3D real space or the “1-egg” or “1-dozen egg” basis vectors we
mentioned before. In this application, they are perceived to be two
different sets of basis (i.e. time vs. frequency). But mathematically,
they can be the same set of basis vectors because, as you will see

below, they (the basis vectors) do not appear in any equations except
they mandate the locations of x ; and y ;. This is expected because, as

we have been emphasized many times, the exact content of the basis
vector is not important to the operations after we have chosen the
basis.
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Fig. 25.2 lllustration of Discrete Fourier Transform

Therefore, we can also make the series to be a vector and let

L0
them share the same basis. We then have X = . and
ITN-1
Yo
Y = y:1 . The DFT is defined as
?JN.—1
\/_ Z] o w \/_ Z] 0 G_ZQW/NIJ (25.9)

where w = e ™V is the N-th root of unity. Note that the dimensions of
the series/vectors are N. We see that the new series is just a linear
combination of the old series weighted by the N-th roots of unity.

This can also be represented in a matrix form as

Y = DFT{X}
Y = 02X
—0-0 —0-1 —0-(N-1)
Yo w w w 0
Y 1 W10 e O S RO Y ) (25.10)
VN : : ~
YN_1 - (N=D0 [ —(N-1)1 | —(N=1)-(N-1) Zho

We see that each column and row in the DFT matrix are
composed of a power series of the N-th roots of unity. In particular,
the component of the series after DFT (i.e.y ;) is the sum of a power

series of the N-th roots of unity (i.e. w ~¥) weighted by the
components of the input series (i.e. x ;). If x ; is constant, then it is just

purely a sum of a power series of the N-th roots of unity scaled by
the x ..
J
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Example 25.1 Find y/ if x¢ is a normalized constant vector.

1
. .= 1 1 ipag s .
First, X = 7~ | if it is a normalized constant vector. Each
1

component has a magnitude of \/Lﬁ ; therefore, its total length is
N(\/LN)2 = 1. This means that x; = \/LN
We can find y , using Eq. (25.9), which is repeated here for clarity.
U= e Ljng Wy = 4 200 W (25.11)
But we already know the answer. For k=0, we can apply Eg.

(25.7) to the summation and gy = % — 1. This is due to

constructive interference. For k# 0, we apply Eq. (25.6) and it
becomes 0. This is due to destructive interference. Therefore,

1

Y , Which is also a normalized vector.
0

From this example, we appreciate the power of DFT that it is
constructed in a way to perform constructive and destructive
interferences by arranging the power series of the N-th roots of unity
in the rows and columns.

25.4 Quantum Fourier Transform

I spent a lot of time discussing the N-th root of unity and DFT. This is
essential because the Quantum Fourier Transform (QFT) becomes
very trivial after that. In DFT, we emphasized that the basis vectors
of the input and output vectors (or series) can be the same. In
engineering, we usually perceive them in different domains (e.g. time
vs. frequency), but this is not necessary. If they are treated the same,
DFT is just a rotation of the vector on a given basis.

If we decide to use quantum basis states (|/}) as the basis vectors,
we can use DFT as usual. And this is called QFT.
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Of course, QFT is nothing but a quantum gate, and, thus, it needs
to obey the properties of a quantum gate, namely, being unitary.

In an N-dimensional space, and for convenient, we can assume N
= 2" where n is the number of qubits, and the matrix of a QFT gate, U
oFp 1s defined as (same as the 2 in Eq. (25.10))

ap,0 — i Q.1 T apn—1
1,0 ap; — Ai - a1 n—1
A~ NI| = : R . =0 (25.12)
An—1,0 ap—1,1 = Ap—1n—-1 — i

Note that U gpr is a symmetric matrix. This is because U gpr ;=
UQFT,jl" For example, UQFT,OI =w -0-1- w -1-0 - U QFT,10-

Another equivalent way to define U opris to define it by showing
how it transforms the basis vectors like how we have been doing to

other quantum gates. Based on Eq. (25.12), for basis vectors |/} and
k),

Ugrr 1) = % Yo @™V 1K) (25.13)

This can be checked easily using the fact that the k-th row and j-
th column of U gpr are given by (k| Ug pr | J} (Eq. (12.17)),

Uorr,kj = (klUgrr |J) = (K| ﬁ Yo KK = ﬁw_k"(ZS.M)
which is the expression of the elements in Eq. (25.12). Here, the
dummy variable in the summation is changed into k' to avoid
confusion, and the orthonormal property of the basis vectors is used.

We can also check that Egs. (25.12) and (25.13) are equivalent
using numerical substitutions.

Example 25.2 Show that, for example, when j =1, Egs. (25.12) and
(25.13) are equivalent.
Set|jy = |1}, from Eq. (25.12),
(25.15)
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Ugorrlj) =Ugrr|1)

(1)_0‘0 (,U_Ol L. w—()-(}\’r—l) ()
1 w10 I O B RO ]
VN ; ; . : ;
w—N=D0 —(N=1)1 = (N=D)-(N-1) 0
w—O-l
l W
N :
w—(N—l)-l

I —0-1 ¢ —1-1 —(N—=1)-1
= — (@ 0+ )+ oI N = 1)
VN

The last line is just the ﬁ Z;:DI o % |k}in Eq. (25.13) when j =
1.

Let us now study the property of a 1-qubit QFT.

Example 25.3 For N =2, show how U pr transforms 0} and |1).
Using Eq. (25.13),
N—1

| _
Uorr10) = —— » o *0k)
(0 " 10) + 0 1)) (25.16)

(10) +11) = |+)

1=l

2

N—-1

1 _
UorrIl) = —= Y k)
’ k=0

- L(w‘“ 0y + 0 1))

V2 | (25.17)
= Lo 1 j0) 4 e 1)
= E(I(D — 1)) =1[-)
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This is the same as the definition of the Hadamard gate in Eq. (
17.3)! Therefore, a 1-qubit U opris just a Hadamard gate.

This is the second time we see a quantum gate transforms a basis
vector into a superposition of basis vectors after the Hadamard gate.
Therefore, there is no counterpart in classical gates.

Let us now prove that U oy is unitary. To prove that it is unitary,
[ will try to show that its column vectors are orthonormal (Eq. (9.
23)).

Based on the matrix in Eq. (25.12), the m-th column and the n-th
column of U ppr are

w—O-m w—O-n
| a)—l-m | w—l‘”
m) = and  |n) = _ (25.18)
N N :
w—(N—l)-m w—(N—l)qr

Therefore, the inner product of the two vectors is
N—1

l e
(I?l|n> = ﬁ Z(w—[-m)q.w_,’.”
[=0

-
[ N—1

_ Z(6)—.?2.-*!/-1?1/;\-’)>l<{)—i2:rf-u/1’\f
[=0

N—1
|- ' L :
— N E :(e—.fZ.:‘r/-(—nz)/f\ )()—rEJI{'-n/!\ (25.19)
[=0
N—1

|
— Z(w—f-—m)w—.’-n
N [=0

N—1

1 »

—_ —I-(n—m)

- N 2@ )
=0

Note that when we perform the inner product, we need to take
the complex conjugate of the coefficients of the bra version of the
vector. Referring to Egs. (25.6) and (25.7), again, if m = n, this is
evaluated to 1 and otherwise, 0. Therefore, the column vectors are
orthonormal and U (pris unitary.

Now, let us do some numerical substitutions.
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Example 25.4  Find the matrix representation of U gpr when N = 2.
This is a 1-qubit U opr. Using Eq. (25.12), we have

1 w00 w0l
Ugrr = E w210 ,—(2-1)1
1 (1 1)
o\ wt
\{_ | | (25.20)
- ﬁ (1 €¢27r/2>
_ (o
- V2 \1 —1

This is the matrix of the Hadamard gate and is consistent with
what we found in Example 25.3.

We see that the first row and first column of any U oy are evaluated
to be 1 because either the row or the column index is 0, and thus it is
always w ? = 1. For column j, the elements increase as a geometric

series with ratio w 7 (or decreases by w/). Therefore, we can rewrite
Eq. (25.12) as

1 wt W w
UQFT = \/LN 1 w2 w4 e w_Q(N_l) (25.21)
\1 LNST) NS SNV )

With this insight, we can construct U opr of any dimension easily.

Example 25.5 Find the matrix representation of U gpr when N = 4.
This is a 2-qubit U opr gate. First,
w = e = cos % + i sin § = i. So the element of the j-th column

increases by w 7 =i 7. Therefore,
(25.22)
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1
I 11

U _
QFT Jil1
1

DO |
—_
|
—_
—_

—1
I v =1 —

where elements in columns 0, 1, 2, and 3 increase by i 0=1,i1=-j i
~2=-1,and i 3 =i, respectively, from row to row.

25.5 Inverse Quantum Fourier Transform

The inverse Quantum Fourier Transform (IQFT) is just the inverse
matrix of QFT. It is easy to remember as it happens that it can be
constructed by removing the negative sign in the exponents in the
QFT matrix. Therefore,

00 WO O (N-1)
1 W10 Ol D)
Uigrr = —
VN
WwN=1D0 (N=1)1 W N-D-(N-1)
1 1 1 .. 1 \ (25.23)
| 1wt W’ WV
= —_— 1 w2 w4 P MQ(N_l)
\/N : : :
\1 wN=1) 2N=1) w(N—l)(N—l))

To prove lt, we Only need to ShOW UIQFT U QFT= U QFT UIQFT= I
This is not difficult if you can see that the i-th row vector of U jopr is
the complex conjugate of the i-th column vector of U gpr. By utilizing

the definition of matrix multiplication and the unitary property like
what we did for Eq. (25.19), we can prove it. That also means that U
1orr and U opy are the inverse matrices of each other.
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25.6 Summary

In this chapter, we reviewed the important properties of complex
numbers, particularly those of the N-th roots of unity that result in
constructive and destructive interferences in quantum algorithms.
We learned that QFT is the same as DFT when DFT is applied to a
quantum state vector. The QFT matrix is constructed such that it
expresses the constructive and destructive interference properties of
the N-th root of unity when an appropriate input state is presented.
We learned how to construct the matrix of QFT and IQFT. We also
learned that QFT and IQFT are inverse matrices to the other.
Problems

25.1 Discrete Fourier Transform Definition
Use matrix multiplication to show that Eq. (25.10) is equivalent
to Eq. (25.9).

25.2 Hermiticity of Quantum Fourier Transform
Is U gpr Hermitian? Does it need to be Hermitian?

25.3 Unitarity of Quantum Fourier Transform
Prove that U gpr is unitary by considering the orthonormal

property of the row vectors.

254 Construction of U opr
Construct a 3-qubit U gpr.

25.5 Inverse Quantum Fourier Transform 1
Show UIQFT UQFT= UQFT UIQFT= L

25.6 Inverse Quantum Fourier Transform 2
Construct the matrix of a 2-qubit U jopy. Check your answer by

multiplying it with the 2-qubit U gprin Eq. (25.22).

25.7 Programming of QFT
Use Google Colab to create the matrix of a U opr gate of arbitrary

N.
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26. Quantum Fourier Transform II

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Quantum Fourier transform - SWAP gate

26.1 Learning Outcomes

Have a deeper appreciation of the difference between basis
transformation and vector transformation; be aware of the existence
of the two definitions of QFT that are inverse of the other;
understand how to construct an n-qubit SWAP gate; able to construct
a 3-qubit QFT circuit and run on IBM-Q.

26.2 Another Definition of QFT and IQFT

There is another definition of U gy and U jopr- That new QFT, U
QFT new» Uses the definition of our U jopr, and the new IQFT, U 1o new
uses the definition of our U OFT: In other words, for the same matrix,

itis called differently. We need to be careful when reading the
algorithms that use QFT and IQFT to make sure which definition
they are using. Other than that everything else is the same as what
we have learned.

But why there are two definitions. For our definition in the
previous chapter, the QFT matrix is made exactly the same as the
DFT matrix. This is a natural way to define the QFT matrix. Let us
take a closer look at how U OFT transforms a vector. Assume the
vectoris|X} = xg [0) +x |I) + -+ xy— [N — 1. Thisisa
quantum state vector on the basis formed by the basis vectors 0} to
|N — 1}. And assume after transformation, it becomes
Y) = v |0} + vy |1} 4+ -- -+ yy—1 |V — 1). Then the transformation
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shares exactly the same equation as Eq. (25.10) because we are using
the same matrix for DFT and QFT.

1Y) =Ugrr |X)
Y =00 w0l 0= o
w || e e e e
: N : : : :
YA - (V=D (V=11 NN P

Therefore, each component of the transformed vector, ¥}, still has
the same equation as in the first part of Eq (25.9). That is

= = S w (26.2)

Therefore, the matrix we use is for transforming a quantum
vector. It tells us what we will get (i.e. ¥'}) when we rotate a given | X}
using this matrix. And we call it QFT, instead of IQFT, because the
matrix for transforming/rotating a quantum vector is the same as the
DFT. Figure 26.1 shows an example of transforming a vector V} by
rotating it counter-clockwise by 6. The basis and basis vectors are
not changed, and only the vector is rotated /transformed into V..., }in
the original |0} / |1} basis. However, we can also perform a
transformation of the basis in the reverse direction to achieve the
same purpose. In Fig. 26.1, if we rotate the basis vector clockwise by
6, we achieve the same result. We see that to achieve the same result,
we need to rotate the basis using an inverse matrix of the one for
rotating the vector. In the QFT case, applying QFT, U g, to a vector is

the same as applying IQFT, U jopy, to the basis.
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V)

> |0)

0)’

Fig. 26.1 Illustration of two equivalent transformations, transformation of basis (rotating
basis vectors clockwise by 6) and transformation of vector (rotating vector by 8 counter-
clockwise)

We define quantum gate on how it rotates the basis vectors.
Therefore, it is also natural to define the QFT matrix as the matrix for
rotating the basis vectors (instead of the matrix of rotating the
vector as we have been doing). It is the reason why in some other
sources, our U jopris called the QFT matrix, U gpr pew-

In summary, U opr (With negative exponents) is always used for

transforming the vectors. It is called QFT in this book but may be
called IQFT in other sources.

26.3 Many-Qubit SWAP Gate

The many-qubit SWAP gate is an important part of the QFT circuit.
We discussed the 2-qubit SWAP gate in Chap. 16. The definition of a
2-qubit swap gate in Eq. (16.1) is repeated here for convenience.

Uswap |ab) = |ba) (26.3)
An n-qubit SWAP gate is defined as
Uswap,n |X0X1X2 - X 3X52Xp 1) = [Xp—1Xp-2X,-3 - - - X2Xx1x0)(26.4)

where [xgxjxs - - - X,,—3X,-2Xx,—1, s the basis vector of the 2"-
dimensional space, [*2". As a reminder of the meaning of the basis
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vectors of a 2"-dimensional space, we can also write
|XoX %2 - - Xp—3Xp—2Xp—1) = |xo) |x1) [x2) -+ - [xp—3) |Xn—2} [Xp—1)- We

see that we can implement the n-qubit SWAP gate using a series of 2-
qubit swap gate. Let U gyyp;; be a 2-qubit SWAP gate swapping the i-

th and j-th qubits. We have

Uswap,n lXoxixa - xp_3X,2X,-1)
=Uswapr,n/2-1,n/2 - Uswar,2,0=3Uswapr,1,n—2Uswap,0,n—1 |Xox1x2 - - - X5 3, _2x,_1)
=Uswapr,n/z-1,n/2 - Uswar,2,0-3Uswap,1,n—2 |xn—1x1x2 - - - Xy_3X,_2x0)
=UswaP,n/2—1,n/2" - USWAP,2,n—3 | Xn—1 X —2X2 + + + X, _3X ] X0) (26-5)

= Xy 1 Xp—2Xp—3 - - - X2X 1 X0)

Here we assume n is even. We first swap the 0-th and (n - 1)-th
qubits and then swap the 1-st and (n - 2)-th qubits and continue
until the (/2 - 1)-th and n/2-th qubits. If n is odd, the middle qubit
need not to be swapped.

Example 26.1 Using both Egs. (26.4) and (26.5), demonstrate how a
5-qubit basis vector, | 10100, is transformed /rotated. Simulate using
IBM-Q.

From Eq. (26.4), we have

Uswap,510100) = |00101) (26.6)

So [10100)is rotated to [DO101).
Using Eq. (26.5), we have

Uswap,s10100)
= Uswar,1,3Uswap,0,4110100)
= Uswap,1,3/00101)
= |00101)

where we keep the middle qubit, the second qubit, unchanged as N is
odd. Or you can treat it as swapping with itself. We can thus build a
SWAP gate as shown in Fig. 26.2. The result shows that the 5-qubit
SWAP gate can be decomposed into two 2-qubit SWAP gates and
transforms | 10100} into |00101).

(26.7)
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LSPB

\/

110100) |00101) _ [10100) V 100101)

A

Fig. 26.2 Quantum circuit for a 5-qubit SWAP gate (left). It can be implemented using two 2-
qubit SWAP gates (right)

Figure 26.3 shows the implementation on IBM-Q. Note that the
symbol of a 2-qubit SWAP gate is different from ours. It is used to
test the | 10100) basis vector. Therefore, two NOT gates are added to
the 1st (g4) and the 3rd (q2) most significant qubits to generate
|10100) from the initial state jJ00000). There are 5 classical bits to store
the measured qubits. The MSB is at the bottom corresponding to bit

Simulation Real Computer

00000
o 00001
qoe )( 00011
I A 00100
00101
z 00111
q1 A 01001
01100
5 01101
12 e A 00104 10001
10100
i 8 z 10101
3 10110
m 10111
E 11101
q a e X 11111

£ CESSSSSSSSES

+ NS TGO ON SR S

0 200 400 600 800 1000
c5 - -

B ;[ 2 3 ; Frequency Frequency

Fig. 26.3 Quantum circuit constructed to test the transformation of | 10100} under a 5-qubit

SWAP gate based on Fig. 26.2 in IBM-Q. The simulation shows that the output is (00101} as
expected. In hardware, there are errors due to noise. Note that the MSB is at the bottom

26.4 QFT Circuit

Here we will describe how to construct a QFT circuit. We will not
prove it, but we will show that it is correct for the 1- and 2-qubit
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cases.
A 1-qubit QFT circuit is just a Hadamard gate as we have proved
in Eq. (25.20) (Fig. 26.4).

1-qubit 2-qubit LSB
QFT QFT
MSB
3-qubit QFT
LSB
MSB

Fig. 26.4 Quantum circuits of 1-, 2-, and 3-qubit QFT

A 2-qubit QFT circuit is also shown in Fig. 26.4. We need a 2-
qubit SWAP gate, two Hadamard gates, and also a controlled phase
shift gate. The matrix for a controlled phase shift gate is given in Eq.
(16.13), and it is repeated here for convenience.

(26.8)

From Fig. 26.4, we see that the phase needs to be shifted is
O = _2—22” = _7” Therefore, the matrix is

100 0 100 0

- o100 o100

cPsZE= o010 |~ |oo1 0 (269)
000 e'™/? 000 —i

Therefore, the matrix of the 2-qubit QFT circuit is given by (note
again that the vector goes from left to right in the circuit, but in
matrix multiplication, the vector goes from right to left)
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Uswap(I ® H)Ugps =2z (H @ I) (26.10)
1000 1100\ 1000\ 10 1 0
CJoorol 1|1 =100 01001 fo1 o0 1
1010020 0 1 1 001 0]v2(10=10
0001 00 1 —=1)\0o00 —i 01 0 —1
1000\ 11 0 0 10 1 0
C1jooro|fr-to0 0 01 0 1
210100 00 1 1 1 0 =10
0001/ \o 0o 1 -1 \0—zoz)
1000\ /1 1 1 1
C1jooroffr -1 1 -1
210100 1 —i —1 4
0001) 1 i —1 —i
11 1 1
_ll—z—lz
211 -1 1 -1
1 i —1 —i

which is the same as Eq. (25.22).

There Are Two Important Notes First, the controlled phase shift
gate has the LSB as the control qubit and the MSB as the target qubit
in the QFT circuit. When we introduced the U ¢pg ¢ in Fig. 16.2 and its
matrix in Eq. (16.13), the control qubit was the MSB. However, they
have the same matrix because e /¥ appears only when the basis
vector is|11)in both cases (as the control qubit needs to be 1 and it is
applied to the target qubit only when it is 1). Therefore, it does not
matter which is the MSB. Thus, we use Eq. (16.13) directly in Eq.
(26.10). Second, we defined QFT as the matrix that rotates the
vectors (Eq. (26.1)); therefore, the phase shift is negative. If you will
use the definition from some other sources (i.e. define the QFT as the
matrix rotates the basis vectors), then it will not have the negative
sign.

26.4.1 Implementation of a 3-Qubit QFT Circuit

Figure 26.4 also shows the circuit for a 3-qubit QFT. We see that
when we add one more qubit so that the total number of qubits is n,
that qubit needs to go through a H gate, and then (n-1) U ¢pg 4 gates,
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with ¢ going from _2—22” to —2Z. For the 3-qubit QFT, we need a

Ucps,—z_zgf gate, which has a matrix of

100 0 100 0
010 0 010 0

UCPS,45: 00 1 0 = 001 0 (2611)
000 o 000 T

Let us implement this circuit on IBM-Q. Figure 26.5 shows the
implementation. Everything is a straightforward mapping to the
circuit in Fig. 26.4. The only part that needs special attention is the U
cps,p 8ate. To create the U ¢pg 4, one needs to choose the “Phase gate”

icon first and then drop the “Control gate modifier” (the icon with a
black dot) to it. We then choose which qubit to be the control qubit
by clicking on the dots to appear. One can then double-click the
phase gate to set the phase angle. The phase angles used from left to
right are - w2, - w4, and - w2 in this circuit. Since the input is 000} by
default (the initialized quantum state), we expect the output to be an
equal linear superposition of all basis vectors, and indeed the
hardware execution shows the correction result besides with noise.

Real Computer

q e . oo1 -
A E o103

: | z P oo
= n A = o}
+ :_.,,‘: 1

Fig. 26.5 Quantum circuit of a 3-qubit QFT implemented on IBM-Q. The phase angles used
from left to right are — /2, - w4, and — w/2. The hardware result is shown on the right

26.5 Implementation of IQFT

By definition, IQFT is the inverse of QFT. Therefore, to construct the
circuit for IQFT, we only need to reverse the arrangement of the gates
in the QFT circuit and replace them with their inverse counterparts.
Since the Hadamard gate and the SWAP gate are their own inverse,

295



we can just leave them as they are. For the controlled phase shift
gate, all we need to do is to change the angle to positive to get its
inverse counterpart. Therefore, we can just reverse the order of the
QFT circuit and negate the phase angles to construct an IQFT circuit.
This is shown at the top of Fig. 26.6.

A L e el — ey L rdnia i i B — — T 1
e °| é . 1 é . I
] H l Ll !
- |. I |
+ I I |

c3 S S S S . S . S S . .

Fig. 26.6 Implementation of IQFT after QFT. Top: IQFT is implemented by reversing the gates
in QFT with ¢ changed to - ¢p. Bottom: IQFT is implemented by using QFT circuits with ¢
changed to - ¢

Another way to implement the circuit for IQFT is by realizing that
IQFT and QFT have the same matrix form except the exponents have
different signs (See Eqgs. (25.12) and (25.23)). In our previous
examples, we see that phase shift term oi¢ — o—i27/2" is just the w ~

in the QFT for the 2" dimension, and this is the only source for
generating the w in the final QFT or IQFT matrices (see e.g. Eq.
(26.10)). Therefore, we can just use the QFT gates as they are but
negate all phases, i.e. change ¢ to — ¢. This is shown at the bottom of
Fig. 26.6.

If you implement the circuits in Fig. 26.6, you will get [011}. This
is because the input is converted into |01 1} from 000} through two
NOT gates, and then it goes through QFT and IQFT. Since U opr U jopr

=1, it will restore back to|011}.

1

26.6 General Circuit of QFT
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The general circuit for an n-qubit QFT is shown in Fig. 26.7. As
mentioned earlier, when we add one more qubit, that qubit needs to
go through a H gate and then n -1 U ¢pg 4 gates, with ¢ going from

_2—2277 to _Z—Q,ZT Therefore, for the MSB, it has n - 1 controlled phase shift

gates after the Hadamard gate.

LSB

Fig. 26.7 An n-qubit QFT circuit

To construct IQFT, as we have shown in the 3-qubit case, we can
use the same circuit but use positive phases, or we can reverse the

circuit and use positive phases. That is, changing U, cps,—2_237f to

UCPS,%, for j=2 to n.

26.7 Summary

In this chapter, we have learned that there is another definition of
QFT. But this is just a naming issue. The most important is to realize
that the matrix that rotates the vector has negative exponents in the
elements. We need to make sure of the exact meaning of QFT when
reading other sources. We learned how to implement an n-qubit
SWAP gate by decomposing it into 2-qubit SWAP gates. We then
learned how to construct QFT circuits using Hadamard gates,
controlled phase shift gates, and SWAP gates. We implemented a 3-
qubit QFT and IQFT circuits on IBM-Q after learning how to create a
controlled phase shift gate.
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Problems

26.1 Quantum Fourier Transform of a Basis State

Construct the 3-qubit QFT matrix and show that when the input
is 000}, the output is an equal linear superposition of all basis vectors
as shown in Fig. 26.5.

26.2 Inverse of Controlled Phase Shift Gate
ShOW that U CPS,¢ U CPS,—¢ = I

26.3 Inverse of SWAP Gate
Show that a 2-qubit SWAP gate is an inverse to itself.

26.4 Construction of IQFT on IBM-Q

Construct the circuits in Fig. 26.6 on IBM-Q and verify the output.
Try different combinations of NOT gates to get different basis vectors
as the input to further verify the circuits.

26.5 n-Qubit QFT Circuit

Based on Fig. 26.7, derive the number of controlled phase shift
gates required in an n-qubit QFT circuits. If all gates have the same
execution time, how long does it take to finish the computation?
(Hints: Do not forget the Hadamard gates and SWAP gates.)

26.6 3-Qubit QFT
Derive the matrix of a 3-qubit QFT gate.

26.7 7-Qubit SWAP Gate
How would |1001100} be transformed in a 7-qubit SWAP gate?
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27. Bloch Sphere and Single-Qubit
Arbitrary Unitary Gate

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Bloch sphere - Degrees of freedom (DOF) - Single qubit
arbitrary unitary gate - Embed - Polar angle - Azimuthal angle -
Expectation values of Pauli matrices - Projection on Bloch sphere -
Euler angles - Euler rotation - Intrinsic rotation - Extrinsic rotation
— Global phase

27.1 Learning Outcomes

Able to describe how to map a qubit state to the surface of the Bloch
sphere; able to perform rotation on the Bloch sphere for a given set
of Euler angles; be aware of the correct and incorrect relationship
between the qubit space and the real 3D space; able to construct
arbitrary unitary rotation using the U g 4 ; gate.

27.2 Bloch Sphere

Very often the Bloch Sphere is taught at the beginning of a quantum
computing class. However, it is not necessary to understand the
Bloch Sphere first to do quantum computing. But Bloch Sphere is a
very useful tool (but can be confusing) for us to understand the
operation of quantum gates. That is why we introduce until almost
the end. If we use it correctly, we can use it to help us construct
quantum gates and understand the underlying physics.

We are all familiar with the concept that a single qubit resides in
the (2 space. This is a two-dimensional complex space. It means that
it has two basis vectors, 0} and |1}, which are orthonormal to each
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other. Any qubit state is a vector in this space formed by a linear
combination of 0)and |1) with complex coefficients. We have been
using a real 2D space to illustrate the properties of a qubit state
vector, but we emphasize that this is just an illustration and the (**
space is NOT the real 2D space that we can feel (e.g. Fig. 5.1).

How many degrees of freedom (DOF) does a qubit state have? It
means how many real numbers do we need to specify in order to fix
a qubit. We know that any single-qubit state ¥ ) can be expressed as
&) = & |0) + g |1), where a and  are complex numbers. Each of the
a and B is determined by two real numbers. For example, o = |a e’
and 3 = ]5|ei5ﬁ, where ‘Q{ ,0 o ||, and Sﬁare the real numbers.
Therefore, it looks like it has 4 DOFs.

However, for any physical qubit, it has to be normalized.
Therefore, a|2 + |5\2 = 1. This reduces the DOF by 1 because if |

specify |a|, |a| is specified at the same time due to this
normalization equation. This also means that I can determine ||
and || using 1 single real number parameter as long as I make the
vector normalized. For example, I can set |¢| = cos £ and |8| = sin 2

)

as cos gj + sin f — | will help satisfy the normalization criteria. So,

now, the amplitudes of a and £ can be described by a single real
parameter 6, and the DOF of the qubit state is 3.

There is also another thing that can help us further reduce the
DOF. The global phase of a qubit does not have any physical meaning
(this was discussed after Eq. (6.12)). For example,

@) =calO)+p11)
= |arle® 0} + |8l [1)

— cos Ze [0) + sin 2. |1)
2 ’ ; 2 .
— ¢! Gatdp)/2 (cos 2()”50!_5@/2 |0) + sin 2(4‘;{_5“4'5!3)/2 |l>)(27_1)
; 9 % . ) 8 .,
— ¢! Gatdp)/2 (cos 5()_’¢/2 10) + sin 36"?5/“ | l>)

) g . _ 0 .
= ¢'V (COS Ee_“ﬁ/z |0) + sin ;f*”p/z |1>)

Here, we factorize a global phase (6 , + 6 g)2 and call it y. And we
also define a new parameter ¢ =6 g -6 ,. So we still have 3 DOFs
characterized by 6, ¢, and y. The global phase means the phase
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shared by both 0)and |1). It has no physical significant because the
physical properties for this single qubit are all computed by
involving the bra and ket versions of the vector. For example, the
expectation value of a matrix, M, is (¥ | M |¥}. We can take e ¥ out
from ¥ )to be eV and take e ¥ out from (¥ to be e ¥ (note that we
need to take the complex conjugate of the coefficient when it is a bra
version, see Eq. (5.7)). e ¥ and e ~" multiply together to be 1.
Therefore, the global phase factor does not affect the physical results.
We can ignore y when we describe a single qubit. As a result, we only
need two real parameters, 8 and ¢, to describe a qubit. Without
losing its physics, a single qubit can then be completely described as

W) = cos Se"?/210) 4 sin 5e'?/2 1) (27.2)

Since it has only two parameters, we can describe it on a real 2D
plane. But the 2D plane is too much for it (it can describe also
vectors with non-unit lengths) and also does not give a lot of
insights. We can also describe it on the surface of a unit sphere
(sphere with unit length), and this is called the Bloch Sphere. Figure
27.1 shows the Bloch sphere and its relationship to the real 3D space
we live in. The surface of the Bloch sphere can be mapped to the
space of a qubitin Eq. (27.2). We may say that we embed/map the
qubit space in our real 3D space. It is very important to understand
that we only embed the qubit space to our real 3D space, and it does
not mean that the qubit state is in our real 3D space. This is just like
we draw a map on 2D paper. First, San Francisco is not on your paper
although you see it on the map. Second, the Earth’s surface is the
surface of a sphere, but you map it to the 2D plane on the paper.
However, there are many advantages in describing the qubit using
the Bloch sphere. First, it allows us to “visualize” how a qubit state
evolves. Second, some of the physical properties of the qubit are
linked to the Bloch sphere orientation in the real 3D space.
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Fig. 27.1 The Bloch sphere (left) and its relationship to the 3-D real space (right)

In Fig. 27.1, it shows the location of state ¥} on the Bloch sphere
when it has the parameters 6 and ¢. We see that if we put the Bloch
sphere in the 3D orientation shown in Fig. 27.1, the 8 and ¢ are just
the polar angle and azimuthal angle of a spherical coordinate,
respectively. Note again, we can embed the surface in our 3D space in
any way, but embedding in this way gives us the most intuition.

Let us try to understand how some of the important qubit states
are mapped to the Bloch sphere.

Example 27.1 To which qubit states do the extrema on the Bloch
sphere correspond?

We will only discuss 3 of them here. You will try the rest in the
problems. Let us consider the “North Pole.” It has =0 and ¢ = 0.
Therefore,

0 _. 0 ..
|Wo—0.6—0) = cos = "?/2|0) + sin —¢'?/? |1)
= COS 56:‘0/2 |0} 4 sin Eefo/z |1) (27.3)
=10)

What if we choose ¢ to be non-zero? It is still the “North Pole” as
long as 6= 0. Then we will get &~i#/2 |0). However, since e ""#? is a
global phase (as the coefficient for |1} is 0), this does not matter to
the physics. Remember that we ignore the global phase of the qubit
state when we construct the Bloch sphere; therefore, the Bloch
sphere has lost the global phase information. For the same point on
the Bloch sphere, we can add any global phase to it without affecting
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its physical properties. And a point on the Bloch sphere is not unique,
but it corresponds to qubits that differ in only a global phase (e.g.
e~ /2 |0} and 0) in this case).

Let us consider the point corresponds to x=-1 and y=z=0 in the
3D real space. It has 8 =2 and ¢ = m. Therefore,

) 6
|IPH 7)2,h= T}—cos2 —ip/2 |()>+51112<)"f’/ 1)
— cos —e /20 in —e' ™21
s 4 |0) + sir 4 1)

1 1
_ N 10Y + —7 |1 27.4
5 (D10 + i 1D (274)

I
= —i—=(]0) — |1
=510y = 1)
= —i|-)

Again, the global phase -i=e
this point corresponds to|—}.

Let us now consider the point correspondstoy=1andx=z=0in
the 3D real space. It has 8 =2 and ¢ = 2. Therefore,

~™2 can be discarded. Therefore,

|Wo—r/2,6=n/2) = cOS 5 e '?/210) 4 sin 2(”5/2 1)

= COS — ¢ e 0) + sin = 1 1)

1 . n .
= — 7 TR0) + 1Y) (27:5)

2 |
=TT —(10) + i [1))
NG
Again, the global phase e "™ can be discarded. Therefore, this
point corresponds to —' (|0) 4+ [1}), which is one of the eigenvalues

ofay.

From the examples, we see that the extrema of the Bloch sphere in
the x, y, and z directions correspond to the eigenvalues of the o ,, oy

and o , matrices, respectively (e.g. Eq. (6.11)). This is the first place

where we see it is related to our real 3D space. This is because, for
example, if it is a spin qubit under an external magnetic field (we will
not discuss here), the Pauli matrices are related to the directions of
the magnetic field. So now we see the link between the extrema in a
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direction (e.g. z direction) on the Bloch sphere to the external
magnetic direction (e.g. z direction). But again, having 0) at the
“North pole” and |1) at the “South pole” does not mean that the states
are on the opposite direction in the real 3D space! We are just
embedding the space in our real 3D space.

27.3 Expectation Values of Pauli Matrices

Although we will not cover it in detail, I already told you that the
Pauli matrices are related to the directions of the external magnetic
field in the spin qubit case. Moreover, the expectation values of the
Pauli matrices of any state are related to the energy it gains under
the external magnetic field. Therefore, the calculation of the
expectation value of the Pauli matrices is very important.

Example 27.2 Find the expectation value of o , of ¥ ).
First, we can express ¥}in its column form. That is

B —igd
g i cos e 1%
|¥ ) = cos %f—""ﬂ’*EE |0) + sin %e”‘i’-“j 11} = ( 2 ) Therefore,

R
sin Sef?/2

o o . 1 0 cos 2e=i¢/2
_ 0 ip/2 = —ip/2 ) 2
(Y|o,|¥) = (cos 3 ¢/2 sin 2(., ) (0 _1) ( sin %(,:’45/2 )

) i/ 6 _; cos Le—i?/2
2 —igp)2
= (cos %e”f’/— sin Ee i¢/ ) (_ sié gef@/z

6 .. 0 ..., 9 . o . (27.6)
— cos —e' P2 cos —e P2 4 gin—e P72 [ —gin —'?/?

2 2 2 2

7] o) 68 0
— COS — COS — — sin — sin —

2 2 2 2

= cosf

Here we have taken the complex conjugates of the coefficients when
we write the (. At the end, we use the identity

) .7 ~
COS5TX — BINTX = COS8 21

What is the geometric meaning of cqs ¢ on the Bloch sphere in Fig.
27.17 Since it is a unit sphere, this is just the projection of the state ¥
on the z-axis! This is the second place where we see how the Bloch
sphere is related to our real 3D space. Although the states on the
Bloch sphere have no direct relationship to the real 3D space, their
Paul matrices’ expectation values turn out to be the projections on
the axes from the states on the Bloch sphere. Therefore, although )
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and|1) do not lie in our real 3D space on the opposite sides of the z-
axis, their o , expectation values do have opposite values. These

expectation values are related to the energy splitting and magnetic
moments of the qubits, which we will not discuss in this book.
We can also calculate the expectation values of o, and o » and

we will find that they are just the projections of the state on the x-
and y-axis, respectively. If so, without any derivation, based on the
geometry, we know that

(W], |¥) = sinb cos ¢ (27.7)

(Vl]oy |¥W) =sinBsing (27.8)

We will prove this in the problems.

27.4 Single-Qubit Arbitrary Unitary Rotation

We have been emphasizing that quantum computing is nothing but
just the rotation of the quantum states in the hyperdimensional
space that we cannot see. For example, applying a NOT gate to the 0}
state will rotate it to the |1} state. Now, since we have mapped the
qubit space to the Bloch sphere embedded in the real 3D space, we
will be able to “see” how a vector rotates in the 3D space. This is
another great benefit of using the Bloch sphere. But I need to
emphasize again, the rotation on the Bloch sphere is NOT the
rotation of the state in the 3D space. The qubit space is not
something we can feel. This is just a convenient visualization.

How do we describe this rotation? This rotation is a rotation in
the hyperspace where the qubit state resides, and it must be a
unitary rotation and it must be a 2 x 2 matrix just like any other 1-
qubit quantum gate. In general, it is described by a Single-Qubit
Arbitrary Unitary Gate, U g 4 ;.

cos?  —e*sin g
Vopr = (e"‘?5 sin % ¢! o) cos@) (27.9)
We will not derive this equation, but there is a lot to appreciate in
this equation. First, the parameters, 6, ¢, and A, are angles, and they
are the Euler angles in the Euler rotation. We will not discuss the
Euler rotation in detail, but it is a 3D real space rotation of a rigid
body. Euler rotation is a sequence of three rotations. It can be
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described in two ways. One is the intrinsic rotation in which it rotates
about the axes embedded in/moving with the body. We will NOT use
this one. Another equivalent way is the extrinsic rotation that it
rotates about fixed 3D coordinate axes (Fig. 27.2). In the extrinsic
rotation, the body will first rotate about the z-axis by A (also called y
in some literature) and then rotate about the y-axis by 6 (also called
f in some literature) and finally rotate about the z-axis by ¢ (also
called a in some literature). If you are studying Euler rotation for
comparison, make sure that we are using the so-called z -y - z basis.
Also be careful that in the U 0,pA notation, we do not put the rotation

angles in the order of rotation (i.e. 8, ¢, A instead of ¢, 6, A or A, 6, ).
These are the confusions you might have if you try to compare to
Euler rotation.

3 rotation (¢)

) 1% rotation () Real 3D Space Coordinate

AZ

2"d rotation (8)

<)V

&)

1)

Fig. 27.2 Relationship between the Bloch sphere and Euler rotation

However, regardless of the notations, you see another benefit of
using the Bloch sphere, i.e. the angles in Eq. (27.9) have the
meanings corresponding to the real 3D space rotations when you
embed the Bloch sphere in the 3D space. This can help us
understand the transformation/rotation of the state vectors.

Example 27.3  Construct a NOT gate using U g 4 3 by matching the

matrices.
We can match the elements in Eq. (27.9) to the NOT gate matrix
elements in Eq. (15.6).
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~ Upgn=Unor (27.10)
cos ';) —e¢'* sin Q (01
e'? sin 5 0 oi(+9) LOb ) \10

I can set up four equations to match each of the elements.

CcOS % = ()
—e*sing =1 (27.11)

e'? sin 5 = |

¢!+ cos % =0

But since U yqoris simple, I can see 6 = m is required to make the
diagonal element zero ascos 7 /2 = (). Thensin#/2 = sinw /2 = L
And I can putA=mso that -e?=1and ¢ = 0 so that e ‘? = 1. So the
solution is (6, ¢, A) = (m, 0, ). Figure 27.3 shows the path of the
rotation of the 0} state under this quantum gate. When it is at the
“North” or “South” poles, the first and third rotations have no effects.
We can see the second rotation (about y-axis by 6 = ) brings it to|1).
The figure also shows the implementation on IBM-Q. Two
unentangled qubits are shown. The MSB (bottom) has an input of 0},
and the LSB (top) has an input of| 1) (after a NOT gate) to the U g 4, =

U , 0. Therefore, the inputis|01), and we can see the outputis |10} as
expected and, thus, U ;4 , behaves as a U yqr.

: 3rd rotation (p =0) q ¢ ﬂ\z
U z
: 1%t rotation (A = m) A
10) ‘
c2 w
0 1

2" rotation (0 = m)

2o

Measurement outcome

0 200 400 600 800 1000

Frequency
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Fig. 27.3 Implementation of U ygT using U 0,1 Left shows how 0} is rotated on the Bloch
sphere under a NOT operation. Right shows the implementation on IBM-Q with |(}1} as the
input. MSB is at the bottom of the circuit

Now we have the Bloch sphere to help the visualization. Can we
construct matrices by identifying the initial and final states and the
path only?

Example 27.4 Construct the matrix corresponding to the rotation of
0)to|1) on the Bloch sphere.

Figure 27.3 clearly shows that the initial state 0} is at the “North”
pole and the final state is at the “South” pole. To go from the “North”
pole to the “South” pole, the most straightforward way is to rotate
about the y-axis by m in the second rotation and do nothing in the
first and third rotations. This corresponds to U g 43 = U 5 g o- Then we

obtain
G,

& iAo
cosZ  —¢'"sin =
Uroo=1 —~ - 2
e'?sin s 't cos &

: T
B ( COS 5 —e'! sinz ) (27.12)

¢'Vsin Z ¢/ (010 ¢og 5

(01
~\1 0

Unfortunately, this is not a NOT gate. But this matrix correctly
describes the transformation from 0) to |1} because

Ur,0,00) = ((1) :)]) (:}) = ((])) = |1 (27.13)

The reason is that many gates can bring 0) to|1), but they are not
necessarily the NOT gate. We need to use the rotation of a general
vector on the Block sphere to derive the NOT gate if we want to
construct a quantum gate using U g 4 ;. We need to match the
elements carefully like in Egs. (27.10) and (27.11). Be aware not to
just pick one or two rotation examples of a special state (like 0}) and
construct the gate directly using the 6, ¢, and A seen in the Bloch
sphere (like in Egs. (27.12) and (27.13)). On the other hand, once we
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have the correct U g 4 ; for a certain quantum gate, we can see the
“path” of how a qubit is transformed on a Bloch sphere.

Example 27.5 Describe how + rotates on the Bloch sphere when
the NOT gate is applied.

First, we know that
Unor |+) = U.w;rﬁ(lﬂ} +[1}) = ﬁ(“} +|0}) = [4-}. We used
the definition of U o that it changes 0)and |1) to each other. So, +} is

transformed /rotated to itself.
The NOT gate is U ;; g , as proved in Example 27.3. So, on the

Bloch sphere, it will first rotate about the z-axis by m, and then about
the y-axis by m, and do nothing in the third rotation as ¢ = 0. Figure
27.4 shows that it is brought to |-} in the first rotation and brought
back to +}in the second rotation.

3rd (¢p = 0) 3 (¢p = 0)

|y |y
? (A = 1) c 1t (A = 0)
0

2m (0 = m)

v

1) 1)
Fig. 27.4 Left: Rotation path of +} under a NOT gate operation. Right: Rotation path of +}
under the U z g g operation

In the same figure, it shows that if we use U ,, o o, we get the
wrong result because U ¢ o is not the NOT gate.

27.5 Summary

In this chapter, we have introduced the Bloch sphere that is not
necessary to understand quantum computing. However, it gives us
intuition and is particularly useful if we want to link it to the physics
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construction and operation of qubits (which is not discussed in this
book). But most importantly, we need to understand that the Bloch
sphere is just a way to embed the qubit space into our real 3D space.
If so, you will not ask why |0) 4 |1} is not zero as it looks like the
“vectors” at the “North” and “South” poles should get canceled. This
shows again, they are not the states in our real 3D space. If you use it
carefully, you will be able to understand the arbitrary unitary gate
better. This can be used to construct other single-qubit gates. We
appreciate that if we can represent the gate in the form of U g 4, we

will know the evolution path of the qubit, and this will help us design
quantum gate hardware (not covered in this book). For now,
knowing the path is good for visualization.

Problems

27.1 Effect of Global Phase on a Single Qubit
Show that the global phase of a single qubit has no effect when
finding its expectation value on a o , matrix.

27.2 Extrema on the Bloch Sphere

To which qubit states do the extrema on the Bloch sphere
correspond? We have proved three of them in the text. Please prove
the rest.

27.3 Expectation Values of Pauli Matrices of the States on
Bloch Sphere
Prove Egs. (27.7) and (27.8).

27.4 State on Bloch Sphere _
Find 6 and ¢ for |y = {% — ,‘%} 0) 4+ {%‘ + "JT} |1}. Draw it on

the Bloch sphere.

27.5 Uggy,asaHadamard Gate
Construct the Hadamard gate using U g 4 » like in Example 27.3.
Hints: Answer is U 1 g -

27.6 Rotation on Bloch Sphere by Hadamard Gate
Show on the Bloch sphere how +}and |1} evolve when it is
applied with the Hadamard gate.

27.7 Entanglement Circuit on IBM-Q
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Construct an entanglement state using only U g 4 ; on IBM-Q. We

know that we need a CNOT gate, and it can be done by constructing a
controlled version of U 0,p Set y =0, which will be discussed in the

next chapter.
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28.1 Learning Outcomes

Understand the four parameters in the general controlled unitary
gate; able to describe the meaning of the qubits in the Quantum
Phase Estimation (QPE) algorithm; able to explain the gates needed
to construct a QPE circuit; understand mathematically how QPE
works; able to implement and inspect the hardware results of QPE.

28.2 General Controlled Unitary Gate

In the previous chapter, we introduced the single-qubit arbitrary
unitary gate, U g 4 ;. It describes how a single qubit rotates on the

Bloch sphere. We have also emphasized that in order to map the
qubit to the Bloch sphere, we discarded the global phase
information. This is fine because, for a single qubit, the global phase
has no physical significance. The rotation on a Bloch sphere can be
described by the U g 4 ; defined in Eq. (27.9) and is repeated here for

convenience.

cos % —e'” sin &
(28.1)

U9 L= . . . =
¢, e'? sin g e! (A1) cog %

This gate represents all possible one-qubit gates as long as we do
not care about the global phase of the state. This is not a problem for
a single qubit. But it is a problem when multiple qubits are

312


https://doi.org/10.1007/978-3-030-98339-0_28

considered. When more qubits are involved, while the global phase
of the whole system does not matter, the “global phases” of the
individual qubits matter. The global phases of the individual qubits
determine the relative phase between different qubits and can result
in constructive or destructive interferences that are important
mechanisms in quantum computing (e.g. we have seen this in QFT).
Therefore, Eq. (28.1) is not enough to describe all unitary rotation
when we are not allowed to neglect the global phase of a single qubit.
We can extend the concept, so it will be able to represent any unitary
rotation of a qubit by adding a phase factor, y, as the following:

0 o O
; CoS 5 —e'sin 3
U = e' - 2
0,01,y

¢'? sin % P cog %
The 0, ¢, and A still have the same meaning as in U g 4 ;. You can
see that when we only have U 0,pN for some matrices, we are missing

(28.2)

the e V. This causes an error when it is applied to a vector by

omitting e . But since for a single-qubit case, missing a phase does
not matter, we were fine with that.

Example 28.1 Represent the gate (é ¥ ) in the form of U g, .-
—1

0 0

(i 0.) —i (1 0 ) _im2| oy —emsing ) 00
0 —i 0 —1 ¢'Vgin & ¢/ T H0) cog Y

Therefore, U g » 2 is the correct representation. When [ apply
this gate to (a ), we get

- |
Uo,0,7,m/2 <g) = (é _Z.> (g) =1 <_aﬁ> (28.4)

If we use U 4  instead, a phase factor of e V= e 2 = j is missing.
When we apply U g g, to (a ), it becomes

() (2 () () e

The rotated state vectors are the same except differ by the phase
factor, i.
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Now we want to construct a general version of a controlled unitary
gate. Since two qubits are involved, we cannot ignore the global
phase of each qubit anymore. Therefore, the controlled unitary gate
must use all four parameters, and its symbol is €= U g 4 ; ,- It has this

matrix:

(10 0 0 \

01 0 0

C-U =00 oreos? it gy ? 28.6
0,0,A,y 00 €7 cos 3 —e 77 81n 5 (28.6)

- a 1 \ . - 9 ! (_)
\(_) 0 '@t gin — ¢ ATV cog —)
2 2

Here we assume the MSB is the control qubit and the LSB is the
target qubit. We can find this matrix by using the definition. AC-U
gate means that if the control qubit in the basis vector is 0, it does
nothing to the target qubit, and if the control qubit is 1, it will apply
the unitary gate. Therefore, the definition can be written as
C — U,y 100) =110)®110)=100)
C—-Upgparyl0)=110)I1]1)=]01)

C—Uppar,y10) =1]1)R@Upg,,yl10)
. O , 0
— LY Ty J(@+Y) ¢ip —
= |1) ((.. cos 3 |0) + e sin |1))

P P

— ¢V cos 51100+ ¢! V) §in S (28.7)
C—=Upgy 1) =T]1)@Upgxyll)
= 1) (_C)I(/-+}/) sin E 10} + (}_t(AJrffJJr, )COS 5 |l>)

= 'tV gip 3 [10) + e PPV cog > |11}

where we use the fact that e.g. |01) = |0} @ |1} and then apply the
operators to each qubit before performing the tensor products on
the right-hand side, and Eq. (28.2) is used in the last two terms with

10} = (é)and 1) = (?) We can show that Eq. (28.6) is correct
based on the definitions on Eq. (28.7) by using Eq. (12.17).

Example 28.2  Find the element (e , ,) of the second row and second
column (counting from 0-th) of C-U g, ,-
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The element corresponds to (10| (row) and |10} (column). Using
Eq. (28.7),

22 = (10]C = Up g,y |10} = e'’ cos 3 (28.8)

where we apply (10| to line 3 in Eq. (28.7), and we use the
orthonormal property of the basis vectors that (10|10} = 1 and
(10/11) = 0. This is the same as in Eq. (28.6).

Finally, we may also construct the matrix in Eq. (28.6) using this
equation.

C—=Upgpiry=10001QI+1){11®Upgi., (28.9)

It is easy to see the result if we recognize that

0) (0] = (;.) (10) = (('} g)andlﬂ} () = (?) (01) = (g ?) We

then perform the tensor products accordingly. This equation says
that we should perform identity operation to the target qubit if the
control qubit is 0 and apply the unitary gate to the target qubit if the
control qubit is 1. We will do this in the problems. Figure 28.1 shows
the gate symbol.

LSB »
MSB 1

Fig. 28.1 SymbolofaC-U 0,¢,1,y gate with the MSB as the control qubit

28.3 Quantum Phase Estimation

The purpose of the Quantum Phase Estimation (QPE) algorithm is
to estimate the phase, 2wy, of the eigenvalue of a unitary m x m
matrix, U. Since it is a unitary matrix, its eigenvalue must have a
magnitude of one. This is because we can always transform the
matrix into a basis formed by its eigenvectors (as the basis states),
and its diagonal elements are just its eigenvalues (Eq. (9.13)). And
since the columns of the unitary matrix must be normalized (Eqg. (9.
23)), then the eigenvalues must have a magnitude of one and be in
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the form of e 2™, We choose to write its phase as 2 instead of a
single variable is just for convenience in the derivation.

Let us look at a QPE example for a 2 x 2 matrix before discussing
the general algorithm.

28.3.1 QPE for a 2 x 2 Matrix
Assume we are given a phase shift gate with ¢ =7, U pg , (Eq. (16.9)),
which is just a Z-gate, Z.

1 0
UPS,ﬂ' — (O em)

10
- (O _1) (28.10)

B ez'27r0 0
_ 0 eiZW%

We see that it is already in its diagonal form, and therefore, the
elements are its eigenvalues, 1 and - 1, which have phases of 0 and m,
respectively. We also express them in the form of e 2™, So their y’s
are g=0and ¢y, = %, respectively. Each of the eigenvalues

I
corresponds to an eigenvector, and they are |en) = ( l])and

0
ler) = ( ]), respectively. You may refer to Chap. 9 to review how to

find the eigenvectors and eigenvalues of a matrix. We can prove that
they are the correct eigenvectors by showing, by definition,

1 0 | |
U Y 2 —_— ) —_— l —_— l 2
Ps,x o) (0 —1) (0) (0) <o)
1 0 0 0
Ups.r le)) = "V =<1 ) = =11
Ps,z ler) (0_1) (l) (l) ley)

The goal of the QPE is to find Y ( and 1 for the given U pg ..

Figure 28.2 shows the quantum circuit for finding the phase of
the Z-gate. To be exact, it finds Y instead of 2mip. There are two groups
of inputs. The less significant qubits (called the b-register) take the
eigenvector of the Z-gate. Since the Z-gate is a 2 x 2 matrix, we only
need 1-qubit to represent its eigenvector. In the example, we assume

(28.11)
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0
the inputis|e; ) = ( I)' The other group of inputs (called the c-

register) contains the more significant qubits. In this example, we
use two qubits. These qubits will be used to store a value related to
Y, which is 2" i, where n is the number of the qubits in the c-register.

In this case, it is 2" 1 = 41. The inputs to the c-register are the
ground state |()}-. This is a 2 + 1 = 3-qubit circuit. Therefore, it starts
with

150y = 10} 10) |er) (28.12)

€0 1$1)

Fig. 28.2 The QPE circuit for finding the phase of the second eigenvalue of the Z-gate (U
PsS,m)- Note that the bottom is the MSB

The circuit begins with a two-dimensional Hadamard gate (H
&XH) to create a superposition on the c-register. That is

&) = H® H ®I1(]0)10) ler))
=HI[0)® HI|0)® I |e;)
I |
—([0) + [1)—=0} + [1}) |e1)
T/E V2 | (28.13)

= —(]00) + 101) + [10) + [11)) |ey)

= E(IOO) ler) +101) [eq) + [10) [eg) +[11) [ey)
After that, controlled gates are used. The type of controlled gate
used is related to the Z-gate, of which we are finding the eigenvalue
phase. If we were to find that of another gate/unitary matrix (e.g. the
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NOT gate), we need to use the controlled gate related to that new
gate (e.g. CNOT gate). I say it is related to the Z-gate because, besides
controlled-Z-gate, it also uses controlled-Z k gates, where k = 20 with I
running from 0 to n - 1. Again n is the number of qubits in the c-
register. A controlled-Z k gate means that, for a basis state, if the
control qubit is 0, it does nothing to the target qubit. If the control

qubit is 1, it will apply Z ¥ gate to the target qubit. The control qubit
is one of the qubits in the c-register, and the target qubits are those
of the b-register. Each qubit in the c-register acts as the control bit of

one of the controlled gates. A Z ¥ gate is equivalent to applying Z-gate
k times. In this case, [ runs from 0 to 1 and thus k can be 1 or 2.

Therefore, qubit 0 of the c-register is connected to a controlled-Z ¥
with /=0, and qubit 1 of the c-register is connected to a controlled-Z

Kwith I = 1. In other words, qubit 0 (the less significant bit) of the c-
register is the control qubit of a controlled- 2" gate, i.e. a controlled-
Z-gate. And qubit 1 (the more significant bit) of the c-register is the
control qubit of a controlled- 2° gate, i.e. a controlled-Z % gate.

What happens to the b-register qubit when the controlled-Z ¥
gates are applied? Note that the b-register has the eigenvector of Z.
Therefore, the operation will give the eigenvalue of Z because of Eq.
(28.11). Thatis, Upg » le1} = Z |e|) = ¢273 e1) = —1 |e ) And if it
is Z2 it becomes {E;:.—: 5 )2 le1) = |eq)as Z is applied twice. However,
this only happens if the corresponding control qubit is 1. Therefore,
the n controlled gates produce the following results:
1&2) = %(I(’)(’)) ler) +101) Z Jey) + 110) Z7 ey + 111) Z2Z |ey)

T \ 00 - 071 - 2 70 271
= 5”00) L°Z7 ey + 101y 277 |ey) +|10) Z7Z7 |er) + |11 Z7Z |ey)

I
= —(100y Z°7" |e 01) Z°F! |e 10) 220 |e 11y 22+ e
2(| ) le) +101) ler) + 110) lery +111) le1) (28.14)

I 2

= 510 Z% |er) + 1) Z' [e1) +12) 2% |e1) + 13) Z7 |e1)
N

=52 102 jen
24

In the first line, Z is applied to the b-register if qubit 0 of the c-

register is one, and Z 2 is applied to the b-register if qubit 1 of the c-
register is one. This is based on the definition of the controlled gates.

In the second line, I also added Z ° that is just an identity gate when
the control qubits are 0. In the third line, we group the Z’s so we can
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see the sum of their exponents for each basis vector. And in the
fourth line, I write the basis vectors in decimal. Now we clearly see

that the action of all controlled gates is equivalent to applying Z’ gate
on the b-register if the c-register is|j}. This is a very important feature
we use very often in other quantum computing algorithms.

And since Je, ) is an eigenvector of Z/, 7 ler) = (Ef'l'f'z W oler )
Therefore,

'%
| < .
62) = 3 ;'” Z/ |ey)

l P
= D@ e (28.15)
J=0
'%
I il i
— 2 )" )7 1) ler)
J=0

[ did not simplify a;’faj , which is just - 1 because | want to keep it
in this form so you can appreciate the constructive and destructive
interference in the following QFT step.

The next step is to apply QFT. Note that some other sources may
use IQFT, and this is just because it uses a different definition of QFT
than ours (see Chap. 26). What really important is that we need to
use the matrix for rotating the vector instead of the basis and the
matrix is shown in Eq. (25.12). The definition of QFT (Eq. (25.13)) is
repeated here for convenience,

Ugrr 1) = o5 Yizo @™V 1K) (28.16)

We only apply it to the c-register and keep the b-register intact.
Therefore, we will apply U OFT QI to |-, and we have

(28.17)
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3
I <~ o1
&3) =Ugrr @1 3 Z;)(e’h?)-’ 17) ler)
I:

1 o 1 )
=3 E (@) (Ugrrj) @1 ley)
j=0

3 3
=5 Y (7)) (\/Z D o Ik)) le1)

j=0 k=0

33
= S k) fer)

J=0£k=0

3003
] - - 2Ty P2 /A —ki
=722 @Ok ley)

j=0 k=0

3 3
— % Z Zw’;(z_k) k) |er)

J=0 k=0

Although the math looks complex, it is actually simple. The first
three lines just apply U opr to the c-register in i), use the linear

property of quantum mechanics, and then apply Eq. (28.16), the
definition of QFT. The last two lines use the definition of the n-th root
of unity, w (Chap. 25). Finally, we group the terms. Note that the b-
register is no longer useful now. It is completely disentangled with the
rest of the qubit, and it can be factorized out in the tensor product.

If we perform a measurement on the c-register, we will get one of
the |k)'s. However, if we rewrite Eq. (28.17) by shuffling the
summations, we have

3 3

] L h_ 1
&) =72 | 2@’ | k) len) (28.18)

k=0 \ j=0

We see that each |k} has a coefficient of Z?‘:O w’(2=F) and this is a

summation of the n-th roots of unity. This term is 0 unless (2 -k)=0
due to the constructive interference (Eq. (25.7)). Here j is the m in
Eq. (25.7),and 2 -k is the g in Eq. (25.7). Therefore, if we perform
the measurement, we will only measure |k} if 2 - k= 0. The basis state
we will measure is always
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k) = 12)10 = |10} (28.19)

Here we write the ket in both decimal and binary notations.
What is the meaning of k= 2? Let us inspect carefully how we

obtain w/?7K in line 6 of Eq. (28.17). It came from (ei%%)jw—’ﬁ (line
4). The “2” in w/(7M is obtained by multiplying 1 by 4 (line 5). And 4
is the N =22 in the N-th root of unity. Note that % is the ¥ in the
eigenvalue of the eigenvectorje; ), and 4 is 2" = 22 where n is the
number of qubits in the c-register. Therefore, the k=2 we obtained is
due to the Y (%) being multiplied by 2" (2% = 4). From this, we can
deduce that in a general QPE, if we measure |k) in a n-qubit c-register,

and if the input to the b-register is the eigenvector corresponding to
the eigenvalue, e #™, the phase is given by

2wy = 2k /2" (28.20)

28.3.2 Implementation on IBM-Q

Figure 28.3 shows the implementation on IBM-Q. e, ) is created by
using a NOT gate. You can see the controlled-Z-gate that is a vertical
line with two dots. There is no controlled-Z 2 gate because Z%=1I. The
I gate in the circuit is there just to align the circuits. The QFT circuit
is the one we used in Fig. 26.5 but only 2 qubits. You can see that the
output is 100% |100}. The first two qubits are for the c-register.
Therefore, |k} = |10} = |2). That means 2my = 2nk2" = 222° =,
which is the phase of the corresponding eigenvalue, — 1. Note that we
did not measure the b-register (the LSB); therefore, it is 0 by default
in the classical register.

Ca ’ Frequency

Fig. 28.3 Implementation of the QPE circuit in Fig. 28.2. Note that the bottom is the MSB

28.3.3 General QPE Circuit
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Figure 28.4 shows the general QPE circuit. It is just a simple
extension of the circuit we have discussed. We note that the b-
register can be m-qubit that is required if we are finding the
eigenvalue phase in a m x m matrix case. In that case, the controlled
gate is a m + 1-qubit gate (including the control bit). The c-register
can be n qubits. n determines the accuracy of the phase it can
estimate. Referring to Eq. (28.20), larger n gives a higher resolution.
The resolution is 12", when k = 1. Usually, the 9 is not a fraction nor
an integer as in the case we have discussed. Therefore, we cannot get
the exact value, and thus it is an “estimation.” In summary, the QPE
has m + n qubits.

b-register
|'¥)

MSB

=)
S
®

Fig. 28.4 General implementation of the QPE circuit

We spent a lot of time discussing the controlled arbitrary unitary
gate at the beginning of the chapter. It is not used so far. But it is
useful if the matrix you want to study is not a simple gate. You need
to use them if you want to implement the QPE for an arbitrary
matrix.

The QPE seems not to be useful as we need to know the
eigenvector (as input to the b-register) to find its phase. However,
every vector is a linear superposition of the eigenvectors. Due to the
linearity of quantum mechanics, their phases can be estimated at the
same time. If we use it correctly, we can use it to solve other more
important problems such as in the HHL algorithm for solving
systems of linear equations.

Finally, we can derive the equation for the general QPE like what
we did for the 2-qubit case. Please try so by following the steps

earlier. I did not do simplification and kept ) and n or 2" in the
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derivation, so it should be relatively straightforward to generalize
from 2-qubit to n-qubit. Of course, the phase estimated is given in Eq.
(28.20).

28.4 Summary

In this chapter, we discussed how to construct a general controlled
unitary gate. We note that it has four parameters in order not to lose
the phase information of the rotation. If one wants to implement the
QPE for an arbitrary matrix, we need to use it. QPE is used to
estimate the phase of the eigenvalue of a matrix. We need to use its
eigenvector as the input to the b-register, and the c-register will give
a number related to its phase. This is achieved by using constructive
and destructive interferences through the QFT.

Problems

28.1 Unitary Gate Construction

Represent the gate ¢, = <1 I 7’) in the form of U g ¢, .-

28.2 General Controlled Unitary Gate
Using the method in Example 28.2, show that other non-zero and
non-unity elements in Eq. (28.6) are correct.

28.3 General Controlled Unitary Gate Matrix
Use matrix multiplication to prove Eq. (28.9).

28.4 QPE Calculation
In the text, we used |¢; ) as the input to the b-register. Now, derive
the QPE result for |eg) of the Z-gate.

28.5 QPE onIBM-Q
Repeat what we did in the text, but use 3 qubits (n = 3) for the c-
register. Hints: You need to create a 72°' gate and its controlled

version and simplify it first. The answer should be | 1000}

28.6 Derive the General QPE Algorithm
Show that if c-register has n qubits, the answer is that in Eq.
(28.20).
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29. Shor’s Algorithm

Hiu Yung Wong'
(1) San]osé State University, San José, CA, USA

Keywords Shor’s algorithm - Encryption - Prime integer
factorization - Period funding — Modulo operator - Greatest common
divisor (gcd) - Euclidean algorithm - Computational complexity —
Continued fraction expansion

29.1 Learning Outcomes

Understand the role of Shor’s algorithm in the prime integer
factorization process and its relationship to encryption; able to
derive and explain the equations in the Shor’s algorithm; appreciate
that Shor’s algorithm is the type of quantum algorithm that does not
give deterministic results and needs trials and errors, but the results
can be verified easily.

29.2 Background
29.2.1 Encryption

Nowadays, data encryption is an indispensable part of our daily life.
In the encryption process, we usually generate a very big integer
number, N, using two large prime numbers, P and Q, such that N=P x
Q. N is shared with the public, and only the persons who have a key
can find P and Q quickly. Otherwise, to break the encryption (e.g. in
RSA), one needs to be able to perform prime integer factorization
of N, i.e. to find the values of P and Q. This is computationally
intensive. There is no known method to do it quickly. Internet
security relies almost entirely on the fact/expectation that no one
can perform the prime integer factorization efficiently.
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29.2.2 Period Finding

It turns out that the prime integer factorization of N is related to the
period funding of a certain function. More precisely, if [ want to
factorize the number N, mathematically, it is equivalent to finding the
period, r, of the following function (we will not prove this):

fan(z) =a” mod N (29.1)

where a is a parameter and x is an independent variable. Therefore, f
o n(%) is a function depending on the parameters, a and N, and the
variable x. The variable x is also an integer. This is a function using
the modulo operator, mod , which returns the remainder of a
division. For example, 7mod2 =1 because 7=3 x 2+ 1. When 7 is
divided by 2, the remainder is 1. Therefore, the function returns the
remainder of a * divided by N.

Example 29.1 Assume we want to factorize N=21. Let us pick a =
11 (we will discuss how to pick a later). Find the period, r, of the

function f ; y(x) = f 11,21 ().
We will find it by substituting x beginning from 0.

fi1210)=11"mod 21 =1 as 11"=0x21+1

fiion()=11'mod 21 = 11 as 11'=0x21+11

flio1(2) =112mod 21 = 16 as 11> =5x21+16
fua(3)=11"mod21 = 8 as 11°=63x21+8  (29.2)
fiio1(4) =11"mod 21 = 4 as 11*=697 x 21+ 4

fiio1(5) =11°mod 21 = 2 as 11° = 7669 x 21 + 2

f1121(6) =115mod 21 = 1 as 11°=84360 x 21 + 1

We see that the answer repeats with a period of 6 (f 11 ,1(0) =f
11,21(0 + 6)). Therefore, r = 6.

Note that finding the period is computationally intensive.

29.2.3 Prime Integer Factorization
Once we find the period r of f ; y(x), we can perform factorization in a

quick way. Let us consider the following derivation. We do not
assume you have a number theory background. So please just trust
the derivation. It is not difficult to follow if you treat the modulo
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operations as if they were not there and just use the rules in the
regular algebra.
Due to the periodicity, r,

fan(0) = a" mod N =1mod N =1
fan(r) = fon(r+0)=a"mod N = f,(0) =1

where we used the fact that 1 mod N =1 (i.e. the remainder of 1
divided by N is 1 as long as N > 1). We can use the rules in algebra
and rearrange the second equation, and we have

a”"—1mod N =0
(a%“l)(a%r“) mod N = 0

where we use the rule like in the algebra that
(a2 — (a2 +1)=a" — 1.
Then we will use a theorem that if r is even and
a? +1 mod N = (), then the prime factors are given by

P = gcd(a% + 1, N)
Q - ng(CL% o 17N>

where gcd(x, y) refers to the greatest common divisor of x and y. For
example, gcd(10, 20) = 10 because 10 is the greatest divisor of 10
and 20. Another example is gcd(21, 14) =7 because 7 is the largest
number and can divide (without remainder) 21 and 14.
Ifrisnotevenor g5 + 1 mod N = (), we need to try another a.

There is a theory that says that 50% of the a will satisfy this
requirement. Therefore, we have a high chance to be able to use Eq.
(29.5) to do factorization.

Therefore, once the period is found, the problem is converted
into a problem of finding the gcd of the numbers that can be done
effectively e.g. using the Euclidean algorithm.

(29.3)

(29.4)

(29.5)

Example 29.2 Let us continue on the previous example. We know
that r=6 now. Find P and Q.
r=61is even. We still need to checkif 42 + 1 mod N £ 0.

a®+1mod N =112 + 1 mod 21 = 1332 mod 21 =9 £ 0 (29.6)

Therefore, we can go ahead to find the gcd. We have
(29.7)
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ged(a® + 1, N) = ged(112 + 1,21) = ged(1332,21)
ged(a? — 1, N) = ged(112 — 1,21) = ged(1330, 21)
Therefore, 21=3x 7.

3
7

29.3 Shor’s Algorithm

In the previous section, we show that to break the classical
encryptions, we need to perform prime integer factorization of a big
number (N =P x Q). We can do this by first finding the period, r, of
the function f, y(x) = a*mod N. Once the period is found to be an

even number and g7 + 1 mod N =+ (), we can find P and Q easily by

finding the gcd of some numbers. We need to guess the parameter a
so we can use the theory, but the chance of picking the right a is
pretty high (50%).

The most time-consuming part of this procedure is in the period
finding process. The quantum computing part of the Shor’s
algorithm is used to speed up this process. Classically, the period
finding process complexity is (1) (refer to Sect. 23.2.1 for the
meaning of computational complexity). With Shor’s algorithm, it
becomes O(log(r)) and thus it is an exponential speedup.

Figure 29.1 shows the quantum circuit of Shor’s algorithm. There
are 4 parts in Shor’s algorithm. For a function f{x) = f{x + r):

1.
Create a superposition of exponentially many arguments.

2.
Evaluate the function on a superposition of exponentially many

arguments.

Compute a parallel Fourier transform on the superposition using
QFT.

Sample the Fourier power spectrum to obtain the function’s
period.
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Fig. 29.1 Top: quantum circuit for Shor’s algorithm. Bottom: XOR quantum oracle circuit

displayed for convenience. This is the same as the top figure in Fig. 22.1 by settingm — n and n
- 2n

For any N, we can always find n such that 2" > N. For example, if N
=21, we need n=5 so that 2"=32 > 21. In Shor’s algorithm, we need
3n qubits. They are grouped into two registers. The register with the

more significant qubits has 2n qubits, and the other one has n qubits
as shown in Fig. 29.1.

Therefore, the quantum state starts with

&) = [0)®2"|0)®" (29.8)

Step 1 After that, a 2n-qubit Hadamard gate, H ®2", is applied to the
first register, while the second register is kept intact.
0 = (HO T (1092 10)*")
— (H®2H |O}®2H) ® (I®I’l |O>®f‘!)

~2n |

1 ®n
2¥ Z [t)2,) @ [0) (29.9)

- x=0

211_1

>
2
=2 2 102,10},
x=0

= (

A n-qubit identity gate, I ®7, is also applied at the same time to the
last n-qubit register. | added parentheses to separate the operators
and states in the first line. Then parentheses are used to separate the
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two registers in the second line. In the third line, Eq. (17.16) is used.
Remember that each 1-qubit Hadamard gate transforms 0} into

ﬁ (|0} + [1}), and the products of the n transformed qubits become
the summation in the third line. Note that the x in each x)is written
in decimal form, and it has 2n qubits as indicated in the subscript.
This step creates a superposition of exponentially many basis states
(22" to be evaluated in parallel in the next step.

Step 2 Since the Shor’s algorithm involves a function f, y(x) = a*

mod N, we naturally expect we need a quantum oracle that has the
property of f, y(x). The quantum oracle has 3n qubits. As shown in

Fig. 29.1, it transforms any basis vector of the 3n qubits by
Uy 1502 1¥)y = 1) |y @ F(2), (29.10)

which is just the regular behavior of an XOR quantum oracle. This is
the same as the top figure in Fig. 22.1 by setting m - n and n - 2n.
The most significant 2n qubits are the query qubits, and the least
significant n qubits are the auxiliary qubits. The f(x) here is the f

o n(X) function of which the period is to be found. Let us apply the

quantum oracle to |, ). We will use Eq. (29.10) with y=0.

&) = Uy 1&1)
l 23;:7

|
=Us(g; D ) 10),
T x=0

23:171
7 . 29.11
_ 2 Z x)0, 10D f(x)), ( )
v=0

23:1 o

|
e E Z |X)2” |]C(x)>n
x=0

Note that the classical XOR operation of the label (i.e. 0 @ f(x)) of the
least significant n qubits is relatively straightforward because y =0,
and thus the least significant n qubits become just the corresponding
values of f(x). For example, if n =3 and f{x) =5, then

|0k fix)), = |5)3 = [101). This step evaluates the exponentially
many basis vectors with label x all at one time in parallel. That is, it
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evaluates f{0) up to f{2%" - 1) in one execution. This is where the
quantum computing provides the exponential speedup.

Step 3 However, the evaluated results are stored as the basis
vectors in a superposition wavefunction, and we cannot extract them
directly. The next step is to perform QFT to extract the results we
want. We apply a QFT operation defined in Eq. (25.13), which is
repeated here for convenience but with the dummy variable, j
changed to x and N = 22" as this is a 2n-qubit QFT.

Ugrr |x) = 7 Yz @ “ Ik) (29.12)

The QFT is only applied to the first register. We also need to apply an
n-qubit identity gate to the second register. Therefore,

&) = (Ugrr ® 1) |sz>

’)“”fl

— Worr ® I%)(~ o 2 2 lF),

x=0
22;171
l |
= o D2 Werr eI 1 £ (),
x=0

~N2n 1

= — Z (UQFT |X>2”_) |f(k)>”

o
x=0

(29.13)

')”’n 2_11 1

I
=21” Z m Z 0™ 1K) 2) 1f (),

'}II 12 2

:27” Z Z _A\ '7n|f("))

x=0 k=0

Here we again use parentheses to separate the operators and
vectors in the first two lines. We then substitute Eq. (29.12) for U gpr

in the second last line followed by grouping terms. We note that i)
has 2n qubits and , — .i27/2*" (see definition of N-th root unity

when N = 22" in Chap. 25).

Step 4 We will now perform a measurement on the least significant
n-qubit (the second register). The wavefunction will collapse to one
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of the | f(x)},. Referring to Eq. (29.2), for example, if the function is f
11,21(), there are only 6 possible| f (x)),, which are[1),|11),[16),18), 4),
and |2). However, there are many x that will give the same f{x). For
example, f[x=0)=f[x=6)=f[x=12)=---=1and f[x=2) =f[x=8) =f(x
=14) =---=16. And this is because of the periodicity of the function.
Therefore, when the wavefunction collapses, for example becomes

| f (xg)),, it actually collapses by keeping| f'(xp)),, | f (xg + 7)),

| f(xg + 2r)},, | f(xg + 3r)},, etc, where ris the periodicity. That
means when the wavefunction collapses to a certain state after
measurement, it will keep all x separated by the period r. Therefore,
if after the measurement, it collapses to | f (xg)},, the wavefunction
becomes

> Z @ M1k, | £ (),

E4) A
X=xo+yr }\ =0
= ) Z @ k)2 | f (x0)),
\—\(H-\f k=0
= Z Y @k, L (x0)), (29.14)
k= [) X=Xo-+yr

"’n

= Z Zw SO ) 0 1 f (x0)),
= Z fo"‘“ T kY L (x0)),

In the first line, [ removed all x not separated by multiples of r from x
o- Therefore, the summation Z ~!I becomes ) . which
means we only have a periodic series of x thatarex o, x g +r,x o+ 2r,

etc. and y are integers. (If there were no periodicity, we even would
not have this summation.) The maximum y should be such that x 5 +

T=x0+Yr’

yr<2?"-1. Note that I also skipped the constants in front of the
summations. This is because we need to perform normalization after
the measurement and the equation is too messy to put. In the second
line, I justreplace| f (x)}, by| f(xp)), because all x in x=x 4+ yr give
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| f (xg)),. In the fourth line, we then convert the summation of x into a
summation of y and rewrite x =x 5+ yr in the exponents.

Step 5 We will now perform a measurement on the first register
that has the most significant 2n qubits. Assume it will collapse to |k
Then

~ —koxo , —koyr |1, -
€5) ~ Y " w00 TR ko), | f (x0)),

,
v o | 29.15
= 0)7;\0‘\0( E (Dik[)’ ) |k0>2n |f (X()))” ( )

where again we do not perform normalization and skip the constant
coefficients. We see that the coefficient of the measured state is
proportional to Zy w0 and [ put in a pair of parentheses to

emphasize this. Let us substitute , _ i2r/2°".

Zy w—kOyT‘ — Zy 6—i27‘rk0y7“/22n (2916)

We will not evaluate the sum but will try to understand it graphically.
Figure 29.2 shows two types of possible distributions of , _ ji2r/2%".
Starting with y = 0, the terms go around the unit circle in the complex
plane anti-clockwise. After going through many rounds, the numbers
distribute fairly evenly on the unit circuit. Their summation is thus
very small as they cancel the others (destructive interference).
This happens for some k, and thus the probability of measuring these
|k) is very small and near zero. On the other hand, certain values of k
will give a large enough and just enough step to go around a full
circle when y is incremented by 1. In this case, all the terms will be at
the same point or very close to the others. This means the phase of
w — ¢i27/2°" needs to increase by 27 or multiples of 2 when y is

increased by 1 so to result in a constructive interference. That is
2mkor /22" = 2md
r = 22nd//€0

where d is an integer indicating how many circles it goes around
when y increases by 1. Here, it means that if we measure |k}, then

the period, r, is 22" d/k . Since d is an integer that we do not know,
we still do not know the value of r. However, Shor’s algorithm

(29.17)
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already helps to narrow down the possible values of r. After this, the
classical continued fraction expansion will be used to further
narrow down the possible value of r, which will not be discussed
here. The result can be checked easily, and if it is wrong, we will redo
Shor’s algorithm until the correct answer is found.

Im Im
4
Y =7 .
y= 2 1 ~y=1 L
= {y \y =6 / y=1
—t - 4 1&2 - - i 0>
y =3% / Re K Re
Oy =5
y= 9\'\,\ d
y=4 T Ay =10 .
—1 —1

Fig. 29.2 Plottingof , _

and red dots refer to the second round. Left: Distribution of the terms resulting in destructive
interference. Right: Distribution of the terms resulting in constructive interference

i2r/2>" on the complex plane. Yellow dots refer to the first round,

29.4 Summary

In this chapter, we have presented Shor’s algorithm. We understand
that Shor’s algorithm is a period finding algorithm. The period
finding is important but a slow part of prime integer factorization.
Shor’s algorithm provides an exponential speedup because it
computes a function for exponentially many arguments through
quantum computing. The answer is obtained through constructive
interference by QFT and measurements. Shor’s algorithm only works
when certain periodic settings are correct. The result given by Shor’s
algorithm is also not necessarily the correct answer. However, the
answer can be verified easily using multiplication in classical
computers. Due to statistics, we expect to find the correct answer
after some trials and errors.

Problems

29.1 Modulo Operation
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Find 177mod25.

29.2 Greatest Common Divisor
Find the gcd of 1242 and 242.

29.3 Prime Number Factorization

Repeat what was done in the text and perform the prime number
factorization for 63. You need to pick an a for this problem. Try to do
this in Google Colab and use the numpy.gcd function. Try different
values of a.

29.4 Shor’s Algorithm

Let n=1, show how the 3-qubit vector evolves after each stage
(partitioned by the red lines in Fig. 29.1), and stop before
measurement. Keep f(x). This is a problem to practice substitution. Is
it possible to have an n =1 Shor’s algorithm circuit?
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30. The Last But Not the Least

Hiu Yung Wong'
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Error correction — Gate models - QASM - Quantum annealing

30.1 Learning Outcomes

Understand how to practice quantum programming; understand
what you do not know.

30.2 End of the Beginning

As the saying goes, This is not the end. This is not even the beginning
of the end. This is the end of the beginning. | hope you have learned
the basic and necessary linear algebra, quantum computing gates,
and quantum algorithms. It does not matter if you can memorize
them because you can search or google easily (maybe using Grover’s
algorithm someday). The most important is that you have
understood the languages and concepts and you are able to follow
the derivations and reasoning, so you know what to look for. If so,
you are ready to move forward, and I can tell you that you have
enough knowledge to take more advanced quantum computing
classes and do research in quantum computing as long as you
understand this is just the beginning. If you think this is the end for
you as you do not plan to continue to pursue the technical aspects, it
is also fine because you are able to talk to the engineers and
physicists in quantum computing already. In this last chapter of the
book, I want to talk about what can be the next steps for those who
want to continue to learn quantum computing.
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30.3 Quantum Programming

[ hope you are not disappointed that it seems that the so-called
quantum programming in this book is just a graphical interface to
build a circuit (like what an electrical engineer does instead of what
a programmer does). There are a few reasons I have only shown you
the graphical interface so far. Quantum programming has no
difference from classical programming. The only difference is how
you understand the meaning of the operations. Therefore, it is not
necessary to discuss quantum programming separately. This will
allow readers who are not familiar with a certain programming
language or platform to learn the essence of quantum programming
first. And please remember, the horizontal axis of the quantum circuit
signifies the flow of time instead of a physical space. This is just like
programming.

Of course, there is a limitation on using the graphical interface
when the program becomes large. In this case, we want to use the
programming language and the library (e.g. calling a 6-qubit QFT
function instead of drawing yourself when you want to build a large
QPE circuit). Let us look at an example of how to do this in IBM-Q. In
Chap. 28, we studied QPE. In Fig. 28.3, we created a QPE with a 2-
qubit c-register to estimate the phase of the eigenvalue of the

0
eigenvector |e| ) = (l)of the Z-gate. The result is |100}. We can also

construct the circuit with a 3-qubit c-register to increase the
accuracy of the phase estimation (although 2 qubits are enough for
the case of Z-gate). We expect the result to be | 1000) (Exercise 28.5). 1
can create a circuit using IBM-Q’s “IBM Quantum Composer;,” which

you have been using as shown in Fig. 30.1.

EOARHOREEEEEEEEE o : [0 -
if? 0 1 I 3 o OpenQASM 2.0
e Qiskit i&l)l.lnc
t o
: W Qo S il
6
k[T @Dt
ﬂ H & B @ . e
13
cd Y Y

h ql2]1;
12 h ql31;
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Fig. 30.1 QPE circuit to find the phase of the Z-gate’s eigenvalue using a 3-qubit c-register

We can convert this into a program by clicking “View” and then
“Code Editor.” It shows the code in the “OpenQASM” language. The
following is what it was converted into with my comments. It should
be easy for you to understand also. Please read it carefully. Please try
to map to the circuit.

OPENQASM 2.0;

include "gelibl.inc";

//Define quantum and classical registers
qreg ql4];

creg cl4];

//apply NOT gate to LSB Quantum qubit

x ql0];

//apply Hadamard gate to other Quantum qubits

h gll];

h ql2];

h ql3];

//apply controlled Z gate with g[l] as the control qubit
// and g[0] as the target qubit

cz gq[l]l,ql0];

//apply identity gate to g[3]

id q[3];

//apply Hadamard gate to g[3]

h gl3];

//apply controlled Phase Shift gate (phase = -pi/2) with
// ql2] as the control qubit and g[3] as the target qubit
cp(-pi/2) ql21,q9l31;

//apply controlled Phase Shift gate (phase = -pi/4) with
//ql1l] as the control qubit and g[3] as the target qubit
cp(-pi/4) qll],ql3];

//apply Hadamard gate to g[2]

h gl[2];

//add barrier for alignment (just an example)

barrier g[3];

//apply controlled Phase Shift gate (phase = -pi/2) with
//ql[l] as the control qubit and g[2] as the target qubit
cp(-pi/2) qlll,ql2];

//apply Hadamard gate to g[l]
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h gll];

//apply SWAP gate to swap gl[l] and g[2]
swap ql[l1],9l3]1;

//measure g[l] and store in the classical bit c[1]
measure g[l] -> c[1l];

//measure g[2] and store in the classical bit c[2]
measure ql[2] -> c[2];

//measure g[3] and store in the classical bit c[3]

measure q[3] -> c[3];

However, there are many different languages that can achieve the
same goal, and they are different in different computing platforms.
Fortunately, most of them are based on Python. One of them is the
Qiskit framework that is compatible with IBM-Q. In IBM-Q, it will
convert the circuit into Qiskit automatically (See Fig. 30.1 top right.).
It will open the code in “IBM Quantum Lab” that is in the form of
Jupyter Lab. The following is the converted circuit code in Qiskit.
However, it is not ready to run. I added the commands to run the
simulation and print the circuit with comments. They are easier to
read than the QASM language. Figure 30.2 shows the outputs.

1000

o 1
-
P(-n2}
« il H
Pi-n2) Pi-na) "

4 2

C

.1000

Fig. 30.2 Output from Qiskit for the QPE circuit to find the phase of the Z-gate’s eigenvalue
using a 3-qubits c-register

from ibm quantum widgets import CircuitComposer

# import BasicAer to access python simulator through

# BasicAer provider

# import execute to execute a list of circuits on the
#backend

from giskit import QuantumRegister, ClassicalRegister
from giskit import QuantumCircuit, BasicAer, execute

from numpy import pi

from giskit.visualization import plot histogram
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greg g = QuantumRegister (4, 'gq')
creg ¢ = ClassicalRegister (4, 'c')

circuit = QuantumCircuit (greg g, creg c)

circuit.x( [0
circuit.h( 1
circuit.h(greg g[2
circuit.h( [3
circuit.cz (greg gl
circuit.id(greg gl
circuit.h(greg g[3]
circuit.cp(-pi/2, greg gl2], greg g[3])
circuit.cp(-pi/4, greg gll], greg g[3])
circuit.h(greg g[2])
circuit.barrier(greg q[3])
circuit.cp(-pi/2, gqreg gl[l], greg gl[2])
circuit.h(greg g[1l])
circuit.swap(greg g[l], greg g[3])
(11,
circuit.measure(greg gl[2], creg c[2])
(31,

]

circuit.measure(greg g creg c[1])

circuit.measure (greg g creg c[3])

# I will remove this as this is to embed the circuit editor
# in the notebook.
# editor = CircuitComposer (circuit=circuit)

# editor

# Execute the circuit using the simulator. Run for 65536 times
simulator = BasicAer.get backend('gasm simulator')

job = execute(circuit, backend=simulator, shots=65536)

#Get the result of the execution

result = job.result ()

# Get the counts, the frequency of each answer

counts = result.get counts(circuit)

# Display the results

plot histogram(counts)

# Print the circuit. Put in a new cell
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circuit.draw('mpl',scale=1)

If you are already a skillful programmer, you can use Jupyter Lab
(or start with “IBM Quantum Lab”) directly to create more
sophisticated quantum circuits. If not, you just need to learn Python
as a classical programmer and get used to this environment.

30.4 Next Steps

What we have learned is the so-called gate models. We use the
quantum gates to perform computations. This has the potential to
solve universal problems. However, as you have been seeing, the
error in the quantum gate accumulates, and even our simple
quantum circuits give wrong results very often. Therefore, error
correction is needed. But we cannot use the classical error correction
schemes. In classical error corrections, we rely on replication and
measurement (to check error). But quantum computing does not
allow us to clone (no-cloning theorem) and measure to check error
(states will collapse and lose their information). We need special
schemes, and, as a result, a logical qubit needs to be implemented by
tens to hundreds of physical qubits in order to achieve a low enough
error rate for large-scale computations. I urge you to study error
correction as the next step.

At the moment that we still do not have robust qubits (as of
2022), people propose to use only the noisy intermediate-scale
quantum (NISQ) algorithms in quantum computing.

Besides gate models, quantum annealing, which is not covered in
this book, is also widely used as a means for quantum computing. It
uses quantum computers to find the optimized solution to a problem
by minimizing the energy of a system. Not all problems can be
mapped to an optimization problem. But many computationally
difficult problems find it useful. This type of problem is also less
sensitive to noise than the gate models.

As the next step, I challenge you to learn the HHL algorithm that
is a famous quantum computing algorithm to solve systems of linear
equations. You can find step-by-step guidance in https://arxiv.org/
abs/2108.09004 (Hector Morrell and Hiu Yung Wong, “Step-by-Step
HHL Algorithm Walkthrough to Enhance the Understanding of
Critical Quantum Computing Concepts”, arXiv preprint
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arXiv:2108.09004). In this document, you will also find the Matlab
code and Qiskit code to run the example HHL algorithm.
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